dubsidiary
Mathematics

Learner’s Book 4



© 2020 Rwanda Basic Education Board
All rights reserved
This book is property of the Government of Rwanda. Credit must be
given to REB when the content is quoted.



Unit 1.

Unit 2.

Unit 3.

Unit 4.

Unit 5.

Table of Contents

INEFOAUCTION ... v
Fundamentals of Trigonometry ..., 1

1. TrigoONOMELriC CONCEPLS ....eeviiiiieiee i 2

2. Triangle and appliCAtioNS .......eeeiiiiiiiee e 19
UNIE SUMMIOIY .t e e e e e ene e e e e e e 29
REVISION EXEICISE ....eeeiiiiiieiie ettt 31
Set IR of redl NUMDErS ... 33
1. Absolute value and its properties ........cccueeeeeeeeiiieiiiieeeeeee e 34
2. Powers and radiCals .........eeeeeeiiiiiiiieireeeee e 37
3. Decimal logarithms and properties........cceeeveveeeeeiiiieenierieee e 44
UNIE SUMMIOIY .t s s e e e ene e e e e e aanee 47
REVISION EXEICISE ....eeeiiiiiiii ettt 48
Linear, quadratic equations and inequalities ...........cccccceeeee. 49
1. Equations and inequalities in one unknown ...........cccceeeeeeeiiiniinns 50
2.  Simultaneous equations in two UNKNOWNS .......c.evvvieeeeeeeeeciieneeeeeen. 62
3. Quadratic equations and iNeqUANLIES ........cooceeeeiiiiiieiieie e 75
Y o] o] eTa 11[0] o 1= PSR P TP 93
UNIE SUMMIONY et e e s e e e emre e e e naanee 98
REVISION EXEICISE ....euieiiiiii ittt 101
Polynomial, Rational and irrational functions.........ccccceeeenn.. 104
1. Generalities on numerical fUNCLIONS ........eeeiiiiieeiiiciceee e 105
P2 Y o] o] oo 111o] o 1= SR TPPRPP 128
UNIE SUMMIOIY .t e e e e e e e e e e eanee 129
REVISION EXEICISE ....eeiiiiiiii et 131
Limits of polynomial, rational and irrational functions ............ 134
B I @70 To=Y o] €= 3] 110 11 €= SRR 135
2. INAeterminate COASES ....uuviriiiieiiiiieiieiee e e e e e 156
3. APPLICALIONS .o 162
UNIE SUMMIONY e e e s e e e emre e e e eannee 189
REVISION EXEICISE ....euieiiiiii ittt 192



Unit 6.

Unit 7.

Unit 8.

Unit 9.

Unit 10.

Differentiation of polynomial, rational and irrational functions194

1. Concepts of derivative of a fuNCtion ..., 195
2. Rules of differentiation ...........oooiiiiii e 201
3. Applications of differentiation ..........cccoecieiiiiiiinee e 215
UNIE SUMMIGY <o e e e e e e e 239
REVISION EXEICISE...uuuiiiiieeii ettt et e e e e e e e e e e e e nnneeeeeees 242
Vector space of redl NUMDErS .........oooveveeeeeeeiee, 244
1. Euclidian vector space IR2.........ccoi i 244
UNIE SUMMIGTY <.t e e e e e e e e e e 252
REVISION EXEICISE ....eiiiiiieiii et 253
Matrices and determinants of order 2 .........cccccciiiviiieeeennenn. 254
1. Square Matrices Of Order tWo ......ccococeeeeeeiiiiee e 255
2. Determinants and inverse of matrices .........cccccceeeeviiieieieeeceeeeeeeeeee, 261
UNIE SUMMIGTY <. e e 267
REVISION EXEICISE....eeiiiiiiiii ettt 268
Measures of diSPErsioN .........ueeeeeeeeeeeieeeeiiieceeeeeee e 269
B IV T o 1 g o > 270
2. Standard deviation .........ccccccceciiiiieieeeeee s 273
3.  Coefficient of vAriQtioN .........cccuviiiiiiiiiic e 277
LS Y o] o] [ eTe 11[o] o I ST PTR PR 278
UNIE SUMMIGTY .ot e s e e e e e e 279
RSN IS o] g I =Y =Y o 1= 280
Elementary probability..........coooerii 283
1. Permutations and arrangements.........occevrieeeienncee e 284
2. COMDINALIONS ... 301
3. Concepts of probability ........ceeeriiiiiiiiee e 310
4. Properties and fOrmMuIOS ......cc.ooeieiiiiieiiiiiie e 316
UNIE SUMMICTY <.t e s e e e e e 326
REVISION EXEBICISE....uuueieetieiicieieeeeeeeeeeee e e e e et e e e e e e e e e e eaeaeeeeeeeeeeeeeeeeeeeeeeeeeeeeees 328
RETEIENCES ...ttt e et e ettt e e e e e e e eesaasaeeaaes 335



Introduction

Changes in schools

This text book is part of the reform of the school curriculum in Rwanda:
that is changes in what is taught in schools and how it is taught. It is
hoped this will make what you learn in school useful to you when you
leave school, whatever you do then.

In the past, the main thing in schooling has been to learn knowledge
— that is facts and ideas about each subject. Now the main idea is
that you should be able to use the knowledge you learn by developing
skills or competencies. These skills or competencies include the ability
to think for yourself, to be able to communicate with others and explain
what you have learnt, and to be creative, that is developing your own
ideas, not just following those of the teacher and the text book. You
should also be able to find out information and ideas for yourself, rather
than just relying on what the teacher or text book tells you.

Activity-based learning

This means that this book has a variety of activities for you to do, as
well as information for you to read. These activities present you with
material or things to do which will help you to learn things and find
out things for yourself. You already have a lot of knowledge and ideas
based on the experiences you have had and your life within your own
community. Some of the activities, therefore, ask you to think about the

knowledge and ideas you already have.

In using this book, therefore, it is essential that you do all the activities.
You will not learn properly unless you do these activities. They are the
most important part of the book.

In some ways this makes learning more of a challenge. It is more
difficult to think for yourself than to copy what the teacher tells you.
But if you take up this challenge you will become a better person and
become more successful in your life.
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Group work

You can also learn a lot from other people in your class. If you have a
problem it can often be solved by discussing it with others. Many of the
activities in the book, therefore, involve discussion or other activities in
groups or pairs. Your teacher will help to organise these groups and
may arrange the classroom so you are always sitting in groups facing
each other. You cannot discuss properly unless you are facing each
other.

Research

One of the objectives of the new curriculum is to help you find things
out for yourself. Some activities, therefore, ask you to do research using
books in the library, the internet if your school has this, or other sources
such as newspapers and magazines. This means you will develop the
skills of learning for yourself when you leave school. Your teacher will
help you if your school does not have a good library or internet.

vi
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Icons
To guide you, each activity in the book is marked by a symbol or icon to
show you what kind of activity it is. The icons are as follows:

Practical Activity icon

©

The hand indicates a practical activity such as curve sketching, draw figures,
to have a selection of objects, individually or in a group and then present

your results or comments.

Group Work icon

Group work means that you are expected to discuss something in groups and

@

report back on what your group discussed. In this way you learn from each

other and how to work together as a group to address or solve a problem.

Pairing Activity icon

This means that you are required to do the activity in pair, exchange ideas

and write down your results.

Research Activity icon

® ®

Some activities require you to do research either by reading textbooks or

using the internet.






Fundamentals of
Trigonometry

1.0 Introductory activity

The angle of elevation of the top of the Cathedral from n
a point 280 m away from the base of its steeple on level 31
ground is 600. By using trigonometric concepts, find the e
height of the cathedral

280 m
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Objectives

After completing this unit, | will be able to:

© Define sine, cosine, and tangent (cosecant, secant and
cotangent) of any angle — know special values.
Convert radians to degree and vice versa.

Use trigonometric identities.

Apply trigonometric formulae in real world problems.

1. Trigonometric concepts

Consider the following diagram
y axis’

X axis

Copy the diagram and rotate vector OA by an angle of
2. 30 degrees

3. -45 degrees
4. 120 degrees

Trigonometry is the study of how the sides and angles
of a triangle are related to each other. A rotation angle is
formed by rotating an initial side through an angle, about

a fixed point called vertex, to terminal position called
terminal side.
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It is drawn in what is called standard position if the initial
side is on the positive x-axis and the vertex of the angle is
at the origin.

Example 1

N .
y axis

<—— Terminal side

Initial side

540

>

B C X axis

Angles in standard position that have a common terminal
side are called co-terminal angles; the measure of smallest
positive rotation angle is called principal angle. Angle
is positive if rotated in a counterclockwise direction and

negative when rotated clockwise.

Angles are named according to where their terminal sides
lie. For instance, the x-axis and y-axis divide a plane into

four quadrants as follow

: 2 +ve direction
2" quadrant | 1™ quadrant

p

3 quadrant 4 quad . .
quadran -ve direction

Example 2

Draw each of the following angles in standard position

and show there angles which are co-terminal to 30°7

a)30° b)120° ¢)-230° d)750° e)-330°
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a) b)

»y -
vg ——Terminal arm of 30° § ——Terminal arm of 120°
-~ -~
X axis X axis
c) d)
.2 / i
§ 1 ——Terminal arm of -230°| § |_Term|nal arm of 307
~

0 X axis
J X axis

-

| ——Terminal arm of 750°

ﬁ\ y axis
/

_/ X axis

750° and -330° are co-terminal to 30°
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Draw each of the following angles in standard position
and indicate in which quadrant the terminal side is.

a) 150° b) -35° c) 210°
a) b)
§ / | ——Terminal arm of 150° | § | ——Terminal arm of -35°
-~ -~
0 X axis 0 X axis >
150° lies in 2" quadrant. -35%lies in 4™ quadrant
c)
§ / | ——Terminal arm of 210°
~

.

X axis

210° lies in 3" quadrant.
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Exercise 1

1. Draw each of the following angles in standard position and show
the angles which are co-terminal to 20°?
a) 20° b)-200° c¢)740° d)-340°

2. Draw each of the following angles in standard position and
indicate in which quadrant the terminal side is.
a) 40° b)-235° ) 280°

Measure of an angle

Activity 2

if xdegrees v 2 ging
180 7 200

1. z for 24 degrees 2. z for 248 degrees
3. y for 180 degrees 4. y for 270 degrees

The amount we rotate the angle is called the measure of
the angle and is measured in following units:
a) Sexagesimal system

Unit is degree (written with a superscript°). One degree

1
(10) is % of the right angle. In angular measure, the degree
is subdivided into minutes and seconds (' and " ). 1° =60",

1'=60".

Example 4

The angle which measures 12 degrees, 35 minutes and 15

seconds will be denoted by 12°35'15".

Degrees (°), minutes (‘), seconds (“’) to decimal degrees and vice versa
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Let drepresents the integer degrees, dd represents the
decimal degree, m represents minutes and s represents
seconds. Then:

d= integer(dd) m= integer((dd - d)x 60)

s :(dd—d-ﬂj x 3600
60

For an angle with d integer degrees m minutes and s seconds
(d’m's"), the decimal degree (dd) is:

dd =d +-2+——
60 360

Example 5

Convert 30.263888889° to d’m's" (d’m's" notation).

d = integer(30.263888889°) = 30°
m = integer ((dd —d )x 60) = integer ((30.263888889°~30°) x60) =15
5= [a’d —d - %)x 3600 = (30.263888889"—30"— é—(s)jx%oo =50"

50, 30.263888889° = 30° 15' 50"

Example 6

Convert 30 degrees 15 minutes and 50 seconds angle to
decimal degrees.

30° 15’ 50”
The decimal degrees dd is equal to:
dd= d+2+5
60 60

—304L2+90
60 3600

=30.263888889°
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b) Centesimal system

Example 7

c) Radian

Unit is grade. One grade is equal to ﬁ of the right angle
and is subdivided into:

decigrade: L grades,
10

centigrade: 1 grades and
100

milligrade: 1 grades

1000

An angle which measures 82 grades, 7 decigrades, 2

centigrades and 5 milligrades will be denoted by 829,725

A central angle of a circle is an angle with a vertex at the
centre of a circle. An intercepted arc is the portion of the
circle with endpoints on the sides of the central angle and
remaining points within the interior of the angle.

When a central angle intercepts an arc that has the same
length as a radius of the circle, the measure of the angle is

defined to be one radian.

arc length equal to
radius

One radian

radius

Like degrees, radian measures the amount of the rotation
from the initial side to the terminal side of an angle.
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Proportions between three units

Example 8

Because the circumference of the circle is 2xnr, there are
27 radians in any circle (as radius must be equal to the
arc intercepted by the angle).

Since 2rradians =360degrees then sradians=180degrees
To convert between degrees and radians, we can use the

proportion
D _R
180 7«’

where D stands for degrees and R stands for radians.

Also 1G= ﬁx 90" or 100G =90" or 200G =180’
To convert between degrees and grades, we can use the
. D G
proportion 130 200
where D stands for degrees and G stands for grades. The
combined relation is
D R G
180 7 200
where D stands for degree, R for radians, G for grades and
r=3.14..
This relation can be split into 3 relations:
D R||[D G R_G
180 x| [180 200| [z 200

and

Convert 90°to radians and grades;

D R 90 R D G 90 G

180 =« 180 180 200 180 200
90x200

R:%_”zﬁ orR=1.57 - G=22% —-100
180 2 180

Thus, 9¢° :%radians or 1.57 radians and

90° =100 grades
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Example 9

Convert 20 grades to radians and degrees;

R G R 20 D G D 20
T 200 7 200 180 200 180 200
R=29F_ 7 L Rr-0314 o p=20x180_,¢
200 10 200

Thus, 20 grades =18deg and

20 grades = % radians or 0.314 radians

Notice: Unit circle

A unit circle is a circle of radius

1
%-FVG direction one centred at the origin (0,0) in
N el Rl P the Cartesian coordinate system
e of the Euclidean plane.
" quadran o quad . . . X X
e ; -ve direction In the unit circle, the coordinate
-1

axes delimit four

quadrants that are numbered in an anticlockwise direction. Each
quadrant measures 90 degrees, meaning that the entire circle

measures 360 degrees or 27 radians.

Exercise 2

1. Convert 220 grades to radians and degrees.
2. Convert 1240 degrees to radians and grades.

2
3. Convert g” to degrees.

4. Convert 5.6° to d’m's" system.

Trigonometric ratios of acute angles

) o

Construct two right angled triangles, one of which is an
enlargement of the other.

10
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How is the side opposite to the right angle (or the longest side)
called?

For both triangles, consider an angle and compute the following
ratios.

* Opposite side to the considered angle and hypotenuse.

* Adjacent side and hypotenuse.

* Opposite side to the considered angle and adjacent side.
How can you conclude?

Consider the following circle with radius r:

¥ In triangle OAB, we define the following

£
six ratios:
e The three primary trigonometric values

.X .
e The ratio — is called cosine of the angle
r
a ,noted cosa .

o The ratio 2 is called sine of the angle «,

r
noted sin« .

o The ratio 2 is called tangent of the angle

X
a ,noted tana .
e The three reciprocal trigonometric values

* Secant of the angle «, denoted seca is the ratio u
x
* Cosecant of the angle «, denoted cscais the ratio r

and Y
* Cotangent of the angle a, denoted cot e is the ratio X,

Observing the triangle in the above circle, we see that r is
the hypotenuse, x is the adjacent side and y is the opposite

side.
. opposite side adjacent side opposite
Then, sinq = ZPPOSWESIAE o5 g = LI ona =L .
hypotenuse hypotenuse ad]acent
cscd = hypotenuse _ '1 seca = hypotenuse _ 1 and cotd — adjacent _ 1
opposite  sina adjacent  cosa opposite tana

If the circle is unit, then;

11
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) ) x—coordinate
cosa = adjacent side = " = |cos a| <1l

—coordinate )
Y :>|s1na|£1 and

sin & = opposite side =

_ oppositeside _ y—coordinate

tana = — - - .
adjacent side  x —coordinate
y 14
# sin a
] cos a X
Example 10 1
Calculate the six trigonometric values for the
diagram.
A
y
5
4
0
0| 3 7

Use adjascent = 3,opposite = 4 and hypotenuse =5

NIV,

. te 4 !
mn@:M:_ cscl =— =
hypotenuse 5 sin @
cosf = —ad]acent = E secld = —1 = é
hypotenuse 5 cosa S
opposite 4
taHGZLZ— cot@ = 1 =
adjacent 3 tan @

Bw

12
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A
s For each angle, calculate
3 the reciprocal trigonometric
values.
B 4 C
1 _
cosecant = — secant = ;
Sine cosine cotangent =
Angle _ hypotenuse _ hypothenuse tangent
opposite adjacent

5 5 3
A el = =
4 3 4
5 5 4
B — —_ —
3 4 3

5 0

C = 90° —=1 éwhich does not exist —=0
5 0 5
Example 12

A positive angle, 8, is in the second quadrant. If cos§ = _3,

find the values of the other primary trigonometric values.

Let h, xand y be hypotenuse, adjacent and opposite side
respectively.

cos@=—i<:>—=——

Since £>0, thus #=4 and x=-3.
P=x"+y"=16=9+)"
<:>y2=7:>y=i\/7

As @ is in the second quadrant, y>0=y= J7.

13




Subsidiary Mathematics for Rwanda Secondary Schools Learner’s Book 4

Hence the other primary trigonometric values are

y V1 x A7
n 4

sinH:h= and tanf=—=——,

y 3
Exercise 3

For each angle, calculate the reciprocal trigonometric values.
A

15

Trigonometric Number of special Angles 30°, 45°, 60°

Activity 4

1. Consider the following diagram

¥

~

From pythagoras theorem, definition of trigonometric ratios and
given diagrams, find sin 45° cos 45° and tan 45°

14
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2. Consider the following diagram

60°

A

‘|30°

*From triangle OAC, find the
six trigonometric values of 60°

*From triangle OAC, find the

six trigonometric values of 30°

60°

o

1 C

1

B

As these angles are often used, it is better to keep in your mind
their trigonometric ratios in fraction form.

A

C

In the above figure, ABC1is an isosceles right angled triangle
withBC=CA=1 Hence 4B=+2 and Z4=/B=45".

= cos 45’

here on the the figure, ABC is

an equilateral triangle with

side2 AD is perpendicular

bisector of BC, which implies

s BD=1and A4D=+/3. /B=60"

Then
sin45° = L = —2
V22
tan45° =1
A
2 >
1 D

.and ZBAD =30°.

15
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Then

3

sin60° = cos30° =—
2
sin30° = cos 60° =%

tan 60° =+/3, tan30° 1

3
33

Other special angles

Consider the following unit trigonometric circle.

toor=Z
! 2
180° =m( -1 10
0 ) >
360" =27
-1
270° =3£
2
From the figure, we have;
Angles 0° 90" 180° 270° 360°
Sin 0 1 0 -1 0
Cos | 0 -1 0 1
Exercise 4
Find:
1. cot45’ 2. cot45° 3. cot60° 4. tan0°
5. tan90° 6. tan180° 7. tan270° 8. cot0°
9. cot90° 10. cot180° 11. cot270°

16
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CAST Rule

) e

Copy and complete the table to summarise the signs of the
trigonometric values in each quadrant.

Quadrant
Value I 11 11 4
sin + ?
cos + ?
tan + ?
The following diagram shows which primary trigonometric
values are positive in each quadrant. This is called the
CAST rule.
y Sine is positive in first and second quadrant
but negative in third and fourth quadrant.
Cosine is postive in the first and fouth
Sin | Al X quadrant but negative in second and third
Tan Cosine quadrant.
Tangent is positive in in the first and third

quadrants but negative in second and fourth

quadrant.

Exercise 5

State in which of the four quadrants the angles € must lie, given that
a) cosd is negative and sin@ is positive.

tan @ is negative and sin@ is positive.

O o

)
) Both cot@ and csc@ are positive.

o

) Both cos@ and tané are positive.

cot@ is positive and cscé is negative.

(e°]
—

secf is negative and coté is negative.

Nz

17
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Trigonometric identities

Activity 6

Here is a right triangle.
In this triangle,

o a) Find sin@, cos@, sina and cosa
b) Remembering that on this triangle,

Pythagoras’ theorem states that

r* =x’ +y” and dividing each term by 7

yields
X X 2 2
PECE
r r

2 2
So express (ij s (Zj in terms of sin@and cos@ and hence, find the
r r

values of cos?a +sin%a

Basic Rules
cos’ @ +sin* 0 =1
true for any value of 6
This is called the fundamental formula of trigonometry
and is the most frequently used identity in trigonometry.
Dividing this identity by cos® @and sin® @ gives;
1+tan® @ =sec’ 0
1+cot’ @ =csc’
Example 13
Simplify cscx CSCX _ ginx _ 09sx _ cotx
secx secx 1 sin x
oS X

18
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Example 14
Simplify . |
1 1 ( + j sin x cos x -
+ sin x cos x tanx  cotx
tanx  cotx cosx sinx ) .
= —+ sin x cos x
sinx cosx
cosxcosx+sinxsinx ) .
= - sin x cos x
sin x cos x
=COSXCOSX+sinxsinx

=cos’ x+sin* x
=1

Exercise 6
Simplify
1. sec’ a(l —sin* a)—2tan2 a

s 2 s 2
sin“a—sin” b
2. cot2a—cot2b+ﬁ
sin“ asin” b

cos’ a+cosasin’ a+sina

09 o
3cos’ a+3cosasin’a—sina

2. Triangle and applications

Solving triangle

Solving a triangle is to find the length of its sides and
measures of its angles. There are two methods for solving
a triangle: cosine law and sine law.

19
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Cosine law

Activity 7

A % B

CX is prependicular to side AB. Let AB=c¢, AC=b, BC=a, CX=h
1. In triangle AXC find cos A

2. In triangle AXC use pythagoras’ theorem to find h?

3. In triangle BCX use pythagoras’ theorem to find h?

4. Combine results obtained in 1, 2 and 3 and give conclusion

Cosine law (also known as cosine formula or cosine rule)
relates the lengths of sides to the cosine of one of the
angles.

Consider the following triangle:

The cosine law says that
a’*=b"+c* —2bccos A
b*>=a’>+c*—2accos B

c*=a’+b*-2abcosC

Example 15

How long is the side ¢ The formula says

in the following figure? = a? 4B —2abcosC
a=8,b=1landC =37
=8 +(11)-2x8x11cos37°
8 =64+121-176xcos37°

C

¢ =~/64+121-176xcos 37"
=6.67 (to 2 decimal places)

20
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Example 16
Find the angle C
N ¢t =a*+b*—=2abcosC
c=8,a=9,b=5
5 8
82=9"+5"-2.9.5¢c0s C
B )
° 64=106-90cosC
C
42
cosC—%

—eos' [ 22
(; =cos (9()}

=622 (toldecimalplace) rg;1y 0 e need the acute angle]

Exercise 7

1. Find the length of the side BC of triangle ABC in which
AB =T7cm, AC =9cm and ZBAC =171

2. Find the length of the side 4B of triangle ABC in which
BC =153cm, AC =9.4cm and LZACB =121

3. From triangle ABC in which AC =9.5¢m, BC =5.5¢cm and

ZACB =145°, find the value of the angle at 4 & B then the
length of side 4B.

Sine law

>
) 5=

4 Activity 8

Consider the following triangle
C

21
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CX is perpendicular to side AB and BY is perpendicular to side
AC. Let AB =c, AC=b, BC=a, CX=h and BY=k
1. In triangle BCX find sin B. In triangle AXC find sin A. Deduce the
relationship between side a and side c.
2. Intriangle ABY find sin A. In triangle BCY find sine C. Deduce the
relationship between side b and side a.

3. Deduce relationship between three sides.

The sine law (or sine formula or sine rule) is an equation
relating the lengths of the sides of a triangle to the sine of
its angles.

If a,b,care the lengths of the sides of a triangle and 4, B,C

are the opposite angles respectively, then the sine law is

a b ¢ sind _sinB _sinC
sind sinB sinC % a4 b c
Example 17 b c
Calculate side ¢ sinB sinC
B 7 c
o — =—
c sin35" sin105°
o 7sin105°
A sin 35°
. 7 =118 (toldp)
Example 18 b c
Calculate angle B sinB  sinC
4.7 5.5
& ——=—
A sinB sin63°
o sinB = 4.7s1n 63
5.5
B —sin”! 4.7sin 63
5.5

=49.6" (toldp)

22
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Exercise 8

1. Calculate, in cm to 3 significant figures, the length of the sides 4B

of triangle ABC in which ZACB =62°, ZABC =47 and AC =7cm
2. Find, in degrees to 1 decimal place, the size of the angles CAB

and ACB in the triangle ABC, where AC =4cm, BC =5cm and

ZABC =4
3. Calculate, in cm to 3 significant figures, the length of the sides AC

of triangle ABC in which ZBAC =71", ZACB =43" and BC = 6.4cm

Applications

Many real situations involve right triangles. Using angles
and trigonometric functions, we can solve problems
involving right triangle. We have already seen how to

solve a triangle.

1. Bearings and air navigation

We say that point B has a bearing of 0 degrees
from point A4 if the line connecting 4 to B makes
an angle of 6 with a vertical line drawn through 4,

the angle being measured clockwise.

eB

If B is north of A4 then the bearing of A from B is 0°.

oA

23
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24

If B is east of 4 then the bearing of A from B is 90°.

700

Similarly, if B is south of 4 then the bearing of A from B
is 180°, and if B is west of 4 then the bearing of A from B
is 270° The bearing can be any number between 0 and
360, because there are 360 degrees in a circle. We can also
use right triangles to find distances using angles given as

bearings.

In navigation, a bearing is the direction from one object to
another. Further, angles in navigation and surveying may
also be given in terms of north, east, south, and west. For

example, N70°E refers to an angle from the north, towards

the east, while N70°W refers to an angle from the north,
towards the west.

N70°W would result in an angle in the

Example 19

second quadrant.

A ship travels on a N50°E course. The ship travels until
it is due north of a port which is 10 kilometers due east of
the port from which the ship originated. How far did the
ship travel?
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The angle between d and 10 kilometres is the

/ complement of 50° which is 40°.
0 . adjacent 10
----- 20" 4 cos 40 =S _ 2 <::>c0s40°:E
P hypothenuse  d d
10km < dcos40’ =10
10
cos 40’
~13.05 km

Example 20

An airplane flies on a course of S30°F, for 150 km. How

far south is the plane from where it originated?

Using known information, consider the following figure:

c0s30° = adjacent

hypothenuse

cos30°=L
150

30° °_
150 150cos30° =y
y=~130km

Thus, the plane is at /30 km from where it
originated.
2. Angle of elevation and angle of depression

You can use right triangles to find distances, if you know
an angle of elevation or an angle of depression. The figure
below shows each of these kinds of angles.

Suppose that an observer is standing at the top of a building
and looking straight ahead at the birds (horizontal line).
The observer must lower his/her eyes to see the car parked
(slanting line). The angle formed between the two lines is

called the angle of depression.
25
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¥ 2
angle of depression '

O o oooao
O o oooao

e
=

Suppose that an observer is standing at the top of a building
and looking straight ahead at the birds (horizontal line).
The observer must raise his/her eyes to see the airplane
(slanting line). The angle formed between the two lines is
called the angle of elevation.

A&

angle of elevation

Example 21

The angle of elevation of the top of a pole measures 48’
from a point on the ground 18 metres away from its base.
Find the height of the flagpole.

& Let x be the height of the
flagpole. From the figure

. X
¥ tan48 =—.

x=18tan 4§’
A 48° =19.99
~— ~ 20

18 metars

So, the flagpole is about 20
metres high.

26
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Example 22

An airplane is flying at a height of 2 kilometres above the
level ground. The angle of depression from the plane to
the foot of a tree is 15°. Find the distance that the air plane
must fly to be directly above the tree.

‘ i P, =
L3 m.
L~ A 150

2m

—
F.4

Let x be the distance the airplane must fly to be directly
above the tree. The level ground and the horizontal
are parallel, so the alternate interior angles are equal in

measure.

tan15°:E
X

2
x =
tan15°
~7.46

So, the airplane must fly about 7.46 kilometres to be directly

above the tree.

3. Inclined plane

An inclined plane, also known as a ramp, is a flat
supporting surface tilted at an angle, with one end higher
than the other, used as an aid for raising or lowering a
load. On the inclined plane the weight of the object
causes the object to push into and, the object slides, to rub
against the surface of the incline. Also the weight causes
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the object to be pulled down the slant of the incline. The

component that pushes the object into the surface is

perp

that pulls the object down the slanted surface is called

called the perpendicular force (F ) and the component

the parallel force (F ) . The weight vector (F g) along its

para

two components F,, and F,, form aright triangle. Angle

within this right triangle is the same as the angle of the
incline, as shown below

From the above figure

F F
: _ para _ : _ perp _
smf=——=F, =F,sin0d cos@=—"—~=F, =F, cost

g g
In above formula F, =mg where m is the mass of object
and g is the acceleration of gravity ( g=9.8m/ sz)

Then we can write

F _=mgsind

para

F __=mgcosd

perp

The unit of force is Newton (N)

Example 23

An object with a mass of 2.5 kg is placed on an inclined
plane. The angle of the inclined is 20 degrees. What are the

parallel force and the perpendicular force? ( g=9.8m/ s2)
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F,..=mgsinf

F,,, =mgcosf

F e =2.5%x9.8x5in 20 F,,,=2.5%x9.8xco0s20
=84N =23N

Thus, the parallel force is 8.4 N and the perpendicular force is 23 N.

Unit summary

1. Trigonometry is the study of how the sides and angles of a
triangle are related to each other. A rotation angle is formed
by rotating an initial side through an angle, about a fixed
point called vertex, to terminal position called terminal side.
Angle is positive if rotated in a counterclockwise direction
and negative when rotated clockwise.

2. The amount we rotate the angle is called the measure of
the angle and is measured in: degree, grade or radian.
D _R_G

180 7 200°
for grades and 7 =3.14...

where D stands for degree, R for radians, G

3. In a triangle whose hypotenuse r, the adjacent side x and
the opposite side y:

opposite side 1 1 opposite
sma pp—,cosa:w, tana:L
hypotenuse hypotenuse adjacent
h olenuse 1 h otenuse 1
csca i ——,seca P
opposite sina adjacent cosa
adjacent 1
and cota = J =

opposite  tana

4. The unit circle is a circle of radius one centered at the origin
(0,0) in the Cartesian coordinate system in the Euclidian
plane. In the unit circle, the coordinate axes delimit four
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quadrants that are numbered in an anticlockwise direction.
Each quadrant measures 90 degrees, means that the entire

circle measures 360 degrees or radians.
1A
+ve direction

2" quadrant | 1% quadrant

-1 1

>

3" quadrant

4" quadran -ve direction

-1

5. The table of trigonometric number of remarkable angles

@ 0" 300 |45 60" 190" 180" | 270 | 360°
sina |0 1 NG NEERD! 0 -1 |0
2 B3 2
cosa |1 \/g \/E 1 0 -1 0 1
2 2 |2
tana | 1 does | does |
ﬁ \/3 not not
3 exist exist
cotan |does \/g 1 \/g 0 does | does
a not ~ not not
exist 3 exist exist

6. Trigonometric identities
cos’@+sin* =1
1+tan’ @ =sec’ @
l+cot’@=csc’ @

7. If a, b, ¢ are the lengths of the sides of a triangle and A, B,
C are the opposite angles respectively, then cosine law says
that

30
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a’ =b*+c*—2bccos A
b =a*+c* —2accos B

& =a® +b* —2abcosC

8. If a, b, c are the lengths of the sides of a triangle and A, B,
C are the opposite angles respectively, then the sine law is

a b ¢ or sind_sinB _sinC
sind sinB sinC a b ¢

9. Applications

Many real situations involve right triangle. Using angles
and trigonometric functions, we can solve problems

involving right triangle like:
* Bearings and air navigation
* Angles of elevation and angle of depression

e Inclined plane.

Verify the following identities;

sina _ l+cosa
l—cosa sina

b) sec’a+csc’a= (sec2 a)csc2 a

c) sec*a—tan*a=sec’a+tan’a

1-cosa

d)
1+cosa

If sin@=0.954and cos®@ =0.3, find the value of tané.

3
If sine A= 5 and A 1is obtuse, find the values of cos 4 and tan 4

Suppose that the button cos on your calculator was broken, but the

sin button was working. Explain how you could work out cos14°
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Be

Work out the side below; 6. Work out angle P° in the

diagram below;

22

| p

28 5

7

7. Find the missing side in the diagram below:

88

10.

I1.

12.

13.
14.
15.

16.

@ 146

h

A ladder of length 8m rests against a wall so that the angle between the
ladder and the wall is 31 degrees. How far is the base of the ladder from
the wall?

A point P 1s 90 m away from a vertical flagpole, which is 11 m high. What
is the angle of elevation to the top of the flagpole from P?

A ship sails 200 km on a bearing of 243.7 degrees

a) How far south has it travelled?
b) How far west has it travelled?

An aircraft flies 500 km on a bearing of 100 degrees and then 600 km on
a bearing of 160 degrees. Find the distance and bearing of the finishing
point from the starting point.

A plane is flying at a constant height of 8000 m. It flies vertically above
me and 30 seconds later the angle of elevation is 74 degrees. Find the

speed of the plane in metres/second.

Convert 81°13' 08" to decimal degree.
Convert 117.6572° to d” m' s" system.

Convert 2.937° to d” m' s" system.

Convert 75°19' 35" to the nearest tenth degree.

G TRRY S A AT

— T
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2.0 Introductory activity

From the following diagram, discuss and work out the
given tasks:

1.How many sets of numbers do you know? List them

down and give reasons for your answer.

2. Using a mathematical dictionary or the internet, define
the sets of numbers you listed in  (1).

3. Give an example of element for each set of numbers you
listed.

4.Establish the relationship between the set of numbers
that you listed.
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Objectives

After completing this unit, I will be able to:

© Define absolute value of a real number and solve
simple equations involving absolute value.

Define powers and their properties.

Define radicals and their properties.

Define decimal logarithms of a real numbers and solve
simple logarithmic equations.

1. Absolute value and its properties

WD

34 |

Draw a number line and state the number of units that are

between;
1.0 and -8 2.0and 8
3.0 and % 4.4 and 17

Absolute value of a number is the distance of that number

from the original (zero point) on a number line. The symbol

| | is used to denote the absolute value.

Example 1

7 is at 7 units from zero, thus the absolute value of 7 is 7
or |7|=7. Also -7 is at 7 units from zero, thus the absolute

value of -7 is 7 or |-7|=7. So |-7|=|7|=7 since -7 and 7 are
on equal distance from zero on a number line.

[ ]




Note:

Example 2

Example 3

Elementary Probability

¢ The absolute value of zero is zero.

e The absolute value of a non-zero real number is a
positive real number.
e Given that | x| =k where k is a positive real number or

zero, then x=—-k or x=k

x, if x>0
) |x|= —x, if x<0
Find x in the following
a) [x]=5 b) [x[+5=1 ¢) |x—4/=10
a) |x]=5 x=-5 or x=5 b) |x|+5=1
Slx|=1-5
=>|x|=—4

There is no value of x since the absolute value of x must be

a positive real number.

0 |x-4/=10
x—4=-10 or x-4=10
x=-10+4 or x=10+4

x=—-6 or x=14

Simplify:

a) —[40-12] b) [4(-3)-(2)(5) o) [-4(-=2)

3) _|40-12|=—|28| =28
b) |4(-3)-(2)(5)|=|-12-10]=|-22| = 22
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¢) |-4(-2)/=[8|=38

Exercise 1
Find the value(s) of x
1) |x=6 2) |x+1=0
3) |x-3-4=2  4) |2x+]|=4 5) |x-3+3=5

Activity 2

Evaluate the following operations and compare your results in
eache case

1. [3)and |-3 2. [3x5| and [3|x]3] 3. |(=8)+5| and [-8|+]9

Properties of the Absolute Value

Opposite numbers have equal absolute value.
1.l =
Example 4

[SI1=I-5=5
The absolute value of a product is equal to the product of
the absolute values of the factors.

2. |ab|=|al|p|
Example 5

[4(=6)| =14/l
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[4(=6)|=|-24|= 24 |4]|-6] = 4x 6 =24
The absolute value of a sum is less than or equal to the
sum of the absolute values of the addends.

3. |a+b|<|a|+|b|

Example 6
[-3+2|<]-3|+[2|
-1]<3+2
1<5
Exercise 2
Simplify:
1. |- 2. |45 3. |71+l 4. —[axg]
5. —|-6+8]
2. Powers and radicals
Powersin IR

@ Activity 3

Peter suggested that his allowance be changed. He wanted $2
the first week, with his allowance to be doubled each week. His

parent investigated the suggestion using this table

137



Subsidiary Mathematics for Rwanda Secondary Schools Learner’s Book 4

2=...
2x2=..
2x2x2=..
2x2x2x2=...
2x2x2%x2%x2=...

1. Complete the table to find how many dollars Peter would be paid each

of the first five weeks.
2. How much would Peter be paid the seventh week? The tenth week?

3. Do you think his parent will agree with his suggestion? Explain.

We call n power of a real number a that we note «" , the

product of n factors of a.

That is

n nis anexponent
a"=a-a-a..a

s \als the base
Example 7

4 = J—

2 _&;2_'2,_16 33=3.3.3=27
4 factors 3 factors
Notice

L] al =a ° ao — l’a + 0

e If a=0,4" is not defined
Properties of powers

Let a,beR and m,neR

a) am .an — am+n

m+n

m-an =a-a-a---axg.a-a---q=a-a-a---a=a

Vv VT
m factors n factors m+n factors

In fact, a




b)

Elementary Probability

mn mn
(a") =a

mn

n
In fact’ (am) :a.a.a...axa.a.a...a...a-a.a...a:a

m factors m factors m factors
n factors
a" _ a”
b b"
a . a . a o a
—_— m
Infact | Z| =4.4.4.. 8 _mpeos  _ &
“\b bbb b bbb-b D"
m factors m factors

L,

"

In fact, 1 1 = (ljm = (b‘1 )m =p"

b" b b
m
an — am—n
a
" 1
In fact, —= a"—=a"a"=a""

(ab)m =a"b"

(ab)m =ab-ab---ab=a-a---axb-b---b=a"b"

m factors m factors m factors

In fact,

These properties help us to simplify some powers.

There is no general way to simplify the sum of powers,

even when the powers have the same base. For instance,

2° +2’ =32+8=40 and 40 is not an integer power of 2. But
some products or ratios of powers can be simplified using

repeated multiplication model of a”".
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Example 8

a) 2%.2°.4=2%.2°.2"=2°=512
b) a4‘b3‘a5'b8:a4'a5'b3'b8:a9'bll

a’-b'" cannot be simplified further because the bases
are different.

Exercise 3

Simplify

6

1. x'x* 2. (3013)2+4x2y

3 6xy° 4 a_b_a3b2 X

3

3xy a ab 4xy

Radicals in real numbers

&) e

Evaluate the following powers

1

1. (81)% 2. (216)§ 3, (—27)§ 4. (16)

1
The n" root of a real number is ~, power of that

real number. It is denoted by b, beR,neN\ {1,

1
Va,belR,(/Z:a@b” =asb=a"

nis called theindex

bis called the base or radicand

4 iscalled the radical sign

40 |



Example 9

a)

b)

Example 10

Elementary Probability

1 1 <L
Y27 =(27) =(3) =373 =3
1 1
Y16 =(16)+ =(2*)* =2
If n=2, we say square root and ¥/b is written as </b . Here

b must be a positive real number or zero.

If n=3, we say cube root denoted by /b . Here b can be

any real number.

If n=4, we say 4% root denoted by 4/ . Here b must be a
positive real number or zero.

Generally, for any natural number n > 2, n” root of b is

denoted as 4/b . Here if n is even, b must be a positive real

number or zero and if n is odd 4 can be any real number.

V=9 is not defined in R since the index in radical is
1

even. But 327 = (-27); = [(3) ] =3

Properties of radicals

‘v’neN\{l},meR

a) W:a”

b)  tfab=4a-4p
1 11
In fact,@:(abﬁ —a"b" =4atlb
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d) Wﬂ’ma:ai

Example 11
Simplify:
36
a) 46656 b) V64 ) YabxYa?p’ d) g

3 _ _
a) /26656 =\/6° =6’ =216 b) VW64 =48=2
36 V36 6 2
) YabxVa’p® =a’b* =3Y(aby =ab d) [22=0_°_<
a a a \/(a) a LT 93

Exercise 4

Simplify:

1. Ja x~ab® x~/bc? 2. Jabe x| a*b*c?
3 4
3, i/g 4. i 5. |22

Operations on radicals

When adding or subtracting the radicals, we may need to
simplify if we have similar radicals. Similar radicals are

the radicals with the same indices and same bases.

Activity 5

Simplify the following and keep the answer in radical sign

1. J18+2 2. V1233
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SIS

Addition and subtraction

Example 12

When adding or subtracting the radicals we may need to
simplify if we have similar radicals. Similar radicals are

the radicals with the same indices and same bases.

NS TN BN ror SN BN SN 7S N RN )
BT = 3338 =B 3x\8 =535 =23

Exercise 5

Simplify
1. V20445 2. 4312 3. 5\V7-+/28
4. J18x+8 5. /45 +/80 ++/180 6. 108 —/48

Rationalizing

Activity 6

1.

Make the denominator of each of the following rational;

1

N

2-3 32 4 N2+3
2.5 16 B+

Rationalizing is to convert a fraction with an irrational

2.

denominator to a fraction with rational denominator. To
do this, if the denominator involves radicals, we multiply
the numerator and denominator by the conjugate of the
denominator.

The conjugate of a+b is a /b .
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The conjugate of va is va
The conjugate of avb is Vb

Remember that (a+b)(a—b)=a’—b’

Example 13
1 -2 1-v2 11— J—
1+f (1+f)((l \f) -2 - =2l

b 2 P(eB) (046 _Viove

53 (5-B)(V5+E) 5-3 2
ST (B2 Jsaiia
N2 (a2)\2 8

Exercise 6

Rationalize the denominator;

1. S 2. 3-242 3. L
J7 1-2 V2 +\3+45

L 22 s a=b 6 H3+2\2
44343 Jd Ce22

3. Decimal logarithms and properties

What is the real number for which 10 must be raised to obtain
1.1 2.10 3.100
4.1000 5. 10000 6. 100000
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Example 14

Be Careful!

Example 15

Example 16

Properties

Elementary Probability

The decimal logarithm of a positive real number x is

defined to be a real number y for which 10 must be raised

to obtain x. We write Vx>0, y=logx

logx is the same as log,, x and is defined for all positive
real numbers only. 10 is the base of this logarithm. In
general notation, we do not write this base for decimal

logarithm.

Inthenotation y =log x ,xissaid tobe the antilogarithm ofy.

log (100) = 7

We are required to find the power to which 10 must be
raised to obtain 100

So log(100) = 2

y=logxmeans 10" =x
log2x+1#log(2x+1)

log2x+1= (log2x)+1
Since logs are defined using exponentials, any “log x” has

an equivalent “exponent” form, and vice-versa.

log,13=x<5"=13
yi=xolog, x=14

Va,be ]O, +oo[

1 L logb
a) logab=1loga+logh b) ogg——og

45



46 |

Subsidiary Mathematics for Rwanda Secondary Schools Learner’s Book 4

c) logizloga—logb d) loga" =nloga
Example 17

Calculate in function of loga,logb andlogc

a) loga’b’ b) loga—f

2
a) loga®b® = log(ab) b) loga—b =logab—logc
C

=2logab | loah 1
=loga+logh—logc
=2(loga +logb) s s s
Example 18
Given that log2=0.30, log3=048 and log5=0.69.
Calculate
a) log6 b) log0.9
a) log6=log(2x3) b) 10g0.9=10g%
=log2+log3
—0.30+0.48 =log9-logl0
~0.78 =log3’ —log(2x5)

=2log3—-log2—-1log5
=2(0.48)-0.30—-0.7
=-0.04

Co-logarithm

Co-logarithm, sometimes shortened to colog, of a number
is the logarithm of the reciprocal of that number, equal to
the negative of the logarithm of the number itself,

colog x =log (lj =—logx
X
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Example 19

colog 200 =—-log 200 =-2.3010

Exercise 7

1. Without using calculator, compare the numbers a and b.
a) a=3log2 and b=1log7

b) a=2log2 and b=1logl6-log3
2. Given that log2=10.30, log3=10.48 and log5=0.69 . Calculate
a) logl50 b) log0.2+logl0

3. Find co-logarithm of:
a) 100 b) 42 c) 15

Unit summary

1. Absolute value of a number is the number of units it
is from 0 on a number line. The symbol || is used to

denote the absolute value.

2. We call n power of a real number a that we note a", the
product of n factors of a. that is
nis an exponent

a'"=a-a-a-...-a
%f—/ r
aisthebase

n factors
3. The n root of a real number is . power of that
real number. It is noted by b, beR,neN\{l}.
1
Va,beR,%za@b”:a@b:a"

nis called theindex

bis called the base or radicand

& iscalled the radical sign
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. Contractors are tilling the bathroom floor in new house. The floor

4. Rationalizing is to convert a fraction with an irrational
denominator to a fraction with rational denominator. To
do this, if the denominator involves radicals we multiply
the numerator and denominator by the conjugate of the
denominator.

5. The decimal logarithm of a positive real number x is

defined to be a real number y for which 10 must be

raised to obtain x. We write Vx>0, y=logx

Simplify:
2

a) 2 b) (ab?) +a’b®  ¢) V2-B+18
Xy

Rationalize the denominator
3\/5 ar \/E b) \/g s \/5 C) \/5 + \/5
27 2-3 V2445

Given that log2 =0.30, log3=0.48 and log5 = 0.69. Calculate

a)

a) logl2 b) log0.45 c) log§
Match the fact with the power

Wheels on a unicycle i, 2°
Planets in the solar system i, 3?
Freezing point of water in iii. 1"

measures 288 cm by 192 cm. They are using square tiles with sides

measuring 24 cm. How many tiles will they need?

Esther’s little brother is playing with a set of collared blocks. Each

block has edges measuring 4 cm. What is the volume of one of the
blocks?
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3.0 Introductory activity

1.By the use of library and computer lab, do the research
and explain the linear equation.

2.If x is the number of pens for a learner, the teacher
decides to give him/her two more pens. What is the
number of pens will he/she have?

Complete the following table called table of value to
indicate the number y= f(x)=x+2 of pens for a learn

who had pens for x>0.

X -2 -1 0 1 2 3 4
yv=f(x)=[x+2 2

0,2)
(x.7)

d) Use the coordinates of points obtained in the table and
complete them in the Cartesian plan.

e) Join all points obtained. What is the form of the graph
obtained?
f) Suppose that instead of writing f(x)=x+2 you

write the equation y=x+2. Is this equation a linear
equation or a quadratic equation? What is the type of

the inequality x+2>0
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3. Find out an example of problem from the real life
situation that can be solved by the use of linear equation
in one unknown

4.Smoke jumpers are fire fighters who parachute into
areas near forest fires. Jumpers are in free fall from
the time they jump from a plane until they open their
parachutes. The function »=-161"+1600 gjyes a jumper’s
height in metre after seconds for a jump from .

a) How long is free fall if the parachute opens at 1000 m?

b) Complete a table of values fort = 0, 1, 2, 3, 4, 5 and 6.

objectives

After completing this unit, | will be able to:

Solve equation of the first degree and second degree.
Solve inequality of the first degree and second degree.
Solve a system of linear equations.

Use equations and inequalities to solve word problems.
Apply equations and inequalities in real life problems.

1. Equations and inequalities in one unknown

Equations

Activity 1

Find the value of x such that the following statements are true;
1. x+1=5 2.2x-4=0 3. 2x+1=-5
4. x+34=0 5.x-1=2 6. x—4=10
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An equation is a statement that the values of two
mathematical expressions are equal. Consider the
statement x-3=0 . This statement is true when x=3. So
x =3 is called the solution of the statement x-3=0. The
number 3 is called the root of the equation. Thus, to find
a solution to the given equation is to find the value that
satisfies that equation.

To do this, rearrange the given equation such that variables
will be in the same side and constants in the other side
and then find the value of the variable.

Solve in set of real numbers:

a)

x+6=14 b) 4x+5=20+x C) x=14—x
x+6=14 b) 4x+5=20+x c) x=14—x
S x=14-6 < 4x—-x=20-5 < 2x=14
=x=8 < 3x=15 =>x=7
15
S ={8) Sx=— §={7
=x=5

S ={5}

Exercise 1

Solve in set of real numbers:

1. x+5=

9 2. 6x+5=5 3. x-2=3 4.25=2x-5

5. -5=x-1 6. 3x—4=2x+1 7. x+5=9x+1 8 —-6x-5=9
9. x+100=99 10. 6x—-51=9
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Equations products / quotients

Activity 2

State the method you can use to solve the following equations

1. (x+1)(x—1):O 2. (2x—3)x=0 3 2x—3_l
X 2

When we are given the equation 4-B=0 then 4=0 or
B=0.

Also £=£<:>A~D=B-C
B D

Example 2
Solve in set of real numbers
a) (3x+6)(x=5)=0 b) (-x+2)(2x+3)=0 ) 2x+65=4’”6
o

a) (3x+6)(x=5)=0 b) (~x+2)(2x+3)=0
3x+6=0 X=5=0 2x+3=0
x=-2 T x=s —x+2=0 or x=—§
§={-2,5) x=2

W

o) 2x+5:4,x¢6

Y—

<:>2x+5:4(x—6)
& 2x+5=4x-24
& 2x=-29

29

=Sx=—
2

-2
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Exercise 2

Solve in set of real numbers:

4

a) (3x+6)(x—5)=0 D Rty
—x+5 4
O (x+8)(2x+1)=0 § a3

Inequalities

Activity 3

Find the value(s) of x such that the following statements are true
I. x<5 2. x>0 3. 4<x<l12 4. x<100

Suppose that we have the inequality x+3<10. In this case,
we have an inequality with one unknown. Here, the real
value of x satisfies that this inequality is not unique. For
example, 1 is a solution but 3 is also a solution. In general,
all real numbers less than 7 are solutions. In this case, we
will have many solutions combined in an interval.

Now, the solution set of x+3 <10 is an open interval
containing all real numbers less than 7 whereby 7 is
excluded. How?

We solve this inequality as follows;
x+3<10

< x<10-3

&S x<7

And then § = ]-ow,7[
Recall that

* When the same real number is added or subtracted
from each side of the inequality, the direction of the
inequality is not changed.
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Example 3

54

* The direction of the inequality is not changed if both
sides are multiplied or divided by the same positive
real number and is reversed if both sides are multiplied
or divided by the same negative real number.

Solve in set of real numbers:

a) —2x+5<0 b) x-4>0
¢) 2(x+5)>2x-8 d) 2x+5<2x+4
a) —2x+5<0

& -2x<-5

5
@sz S:|:£,—|—OO‘:
2

b) x—4>0

& x>4 S =]4,+oo

¢) 2(x+5)>2x-8

< 2x+10>2x-8
< 0x>-18

Since any real number times zero is zero and zero is greater

than -18, then the solution set is the set of real numbers.
S =R = |00, 40|

d) 2x+5<2x+4 Ox<-1

Since any real number times zero is zero and zero is not

less or equal to, -1 then the solution set is the empty set.
S=0
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Exercise 3

Solve the following inequalities

1) x+6<15 2) 2x—-4<16 3) 5x <25

4) 3x-5>21 5) 2x+82>18 6) 6+x<10

7) Sx<5x+2 8) 3x-5>2+3x 9) 2x+1212+3x
10) 6-x<9

Inequalities products / quotients

Activity 4

State the method you can use to solve the following inequalities

I (x+1)(x=1)<0 2. X3
X

Suppose that we need to solve the inequality of the form
(ax+b)(cx+d)<0. For this inequality, we need the set of
all real numbers that make the left hand side to be negative.
Suppose also that we need to solve the inequality of the
form (ax+b)(cx+d)>0. For this inequality, we need the
set of all real numbers that make the left hand side to be
positive.

We follow the following steps:
a) First we solve for (ax+b)(cx+d)=0

b) We construct the table called sign table, find the sign of
each factor and then the sign of the product or quotient
if we are given a quotient.

For the quotient, the value that makes the denominator to
be zero is always excluded in the solution. For that value,
we use the symbol || in the row of quotient sign.

c) Write the interval considering the given inequality
sign.
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Example 4

Solve in set of real numbers;

a) (3x+7)(x—2)<0 b)

a) (3x+7)(x—2) <0
Start by solving (3x+7)(x—2)=0

3x+7=0
x—2=0
7 or
<:>x:—§ oSx=2

Then next is to find the sign table.

x+4
2x-1

>0

X —
—00 +00
3x+7 - 0 + +
x—2 - - 0 +
(3x+7)(x-2) + 0 - 0 +
Since the inequality is (3x+7)(x—-2) <0, we will take the
interval where the product is negative. Thus, § = }_%,2[
x+4
) 20 X 44=0=>x=—4 2x—1=0=x=t
2x—1 2
1
8 —00 -4 2 +00
x+4 - 0 +
2x -1 - - 0
x+4
2x—1 o0 o
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Exercise 4

Solve the following inequalities:

1. (x—3)(x+3)>0 2. (4x—3)(x—1)£0
3x+4 2x—6
— —x=5)=x— >0
3. (x 2)( X 5)( X 1)<0 4., —x—1>0 5. )

Inequalities involving absolute value

State the set of all real numbers whose number of units from
zero, on number line, are

1. greater than 4
2. less than 6

Hint Draw a number line
Recall that absolute value of a number is the number of
units from zero to a number line. That is, |x| =k means k

units from zero (k is a positive real number or zero)
10 units from 0 to 10

> L ®

€ >

-12-11-109 8 7 6 54 -3 -2-1012 3% 45 6 7 & 9 1011121314151617
8

10 units from 0 to -10

For all real number x and k>0
a) |x|<k e —-k<x<k

b) |x—a|<k<:>a—k<x<a+k
c) |x|>k<:>x>k or x<—k

d) |x—a|>k<:>x>a+k or x<a-—k

Example 5

Find the solution set of the inequality [3x-15/<3
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Bx—15|<3 < -3<3x-15<3
—3+15<3x<3+15<12<3x<18 or 2<x<§<::>4<x<6
Solution setis S={xelR:4<x<6}

-12-11-109 8 -7 6§ -5 4-3-2-1012 3 456 7 8 5 1011121314151617

Example 6

Solve the inequality |x + 4| >2

[x+4|>2< x+4>2 or x+4<-2
Sx>2-4 or x<-2-4
Sx>-2 orx<—6

This is the set

«——0 O >
€ >

-12-11-109 8 -7 6 5 4-3-2-1012 3 456 7 8 9 1011121314151617

Example 7
Find the solution set of the inequality |x-3|>1

x=3[21 &x-321  x-3<-1
< x24 x<2

Number line:

€ >

-12-11-1083 8 -7 6 -5 4-3 -2-1012 3 456 7 8 9 10111213141516 17

Example 8

A technician measures an electric current which is 0.036
A with a possible error of +£0.002 A. Write this current, i,
as an inequality with absolute values.
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The possible error of =0.002 A means that the difference
between the actual current and the value of 0.036 A cannot
be more than 0.002 A.

So the values of i we have can be expressed as:

0.034 <i<0.038
We can simply write this as:

|i —0.036] < 0.002

Number line:
0.034 0.038 i

0 0.01 0.02 0.03' %.04 .

Exercise 5

Solve the following inequalities:

) |2x-1>5 2) 2%“24 3) |p-2x|<3

Equations and inequalities in real life problems

Activity 6

How can you do the following?

1. A father is 30 years older than his son. 5 years ago he was four
times as old as his son. What is the son’s age?

2. Betty spent one fifth of her money on food. Then she spent half of
what was left for a haircut. She bought a present for 7,000 francs.
When she got home, she had 13,000 francs left. How much did
Betty have originally?
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Equations can be used to solve real life problems.

To solve real life problems, follow the following steps:
a) Identify the variable and assign symbol to it.

b) Write down the equation.
c) Solve the equation.

d) Interpret the result. There may be some restrictions on
the variable.

Example 9

Kalisa is four times as old as his son, and his daughter is
5 years younger than his brother. If their combined ages
amount to 73 years, find the age of each person.

Letx stands for the age of the son. Then 4x is the age of Kalisa
and x—5 is the age of daughter. So that x+4x+x-5=73.
6x=78=x=13

The age of the son is x =13 years old.

The age of Kalisa is 4x =52 years old.

The age of daughter is x—5=28 years old.

Example 10

Concrete is a mixture of cement, sand and aggregate. If
4kg of sand and 6kg of aggregate are used with each kg of
cement, how many kg of each are required to make 1,210
kg?

Let x be the amount of cement. Then, the amount of sand

is 4x and the amount of aggregate is 6x
x+4x+6x=1210

< 11x=1210

xX= 1210 =110
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Thus,
110 kg of cement are required.
440 kg of sand are required.
660 kg of aggregate are required.
Example 11
John has 1,260,000 Francs in an account with his bank.
If he deposits 30,000 Francs each week into the account,

how many weeks will he need to have more than 1,820,000
Francs on his account?

Let x be the number of weeks
We have;

total amount of deposits to be made + the current balance
> total amount wanted.

That is;

30,000x + 1,260,000 > 1,820,000
30,000x > 1,820,000 - 1,260,000

30,000x > 560,000
560000
x>—=19

30000
Thus, he needs atleast 19 weeks.

Example 12 m

The yield from 50 acres | Let m be the yield.

of wheat was more than | Total number of yield >
1,250 tones. What was number of tones.

the yield per acre? That is:

50m > 1,250
1250

>
50

m>25

The yield per acre was more

than 25 tones.
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Exercise 6

1.

The sum of two numbers is 25. One of the numbers exceeds the
other by 9. Find the numbers.

The difference between the two numbers is 48. The ratio of the
two numbers is 7:3. What are the two numbers?

The length of a rectangle is twice its breadth. If the perimeter is
72 metre, find the length and breadth of the rectangle.

. Aaron is 5 years younger than Ron. Four years later, Ron will be

twice as old as Aaron. Find their present ages.

Sam and Alex play in the same soccer team. Last Saturday Alex
scored 3 more goals than Sam, but together they scored less than
9 goals. What are the possible number of goals Alex scored?

Joe enters a race where he has to cycle and run. He cycles a
distance of 25 km, and then runs for 20 km. His average running
speed is half of his average cycling speed. Joe completes the race
in less than 2% hours, what can we say about his average speeds?

2. Simultaneous equations in two unknowns

62

Consider the following system

ax+by=c
a,x+by=c,

and it is

ax+by=0
If ¢, =c,=0, the system becomes { ey

. +b,y=0
said to be homogeneous system. BXTOY

Algebraically, there are three methods for solving this
system: combination method, substitution method and
Cramer’s rule.

Note

b
* The solution 6’b # 0 means impossible

0
¢ The solution o Mmeans indeterminate
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Combination (or addition or elimination) method

Activity 7

For each of the following, find two numbers to be multiplied to
the equations such that one variable will be eliminated;

| Jrty=12 o [3x=y=20 3{x—2y:10
2x+y=4 —x+2y=4 2x+y=14

We try to combine the two equations such that we will
remain with one equation with one unknown. We find two
numbers to be multiplied on each equation and then add
up such that one unknown is cancelled.

Example 13 m

Solve the

following {x+y =1 ‘—2 - {—2x—2y =-2

system: 2x+3y=2| 1 2x+3y=2
x+y=1 y=0
{2x+3y=2 x+y=leox=1-y=1

s={(10)}
Example 14 m

Solve the

. 3x-2y=5]1 3x-2y=5
following
y+4x=1 |2 2y+8x=2
system: -
3x=2y=5 llx:7:>x:%
y+4x=1

yidr=lo y=l-dx=1- S 1228 _ 17

11 11 11
s L 17
11 11
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Example 15 m

Solve the
following {y —2x=2 |2 - {—Zy +4x=—4
system: 2y—4x=-3| 1 2y—4x=-3
y—2x=2 Ox=~7 impossible
{2)} _4x—=—3 No solution

Example 16 m

Solve the
following =
2x+2y =41 2x+2y =4
system:
0x =0 indeterminate
x+y=2
{Zx +2y=4 There is infinite number of solutions.

Exercise 7

Use elimination method to solve;

x—y=3 -x+4y=0 —-3y+4x=10
T |2x-2y=6 T 2x-T7y=0 “lx+3y=5
Sy+3x=9 3x—-4y=1 x—4y=1
" 10x+6y =10 x-3y=2 6 x-y=2

Substitution method

Activity 8

In each of the following systems find the value of one variable
from one equation and substitute it in the second.

1 x—y=35 5 x+2y=10 . x+y=-10
S |x+2y=6 S| Bx+2y=12 " |4x+y=0

We find the value of one unknown in one equation and put
it in another equation to find the value of the remaining
unknown.
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Example 17

Solve the following system:
x+y=1
2x+3y=2

From the first equation, x=1-y. Put this value in second
equation:

2(1—y)+3y=2<:>2—2y+3y=2

S y=2-2=y=0

x=1l-y=>x=1-0=1

§={(1.0)}
Example 18
Solve the following system:
3x=2y=5 (1)
y+4x=1 (2)
From (2): y=1-4x (3)
3x—2(1—4x)=5<:>3x—2+8x=5
(3) in (1): ;
Sllx=T=>x=—
11
y=1—4x=1—4(1j=11_28=—lz
11 11 11

(3-2)

Solve the following system:
I y=2x=2
|2y —4x=-3

Example 19
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y=2+2x, 2(2+2x)—4x:—3
< 4+4x—-4x=-3, 0x=—7 impossible

This system is inconsistent. Thus, there is no solution.

Example 20

Solve the following system:
x+y=2
2x+2y=4

x=2—y,2(2—y)+2y:4
S 4-2y+2y=4
< 0y=0=>y= % indeterminate

This system is a dependent system. Thus, there is an
infinity solutions.

Exercise 8

Use elimination method to solve;

| [rmy=—4 ) —x+y=0 ; {—2y+4x:15

" |3x-3y=-12 S x=7y=0 Clx+y=6
5y—3x=9 9 — —2v=1

{ 5 [3x-2y=1 o [~
10x—-6y=10 2x-3y=0 2x+y=2

Cramer’s rule (determinants method)

Activity 9

Find the following determinants.

. a, b
Hint: =ab,—a,b
a, b,
2 6 3 7 10 -1
1. 2.
1 3 -2 1 -5 3
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In order to use Cramer’s rule, x’s must be in the same

position and y’s in the same position.
Consider the following system:
ax+by=c
a,x+b,y=c,

To use Cramer’s rule, first we find;

a b
A= =ab,—a,b
a, b, ,
A=l Ploch—ch
x_cz b, =60 =65 and
a C Ax _A
Ayzal =g, —a,c, Then x= A ,y—Xy
2 2
Example 21
Solve the following system:
x+y=1
2x+3y=2
A=l =B -@)0)=1
=l, 4= =
11
A = =(1 —(2)(1)=1
= 3-00-@0
1 1
A = =(1)(2)-(2)(1)=0
)o@
A A
=—2=],y=—2=0
AT
§={(1.0)}
Example 22
Solve the following system:
3x-2y=5
y+4x=1
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First rearrange the system such that x’s will be in the same
position and y’s will be in the same position.

3x-2y=5
4x+y=1

SR RCURCIEIRY

5 —2‘

Example 23

Solve the following system:

y=2x=2
2y—4x=-3

—_— y—2x=2 2x+y=2
&
2y—4x=-3 —4x+2y=-3
‘—2 1
A=

(00

A 07 A0
This system is inconsistent. Thus, there is no solution.
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Example 24

x+y=2
2x+2y=4

Solve the following system:

A=l =(2)-(2)(1)=0
A=l =()@)-(®)0)=0
A=l =@-()@)=0
LA0 A0

A 0 A0
This system is a dependent system. Thus, there is an

infinity solutions.

Exercise 9

Use Cramer’s rule to solve;

1 {x+y=2 7 {—x+y:0 5 {—y+4x=8
4x—-4y =8 x+2y=3 x+2y=3

n {5y+3x=2 5 {3x+3y:1 6. {3x—5y=10
10x+6y =0 2x-3y=4 2x+y=12

Graphical method

0 Activity 10

Given the system
3x+y=10
x—y=2
1. For each equation, choose any two values of x and use them to
find values of y; this gives you two points in the form (x,y).
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2. Plot the obtained points in xy plane and join these points to obtain
the lines. Two points for each equation give one line.
3. What is the point of intersection for two lines?
Some systems of linear equations can be solved graphically.
To do this, follow the following steps:
1. Find at least two points for each equation.

2. Plot the obtained points in xy plane and join these points
to obtain the lines. Two points for each equation give
one line.

3. The point of intersection for two lines is the solution for

the given system
Example 25
Solve the following system by graphical method

x+y=4
x—y=2

For x+y=4

X -3 5
y 7 -1

For x—y=2

X -3 5
y -5 3

Graph
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The two lines intersect at point (3,1). Therefore the

solution is S={(3,1)}.

Example 26

Solve the following equations graphically if possible

y=2x=2
2y =4x-3

For y—-2x=2
X -2 2
y -2 6

We see that the two lines are parallel and do not intersect.
Therefore there is no solution. Note that the gradients of
the two lines are the same.
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Example 27

Solve the following equations graphically if possible

x+y=2
2y=4-2x

For x+y=2
X -2 3
y 4 -1

For 2y=4-2x

X -2 3
y 4 -1
Graph

We see that the two lines coincide as a single line. In such

case there is an infinite number of solutions.

Exercise 10

Solve the following system by graphical method

1 3x+y=1 ) 2x+y=3 3 {2?5—)’:3
Cx—y=-1 " |6x+3y=9 " |6x-3y=0

72




Elementary Probability

Solving word problems using simultaneous equations

Activity 11

How can you do the following question?

Margie is responsible for buying a week’s supply of food and
medication for the dogs and cats at a local shelter. The food and
medication for each dog costs twice as much as those supplies
for a cat. She needs to feed 164 cats and 24 dogs. Her budget is
$4240. How much can Margie spend on each dog for food and
medication?

To solve word problems, follow the following steps:

a) Identify the variables and assign symbol to them.

b) Express all the relationships, among the variables
using equations.

c) Solve the simultaneous equations.

d) Interpret the result. There may be some restrictions on
the variables.

Example 28

Peter has 23 coins in his pocket. Some of them are 5 Frw
coins and the rest are 10 Frw coins. The total value of
coins is 205 Frw . Find the number of 10 Frw coins and the

number of 5 Frw coins.

Let x be the number of 10 Frw coins and y be the number
of 5 Frw coins. Then,

x+y=23
10x+5y =205

x+y=23
<
2x+y=41
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From first equation, x=23-y.
In second equation,

2(23—y)+y=41

46-2y+y=41
&S -—y=-5=>y=5 and x=23-5=18

Thus, there are 18 coins of 10 Frw and 5 coins of 5 Frw .

Example 29

74

Cinema tickets for 2 adults and 3 children cost 1,200 Frw .
The cost for 3 adults and 5 children is 1,900 Frw. Find the
cost of an adult ticket and the cost of a child ticket.

Let x be the cost of an adult ticket and y be the cost of a
child ticket, then

2x+3y =1200
3x+5y=1900

Solve for x and y

From first equation: 2x =1200—3y = x = 200 =3

Put this value in second equation;
3(%}@ =1900

©M+5y:1900

<3600-9y+10y =3800
= =200

And x= —12002_ 600 _ 300

Thus, the cost of an adult ticket is 300 Frw and the cost of
a child ticket is 200 Frw
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Exercise 11

1. A test has twenty questions worth 100 points. The test consists
of True/False questions worth 3 points each and multiple choice
questions worth 11 points each. How many multiple choice
questions are on the test?

2. Two small pitchers and one large pitcher can hold 8 cups of
water. One large pitcher minus one small pitcher constitutes 2
cups of water. How many cups of water can each pitcher hold?

3. The state fair is a popular field trip destination. This year, the
senior class at High School A and the senior class at High School
B both planned trips there. The senior class at High School A
rented and filled 8 vans and 8 buses with 240 students. High
School B rented and filled 4 vans and 1 bus with 54 students.
Every van had the same number of students in it as did the buses.
Find the number of students in each van and in each bus.

4. The sum of the digits of a certain two-digit number is 7. Reversing
its digits increases the number by 9. What is the number?

5. A boat traveled 210 miles downstream and back. The trip
downstream took 10 hours. The trip back took 70 hours. What

is the speed of the boat in still water? What is the speed of the
current?

3. Quadratic equations and inequalities

Equations of the type ax’+bx+c=0 (a#0) are called

quadratic equations.

There are three main ways of solving such equations:

a) By factorizing or finding square roots

b++/b* —4ac
2a
c) By completing the square

b) By the formula x=—
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Quadratic equations by factorizing or finding square roots

Activity 12

Smoke jumpers are firefighters who parachute into areas near forest
fires. Jumpers are in free fall from the time they jump from a plane
until they open their parachutes. The function y=-16¢"+1600
gives a jumper’s height ¥ in metre after ¢seconds for a jump from
1600m . How long is free fall if the parachute opens at 1000m ?

The method of solving quadratic equations by factorization
should only be used if is readily factorized by inspection.
The method of solving quadratic equations by factorization
should only be used if is readily factorized by inspection.

Example 30
Solvein R: x*+2x-24=0

X2 +2x-24=0 <:>(x+6)(x—4)=0

So, either x+6=00r x—4=0giving x=-6 or x=4.

Example 31

Solvein R: 5x*+7x—-6=0

5x2+7x-6=0 < 5x*=3x+10x—-6=0

< x(5x-3)+2(5x-3)=0
< (5x-3)(x+2)=0

So, either 5x—3=0o0r x+2=0 giving ng or x=-2.
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Exercise 12

Solve in set of real numbers the following equations by

factorization
1. x> +6x+8=0 2.x2-2x=3
3. 2x° +6x=—4 4. 12x* -154=0

Quadratic equations by completing the square

Activity 13

a) By completing the square, show that y = ax” + bx+c can be written

as

b Y B
y=a(x+zj +[C—Ejif a+0

b) Use the result in a) to solve

2x*=Tx—-4=0

Before solving quadratic equations by completing the
square, let’s look at some examples of expanding a binomial

by squaring it.
(x+3)2 =x"+6x+9 .
(x—S)2 =x"—10x+25

Notice that the constant term (kz)of the trinomial is the
square of half of the coefficient of trinomial’s x-term.

Thus, to make the expression x” +kx a perfect square, you

l 2
must add (Ekj to the expression.

When completing the square to solve quadratic equation,

remember that you must preserve the equality. When you
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add a constant to one side of the equation, be sure to add
the same constant to the other side of equation.

Example 32

Solve x* —4x+1=0by completing the square

x*—4x+1=0 Rewrite original equation

x*—4x=-1 Subtract 1 from both sides.

¥ —4x+(-2)" =1+(-2’Add (-2)" =4to both sides.

(x=2)" =3 Binomial squared.
x=2=+3 Take square roots.
x=2i\/§ Solve for x.

The equation has two solutions: x =2+ V3 and x=2-3

Example 33

Solve 4x* +2x—-5=0by completing the square

4x* +2x-5=0 Rewrite original equation
4x* +2x =5 Add 5 to both sides.
, 1 5 . .
X +—x= " Divide both sides by 4.
2 2
x2+lx+(1J 3,1 Add (lj =Lto both sides.
27 \4) 4 16 4) 16
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Binomial squared.

X+ = + Take square roots.
1
xz—zi Solve for x.
The equation has two solutions: x= —%+@ and
_ 1
4 2

Exercise 13

Solve in set of real numbers the following equations by completing

the square
1. x> +5x-24=0 2. x*=13x+36=0
3.2x°—x—6=0 4, 3x* +5x-12=0

—b+A/b* -
Quadratic equations by the formula x= 2% Jb* —4ac

2a
Activity 14

Think about two numbers a and b (a can be equal to b) such that

1. a+b=4 and ab =4 2. a+b=5 and ab=6

3.a+b=7 and ab =12 4. a+b=% and ab =%
5. a+b=-2 and ab =-35

Let x and y be two real numbers such that x+y=s and

xy =p.s is the sum and p is the product of two roots.
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80

Here y=s-x and x(s—x)=p. Or sx—x’=p or

x> —sx+p=0. This equation is said to be quadratic
equation and s, p are the sum and product of the two roots
respectively.

Quadratic equation or equation of second degree has

the form where the sum of two roots is 5= _b and their
a

product is p= £ . To solve this equation, first we find the
a
discriminant (delta): A =b*-4ac

In fact,

ax*+bx+c=0

S axl+bx=—c

, b
Sa|lx +—x|=—casa#z0
a

b . ..
& x*+2x=-<as a#0 (making the coefficient of x* one)

a a
( b jZ c b p
S| xt—| =t
2a a 4a 44°
isthe squareof half the coefficient of x, (éj’ in x> _,_2 x
a a
bY b*—4ac
S| x+— | =———
2a 4a
2
> x+—=4% w
2a 4a
2
Sx+—== b—ézac
2a 4a
2
IR b” —4ac
2a 2|a|
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2
2a 2a

[ 2
orx+i=$u,ifa<0
2a 2a

Simply,

‘e —b++b* —4dac

2a

Let A=b*—4ac

There are three cases:
e If A>0, there are two distinct real roots:
_ —b—+/A
=b+—\/Z and x, =
a 2a

* If A=0, there is one repeated real root (one double

X

root):

-b

X =X, =—
1 2
2a

e If A<O, there is no real root.

Example 34

Solvein R: x*+2x+1=0

X 4+2x+1=0

A=22-4(1)(1)=0
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Example 35

Solvein R: x> -7x+5=-5

| Solution
x*=Tx+5=-5
& xP=T7x+10=0
As we saw it, in this equation the sum of two roots is 7 and
the product is 10. To find those roots we can think about

two numbers such that their sum is 7 and their product is
10. Those numbers are 2 and 5. Thus S ={2,5}

Or
A=(-7)" -4(1)(10)=9
xl__(_7)+ s (NP,
S={2,5}2

Example 36

Solvein R: 2x*+3x+4=0

2x* +3x+4=0

A=3"-4(2)(4)=-23
Since A <0, there is no real root.
Then, S=9

Example 37

For what value of k will the equation x*>+2x+k=0 have
one double roots? Find that root.
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For one double root A=0.
A=4-4k
4-4k=0=k=1

Thus, the value of k is 1.
That root is x = —5= -1.

Exercise 14

Solve in set of real numbers;

. x*—12x+11=0 2. x*+2x=35 3. x*=3x=-11
4. 3x°—Tx+2=0 5. x*=121=0
Notice:

This method of solving quadratic equations by the formula

o —b+~b* —4ac

5 helps us to write down factor form of a
a

quadratic expression.

Factor form of a quadratic expression

Activity 15

In each of the following, remove brackets and discuss about the
result and original form.

1. (x+4)(x-1) 2. 3(x-2)(x-5) 3. (x+2)(x+1)
4. 6(x-3)(x-8) 5. (x=6)(x+2)

A quadratic expression ax’ +bx+c can be written in factor

form. To do this, solve for ax* +bx+c =0 to find the 2 real
roots.

If the two real roots exist, i.e 220 then the factor form

is ax’ +bx+c=a(x—x)(x-x,). If there is no real root, i.e
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A <0, then the expression ax’ +bx +¢ hag no factor form.

If there is no real root, i.e , then the expression has no

factor form.

Example 38

Put the following
expression in factor

form x*=5x+6

Example 39

Put the following
expression in factor

form 4> —4a+4

Example 40
Put the following
expression in factor
form 2/ +37+10

Exercise 15

Find the factor form of
1. x*—10x+16
3. 6x"—5x+1 4.

x> +4x-5

x*=5x+6=0

A=(-5)"-4(1)(6) =1

X, =E=3, x2=;1:2
2 2

The factor form is
x* —5x+6=(x—3)(x—2)

a’—4da+4

A=16-16=0
4

a1=a2:5=2

The factor form is
a’—4a+4=(a-2)(a-2)

2t +3t+10=0
A=9-80=-71

Since A <0, the expression
2¢* +3t+10 has no factor
form.

2. x*—x+1

5. 4x* +7x -2
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Equations Reducible to Quadratic Form

a) Biquadratic equations

@ Activity 16

In each of the following rewrite the given equation letting
1. ¥ =2x*+2=0 9 6x"+5x+1=0

3 x'=13x"+36=0
Biquadratic equations are the equations that if we look
at them in the correct light we can make them look like
quadratic equations. A biquadratic equation has the form

ax +bx"+¢=0

To solve a biquadratic equations, change x’=y. This
generates a quadratic equation with the unknown, y:

ay’ +by+c=0
For every positive value of y there are two values of x,

find: x= i\/;

Example 41

Solve x*=7x*+12=0

| Solution_
Here x° :(x2 )2
Let y=x’, then y* =x*
Now, the given equation becomes > -7y +12=0
Y =Ty+12=(y-3)(y-4)=0 = y=3 or y=4

But y=x’
y=3: 3=x’=x=1+3
y=4:4=x"=>x=42
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So, we have four solutions to the original equation, x =2
and +/3.

So, the basic process is to check that the equation
is reducible to a quadratic form, then make a quick
substitution to turn it into a quadratic equation. In most
cases, to make the check that it's reducible to quadratic
form, all we really need to do is to check that one of the
exponents is twice the other.

Exercise 16
Solve in set of real numbers
1. x'=13x"+36=0 9. x°=7x'+6=0

3 x'—10x>+9=0 4 x*—61x*+900=0

b) Nested radicals

Activity 17

Let Jat+\12 =x+.[y

By squaring both sides find the values of x and y.

A nested radical is a radical expression (one containing a
square root sign, cube root sign, etc) that contains (nests)

another radical expression. Examples include /5-2+/5

and more complicated ones such as 3/, B+i4 -
We will see the nested radicals of the form  4++/B

The radical like of /4++/B can be transformed and give

NEENES

The process is called denesting.
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To do this we square both side of the relation

JA+B = \/;i\/; and we find the values of x and y.

That is,
\/A-_Fx/E:\/;i\/;@Aix/E:(\/;i\/;)z
< A+B=x+2 Xy +y

<:>Ai\/§=x+yi\/4xy

A=x+y
<1\B

— =X

4 y

Example 42

Transform the radical ¥9++80 to simple radical

Let v9++/80 =vx+./y
[o3R0] ~(5 -5

<:>9+\/%=x+2\/5+y
<:>9+\/%:x+y+,/4xy
x+y=9:> x+y=9
4xy =80 xy =20

We need two numbers such that their sum is 9 and their
product is 20

=>x=4, y=5or x=5, y=4  Thus, V9+/80 =4 ++/5

Example 43

Transform the radical ,/3_./5 to simple radical.

87




Subsidiary Mathematics for Rwanda Secondary Schools Learner’s Book 4
Let 3_5=x—\y
2 2
(\/3—\/5) = (Vx-y)
o3-5=x-2 Xy +y
<:>3—\/§=x+y— 4xy

x+y=3 X+y=3
{4xy =5 = xy = Bl
4
We need two numbers such that their sum is 3 and their
product is %
=>X=—, y:l or x=l, y:i
2 2 2 2

Because of negative sign between \/x and ./} , we take

the values of x and y such that /x> [y as g5 >0
5 1
Then \/3—\/§=\/;—\/;

Exercise 17

Solve in set of real numbers the following equations

1. \/6—2\/5 9 \/6—2\/§ 2y \/5+2\/g

<) Irrational equations

Activity 18

Consider the following equation
Vx+8=x+2

1. Square both sides of the equation

2. Solve the obtained equation
3. Verify that the obtained solutions are solution of the original
equation and then give the solution set of the original equation

(given equation)
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Irrational equation is the equation involving radical sign.

We will see the case the radical sign is a square root.

To solve an irrational equation, follow these steps:

a) Isolate a radical in one of the two members and pass
it to another member of the other terms which are also

radical.
b) Square both members.
c) Solve the equation obtained.

d) Check if the solutions obtained verify the initial
equation.

e) If the equation has several radicals, repeat the first two
steps of the process to remove all of them.

Example 44

Solve in set of real numbers

l+vVx*-9=x

Vxt =9 :x—l<::>x2—9:()c—1)2

After developing and simplifying we find X¥=3. We test
this value and we see that it is not false. The original
equation has solution , 35

Thus, §={5}

Example 45

Solve in set of real numbers

V2x+8++x+5=7

V2x+8++x+5=7<2x+8=T7T—~/x+5
2x+8=<7—\/x+5)2
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After developing and simplifying y_46=—-14Vx+5 -
Squaring again, we obtain x* —288x+1136=0

Either x=4 or x=248, but 4 is the only solution of the
original equation.

Thus, §= {4}
Exercise 18

Solve in set of real numbers the following equations

1. vJx+7=13 2. Ax—-4=-7 3. 2—+/x+3=5

Quadratic inequalities

Activity 19

Find the range where

1. (x=2)(x+1) is positive 2. (x—1)(x-2) is negative

We saw how to solve the inequality product like
(ax+b)(cx+d)>0. If we find the product of the left hand
side, the result will be a quadratic expression of the form
(ax’+bx+c).

Then to solve the inequality of the second degree like
ax’+bx+c>0 we need to put the expression ax’+bx+c in
factor form and use the method to solve inequality product.
If the expression to be transformed in factor form has no
factor form, we find its sign by replacing the unknown by
any chosen real number. We may find that the expression
is always positive or always negative.

If the expression to be transformed in factor form has a
repeated root, it is zero at that root and positive or negative
elsewhere depending on coefficient of x2.
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Example 46

X’ =2x+1<0

x*=2x+1=0

x=x,=1and x’—2x+1=(x—-1)(x-1)

The expression x*—2x+1 is zero for x=1 otherwise it is
positive since x* —2x+1=(x—1)(x~1)=(x~1)’

The solution is only x =1 since we are given x> —-2x+1<0.

Example 47

3x2+x-14<0

3xP+x-14=0
7
T3 or % =2

x2+x—14=3(x+%j(x—2)=(3x+7)(x—2)

7
X -0 e % +o0
3x+7 - 0 +
x=2 - - 0
3x*+x—14 + 0 - 0 +
Thus, S = }—1,2[
3
Example 48

¥ —4x+4>0

X' —4x+4=0
x, =x,=2 and x’ —4x+4=(x-2)(x-2) or
1
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x*—4x+4 =(x—2)2
The expression x*-4x+4 is zero for x=2 and positive
elsewhere. Then, S = IR

Example 49

2x* +2x<4x-10

2x> +2x<4x-10

< 2x7 +2x—4x+10<0
& 2x°=2x+10<0

& X —x+5<0

¥ —x+5=0
A=1-20=-19

The expression x°—x+5 cannot be factorized. Let x=0

0°-0+5=5>0. Then the expression x’—x+5 is always
positive and the solution set is an empty set.

Example 50

2x*+2x-10<0

2x*+2x-10<0

XX =x+5>0
X —x+5=0
A=1-20=-19

The expression x°—x+5 cannot be factorized. Let x=0

0°-0+5=5>0. Then the expression x’—x+5 is always
positive and the solution set is the set of real numbers.
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Exercise 19

Solve in set of real numbers
1. x*=10x-20>0 2. 6x°=5x+1<0

3. XX +2x+12>0 4. x*+x+18<0

5. x*—=17x-72<0

4. Applications

1. Explain how linear equations can be used in daily life1.

2. Give three examples of where you think quadratic equations are

useful in daily life

a) Supply and demand analysis
Market equilibrium is when the amount of product
produced is equal to the amount of quantity demanded.
We can see equilibrium on a graph when the supply
function and the demand function intersect, like shown
on the graph below. Max can then figure out how to price
his new lemonade products based on market equilibrium.

A

Price

lae]

Y

Q Quantity
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Example 51

Assume that in a competitive market the demand schedule
is and the supply schedule is p=60+0.4¢q (p=price,
q=quantity). If the market is in equilibrium then the
equilibrium price and quantity will be where the demand
and supply schedules intersect. As this will correspond
to a point which is on both the demand schedule and the
supply schedule the equilibrium values of p and q will be
such that both equations hold.

To find the equilibrium quantity set 420—0.2g =60+ 0.4¢
420—0.2g = 60+ 0.4¢

& 42060 =0.69+0.2¢q

< 360=0.6g = g =600

Then, ¢g=600 is the equilibrium quantity.
But, p=420-0.2¢ then
p=420-0.2(600)=300

Thus, p=300 is the equilibrium price.

b) Linear motion
Linear motion is a motion along a straight line, and can
therefore be described mathematically using only one
spatial dimension. The linear motion can be of two types:
uniform linear motion with constant velocity or zero
acceleration; non uniform linear motion with variable

velocity or non-zero acceleration.

Linear motion of the ball
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Example 52

Some examples of linear motion are given below:

An athlete running 100m along a straight track
Parade of the soldiers

Car moving at constant speed

A bullet targeted from the pistol

A man swimming in the straight lane

Train moving in a straight track

Object dropped from a certain height

O N O U W N R

Balancing equation

¢) Balancing equation
In chemistry, to balance the chemical equation we set the
reactants and products equal to each other.

Example 53

To balance the chemical equation Zn + HCl — ZnCl,
+H,, we do the following:

There are two chlorines on the right but only one on the
left; and the chlorine is in a single chemical species on
each side. Put a 2 in front of the HCI on the left hand side.
Zn + 2HCl — ZnCl, + H,

We see that the equation is now balanced, by comparing
the numbers of atoms in the reactants and products, with
one Zn on each side, two hydrogen on each side and two
chlorines on each side.

d) Calculating Areas
People frequently need to calculate the area of things like

rooms, boxes or plots of land.
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Example 54

An example might involve building a rectangular box
where one side must be twice the length of the other side.
So long as this ratio is satisfied, the box will be as a person
wants it. Say, however, that a person has only 4 square
meters of wood to use for the bottom of the box. Knowing
this, the person needs to create an equation for the area of
the box using the ratio of the two sides. This means the area
(the length times the width) in terms of x would equals,
or. This equation must be less than or equal to 4 for the
person to successfully make a box using his constraints.
Once solved, he now knows that one side of the box must
be x meters long, and the other must be y meters long.

e) Figuring out a profit

96

Example 55

Sometimes calculating a business’ profit requires using a
quadratic function. If you want to sell something (even
something as simple as lemonade) you need to decide how

many things to produce so that you’ll make a profit.

Let us say that you're selling glasses of lemonade, and you
want to make 12 glasses. You know, however, that you’ll
sell a different number of glasses depending on how you
set your price. At 100 francs per glass, you are not likely
to sell any, but at 10 francs per glass, you will probably
sell 12 glasses in less than a minute. So, to decide where
to set your price, use P as a variable. Let’s say you estimate
the demand for glasses of lemonade to be at 12 - P. Your
revenue, therefore, will be the price times the number of
glasses sold: P(12 - P), or 12P-P% Using however much
your lemonade costs to produce, you can set this equation
equal to that amount and choose a price from there.
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f) Quadratics in Athletics
In athletic events that involve throwing things, quadratic
equations are highly useful.

Example 56

Say, for example, you want to throw a ball into the air and
have your friend catch it, but you want to give her the
precise time it will take the ball to arrive.

To do this, you would use the velocity equation, which
calculates the height of the ball based on a parabolic
(quadratic) equation. So, say you begin by throwing the
ball at 3 meters, where your hands are. Also assume that
you can throw the ball upward at 14 meters per second,
and that the earth’s gravity is reducing the ball’s speed at
a rate of 5 meters per second squared. This means that we
can calculate the height, using the variable t for time, in
the form of h=3+14t —5t? . If your friend’s hands are also
at 3 metres in height, how many seconds will it take the
ball to reach her? To answer this, set the equation equal
to 3 = h, and solve for t. The answer is approximately 2.8

seconds.

g) Finding a Speed
Quadratic equations are also useful in calculating speeds.
Avid kayakers, for example, use quadratic equations to

estimate their speed when going up and down a river.

Example 57

Assume a kayaker is going up a river, and the river moves
at 2 km/hr. Say he goes upstream -- against the current --
at 15 km, and the trip takes him 3 hours to go there and

return. Remember that time = distance / speed. Let v = the
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kayak’s speed relative to land, and let x = the kayak’s speed
in the water. So, we know that, while traveling upstream,
the kayak’s speed is v = x - 2 (subtract 2 for the resistance
from the river current), and while going downstream, the
kayak’s speed is v = x + 2.

The total time is equal to 3 hours, which is equal to the
time going upstream plus the time going downstream, and
both distances are 15km. Using our equations, we know

that 3 hours = — 15 +_15 _ Once this is expanded
(x-2) (x+2)

algebraically,
we get 3x? - 30x -12 = 0 or x*>-10x-4=0. Solving for x, we
know that the kayaker moved his kayak at a speed of 10.39

km/hr

Unit summary

1. An equation is statement that the values of two
mathematical expressions are equal while an inequality is
a statement that the values of two mathematical that are
not equal.

2. When we are given the equation 4-B=0 then 4=0 or

A C
B=0.Also E=BC>A'D=B'C where B, D #0

3. To solve real life problems, follow the following steps:

e Identify the variable and assign symbol to it

* Write down the equation
* Solve the equation
* Interpret the result. There may be some restrictions

on the variable.
4. Consider the following system

ax+by=c
a,x+b,y=c,
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Algebraically, there are three methods for solving this
system: combination method, substitution method and
Cramer’s rule. Some systems of linear equations can be
solved graphically. To do this, follow the following steps:

* Find at least two points for each equation.

e Plot the obtained points in xy plane and join these
points to obtain the lines. Two points for each equation
give one line.

* The point of intersection for two lines is the solution

for the given system
Quadratic equation or equation of second degree has the

form ax+bx+c¢=0 a,b,c € R(a#0)where the sum of two
c

roots is §=~_and their product is 2 = To solve this

equation, first we find the discriminant (delta):

There are three cases:A= b’ —4ac

e If A>0 there are two distinct real roots:
_ —b+\/Z and x, = ~b—~/A

2a 2a

X

 If A=0, there is one repeated real root (one double

root):
—b

X, =X, =
1 2
2a

e If A<O0, there is no real root.
. If the two real roots exist, i.e A>0, then the factor form is
ax, +bx+c=a(x—x)(x+x,)

If there is no real root, i.e A<(, then the expression

ax* —bx —c¢ has no factor form.

. Biquadratic equation ax* +x"+c=0 is solved by letting

y=x
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8.

9.

10.

Nested radical A++/B is denested by letting

NAEB =x +\[y

Irrational equation is the equation involving radical sign.
We solve irrational equations by squaring both sides. By
substituting all obtained solutions in the given equation,

those which dont satisfy the given equation are rejected.
Application

Supply and demand analysis

Market equilibrium is when the amount of product
produced is equal to the amount of quantity demanded.
Max can then figure out how to price his new lemonade
products based on market equilibrium.

Linear motion
Linear motion is a motion along a straight line, and can
therefore be described mathematically using only one

spatial dimension.

Balancing equation
In chemistry, to balance the chemical equation we set the
reactants and products equal to each other.

Calculating Areas
People frequently need to calculate the area of things like
rooms, boxes or plots of land.

Figuring Out a Profit

Sometimes calculating a business’ profit requires using
a quadratic function. If you want to sell something (even
something as simple as lemonade) you need to decide

how many things to produce so that you’ll make a profit.

Quadratics in Athletics
In athletic events that involve throwing things, quadratic
equations are highly useful.
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Finding a Speed

Quadratic equations are also useful in calculating speeds.
Avid kayakers, for example, use quadratic equations to
estimate their speed when going up and down a river.

Revision exercise

1. Solve the following equations in set of real numbers;

a) 3x+82=6-x b) 4x(x+9)=0 c) 11x-18=9+8x
x+3 X x+2

d =4 (S = —_ = —

I ) 24=15+ f —===4x-3

g 5x-6=22-2x h) 6x+9=33-2x
2. Solve the following inequalities.
x+2

a) x+4<3 b) 2x+6>8 c) —<0
d) 3x+6<1 e) 4x—4§0 f) (x+1)(—x—4)<0
x+1

g) (—x—9)(x+1)(2x—4) >0
3. Solve the following equations and inequalities in set of real numbers

a) x’—-17x+70=0 b) 4x*+45x=34 c¢) x*—10x+1=0

d) x*-7x+10>0 e) 6x* =5x+1<0  f) ¥*+2x+1>0
g) x*+2x<-1 h) 2x* +3x+10<-10 i) 2x* +3x+20>0
2 2
0 X 5x+6£0 K) X 25x+6>0
x+1 x +1

4. Solve in set of real numbers the following equations

a) V2x+4=8 b) 4+3x—1=9
c) vx—1=+2x+1 d) v2x—-1=x
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S.

10.

I1.
12.

13.

Solve in set of real numbers the following equations
a) 2x* +5x*-3=0 b) x—4x2-5=0

1 2 1

) 2x+3x2+1=0 d) 2x3 —=9x3-5=0

. Denest (simplify) the following nested radicals

a) J(1-+2) b) 7+212 ¢) J15-2456

d) 12+2/32 e) V9-72
The senior classes at High School A and High School B planned separate
trips to Akagera National Park. The senior class at High School A rented
and filled 1 van and 6 buses with 372 students. High School B rented
and filled 4 vans and 12 buses with 780 students. Each van and each bus
carried the same number of students. How many students can a van carry?
How many students can a bus carry?
Brenda’s school is selling tickets to a spring musical. On the first day of
ticket sales the school sold 3 senior citizen tickets and 9 child tickets for a
total of $75. The school took in $67 on the second day by selling 8 senior
citizen tickets and 5 child tickets. What is the price each of one senior
citizen ticket and one child ticket?
A number is divided into two parts, such that one part is 10 more than the
other. If the two parts are in the ratio 5 : 3, find the number and the two
parts.
Robert’s father is 4 times as old as Robert. After 5 years, father will be
three times as old as Robert. Find their present ages.
The sum of two consecutive multiples of 5 is 55. Find these multiples.
The difference in the measures of two complementary angles is 12°. Find
the measure of the angles.
The cost of two tables and three chairs is $705. If the table costs $40 more
than the chair, find the cost of the table and the chair.
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14.
15.
16. A picture has a height that is 4 of its width. It is to be enlarged to have an

17.

18.

19.

The velocity v m/s of a ball thrown directly up in the air is given by v =20 —
5t, where t is the time in seconds. At what times will the velocity be between
5 m/s and 15 m/s?

A rectangular room fits at least 7 tables that each have 1 square meter of
surface area. The perimeter of the room is 16 m. What could the width and

length of the room be?

area of 192 square metres. What will be the dimensions of the enlargement?
The product of two consecutive negative integers is 1122. What are the
numbers?

A garden measuring 12 meters by 16 meters is to have a pedestrian pathway
installed all around it, increasing the total area to 285 square meters. What
will be the width of the pathway?

You have to make a square-bottomed, unlidded box with a height of three
metres and a volume of approximately 42 cubic metres. You will be taking a
piece of cardboard, cutting three- metres squares from each corner, scoring
between the corners, and folding up the edges. What should be the dimensions

of the cardboard, to the nearest quarter metres?
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4.0 Introductory activity

1. Consider the following sentences:
i. The function of the heart is to pump blood

ii. Last Saturday, my sister got married; the arrangement of
chairs in the main hall was in function of the number

of guests.
iii. The area of a square is function of the length of its side.

Explain what is meant by the word “Function” in each of the

three sentences above.

2. Any function involves at least two variables. Identify the
“independent variable” and the “dependent variable” in the
following functions:

_dx—4
(x-1)

iy
ii. A=m"
iii. s=J4

3. Classify the following functions as “polynomial”, “rational”

or “irrational”

2 +1 x+1
a) flx= E b] f(x)=x—5
C) f@) =" 1 d) f=2-7 @) Fm=t

2X
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4.If we agree that the set of all possible values, the independent
variable can assume is called the “ Domain” of the function
and the set of all possible values, the dependent value can
assume is called the “Range” of the function, determine
the range and the domain of each of the functions in part
(2) above.

Objectives

After completing this unit, | will be able to:

® Demonstrate an understanding of operations on
polynomials, rational and irrational functions, and find
the composite of two functions.

Identify a function as a rule and recognize rules that
are not functions.

Determine the domain and range of a function

Find whether a function is even , odd , or neither
Construct composition of functions.

1. Generalities on numerical functions
Activity 1

In the following arrow diagram, for each of the elements of set A,

state which element of B is mapped to it.
A B

|

==

1
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Example 1

106

A function is a rule that assigns to each element in a set 4
one and only one element in set B. We can even define a
function as any relationship which takes one element of one
set and assigns to it one and only one element of second set.
The second set is called a co-domain. The set 4 is called the
domain, denoted by Domf.

If x is an element in the domain of a function f; then the
element that f associates with x is denoted by the symbol
f (x) (read f of x) and is called the image of x under f or the
value of f at x.

The set of all possible values of f( x) as x varies over the

domain is called the range of fand it is denoted R( f ) .

Four children, Ann, Bob, Card and David, are given a spelling
test which is market out of 5; their marks for the test are

shown in the arrow diagram:

A function fcan associate more than
one element of the domain onto
the same element of the range. For

example, Ann — 4 and Card —> 4.
Such functions are said to be many-

to-one.

Functions for which each element of the domain is associated
onto a different element of the range are said to be one-to-
one. Relationships which are one-to-many can occur, but

from our preceding definition, they are not functions.
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Example 2

One-to-one function.

A B The domain is {a,b,c}
a= W o
z ; " The codomain is {w,x,y,z}
c . y
" The range is {w, X, y}

Many-to-one function
A B The domain is {a,b,c}, the

codomain is {w,x,y,z} and

\ the range is {y,z}

One-to-many relationship

Because this is a one-to-
many relationship, it is not a

function.

We shall write f (x) to represent the image of x under the
function f. The letters commonly used for this purpose are f, g
and A.
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Example 3

Given that f(x)=x2, f(0)=02=0 f(2)=22=4
find the values of f(3)=32 -9 f(4)=42 16
S(0),£(2),/(3) f(4)and 1 (5) £(5)=5"=25
Note:
f(x)=x can also be written as f :x—> x> which is read as
“fis a function which maps x onto x*”
Example 4

Draw arrow diagrams for the functions. Use the domain

{1,2,3};

a) fix—3x b) hix—x*+1 c) g:x—>2x+1
a) f:x—>3x b) h:x—>x*+1
A B A B
1 > 3 1 . 2

] NS
T 1. oI

c) g:x—>2x+1

1,
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Example 5 m

The functions f If X2 0, then X+323

and g are given as Thus, the range of f will be
f(x)=x+3 for x>0 f(x)>3

and

g(x):xz for —2<x<3 If_ZSXS?’,then 0<x*<9

State the range of each Thus, the range of g will be

of these functions. 0<g(x)<9

.cise 1

1. State which of the following relations shows a function.

A B A B A B
a . x x
b - * ¥ o q
[~ L] F r

. 5

2. In the following arrow diagram, state the domain, co-domain and

range

d 8

|

s\
a_|
e_|

o D WA e b e

3. If f(x)=2x+4, find;

a) /(2) b) /(-2)
c) f(d) d) The value of a if f(a):a

4. You have ever followed a speech talking about NDI
UMUNYARWANDA . You have been said that Rwandans
have been divided and now they want to be unified. From
the types of relationship (in Mathematics), complete this

sentence: We have been made...... to...... by colonialists, NDI
UMUNYARWANDA is making us...... to......
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Classification of functions

Activity 2

State which of the following functions is a polynomial, rational
or irrational function

1. f(x)=(x+1)2 2. h(x):w 3. f(x)=\/x2+x—2

x—4

a) Constant function
A function that assigns the same value to every member of its

domain is called a constant function C.

Example 6

The function f given by f(x)=3 is constant.

Remark:
The constant function that assigns the value ¢ to each real

number is sometimes called the constant function c.

Example 7

The function f(x)=5 is called constant function 5.

b) Monomial

A function of the form cx", where ¢ is constant and #n a

nonnegative integer is called a monomial in x.

Example 8

2x%: 7x’; 4x°; —6x and x'" are monomials

1
. = _3 .
The functions 4x2 and x~ are not monomials because the

powers of x are not nonnegative integers.
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¢) Polynomial
A function that is expressible as the sum of finitely many
monomials in x is called polynomial in x.

Example 9

X +4x+7; 17—Ex ;yand x° are polynomials. Also (X—2)3
is a polynomial in x because it is expressible as a sum of
monomials.

In general, fis a polynomial in x if it is expressible in
the form f(x)=a,+ax+a,x* +.....+a,x" where nisa
nonnegative integer and q,,q,,........ ,a, are real constants.
A polynomial is called

* linear if it has the form a, +a,x, a, #0

* quadratic if it has the form a, +a,x+a,x*, a, #0

* cubic if it has the form a, +a,x +a,x* +a,x’, a, #0

d) Rational function
A function that is expressible as a ratio of two

polynomials is called rational function. It has the form
a, +ax+a,x’ +.....+ax
by +bx+bx* +....+b x"

Example 10

x*+4 1 : :
= = are rational functions
f(x) x—1" g(x) 3x-5

e) Irrational function
A function that is expressed as root extractions is called

irrational function. It has the form §/f(x), where f(x) is
a polynomial and # is positive integer greater or equal to 2.
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Example 11

x4 , g(x)= X are irrational functions
Jx-1 x=5

f(x)=

Finding domain of definition

Activity 3

For which value(s) the following functions are not defined:

1 x+2

1. f(x)=x"+2x+1 2. f(x):; 3. g(x)=:

Case 1: The given function is a polynomial

Given that f (x) is polynomial, then the domain of definition

is the set of real numbers. That is Domf = R
Case 2: The given function is a rational function

Given that f(x)=% where g(x) and h(x) are
polynomials, then the domain of definition is the set of real
numbers excluding all values where the denominator is
zero. That is Domf = {x eR:h(x)=# 0}

Ixercise 2

Find the domain of definition for each of the following functions:
L. f(x)=x3+2x2—2 2. g(x):—2

X +2x7 =2 __x=2 :
)= TR S S()=(ve)
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Case 3: The given function is an irrational function

QD

For each of the following functions, give a range of values of the
variable x for which the function is not defined.

Lof(x)=v2xel 2 f(x)=tex-2 3 g(0)=

x+1

Given that f(x)=4/g(x) where g(x) is a polynomial, there
are two cases:

a) If n is odd number, then the domain is the set of real
numbers. That is Domf = R

b) If n is even number, then the domain is the set of all

values of x such that g(x) is positive or zero. That is
Domf = {x eR: g(x) > 0}

Example 12

The domain of the function f(x)=3x"+2x"+4x+6 is R
since it is a polynomial.

Example 13

x+1

Given f(x) = 316

, find the domain of definition.

Condition: 3x+6 =0

Ix+6=0=>x=-2

Then, Domf =R \{=2} or Domf =]—c0—2[ U]-2,+o[
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Example 14

Given f (x) =+/x*—1, find domain of definition.

Condition: x*-1>0.

We need to construct a sign table to see where x* —1 is positive

X -1=0=>x=+1

x —00 -1 1 +00

=1 + 0 - 0 +

Thus, Domf = ]—o0,—1]U[1,+o0[

Example 15 m

Find domain Since the index

of definition of in radical sign is

f(x) =3x+1 odd number, then
Domf = R

Example 16 m

What is the domain of
definition of g(x) if

Condition: X +120
Clearly X+ g
g(x)= I s12 always positive.
Thus Domg = R

Example 17

X

Find domain of f(x)=\/ o -
X —4x" +x+

Condition: x> —4x*+x+6>0.

Here we have combined two conditions: x> —4x*+x+6>0
and X’ —4x*+x+6=0

x> —4x? +x+6=(x+l)(x—2)(x—3)’

114




Elementary Probability

x —0 -1 2 3 +00
x+1 - 0 + + + +
x—2 - - - 0 + +
x-3 3 - - - 3 0 +
X —4x* +x+6 - 0 + 0 . 0 +

Then, Domf =]-1,2[ U]3,+|

Example 18

The following functions map an element x of the domain
onto its image y.i.e f:x—>y
For each of the three functions below, state

(i) the domain for which the function is defined,

(ii) the corresponding range of the function,

(iii) whether the function is one-to-one or many-to-one.

a) fix—>x+3 b) f:x—>\/; c) f:)C—)xl—2
d fix—>x+3

ajx—x+ 3

(i) The function is defined for all real numbers, so the
domain is R.

(ii) For this domain, the range will contain all real
numbers, so the range is R.

(iii) Each element of the range is obtained from only one
element of the domain, so the function is one-to-one
(1to1).

b) fix—>x

(i) The function is not defined for negative x, so the

domain is {x eR:x2 0} , Domf = [(), .|.oo[

(ii) The range will contain all positive numbers in R.
The range is therefore {yeR:y >0}, R(f)=[0,+o0]
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(iii) Each element of the range is obtained from only one
element of the domain, so the function is one-to-one
(1 to 1).

1
C] f:x—)?

(i) The function is defined for all real x except for
x=0. We write the domain as {xeR:x#0} or
Domf = ]-,0[ U ]0,+o0]

(ii) For this domain, the range will contain neither zero
nor any negative numbers because x* will be positive.
The range is therefore {y e R:y >0} or R(f)=]0,+o[

(iii) Here the element of the domain can be obtained by

more than one element of the domain. For example,

f(2)=r(-2)= % So the function is many-to-one.

errcise 3
Find the domain of definition for each of the following
functions;
3 2 _
L f(x)=Ax—8 2. g(x)="r"+5x-6 3. h(x)=112E2

JIx+4

x=2 (x—l)2

4, f(x)=m 5. f(x)= T

Operations on functions

Activity 5
x+1

Given the functions f(x)= 73 and g(x)=x+1, find;

Lo f(x)+e(x) 2. f(x)-g(x) 3. f(x)g(x) 4 g(x)
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Just as numbers can be added, subtracted, multiplied and
divided to produce other numbers, there is a useful way of
adding, subtracting, multiplying and dividing functions to
produce other functions. These operations are defined as
follows:

Given functions fand g, sum f + g, difference f — g, product

f-g and quotient A , are defined by
g

= (frg)(x)=s(x)+8(x) = (f-g)(x)=/(x)-g(x)

= (fg)(x)=f()g0) = @(x)=§ 8

For the functions, f+g, f—gand f-g, the domain is

defined to be the intersection of the domains of fand g and

S

for =, as we have seen it, the domain is this intersection
g

with the points where g(x) =0 excluded.

Example 19

Let fand g be the functions f(x)=3x"-5x"+x-4 and

g(x)=4x’-3x" +4x+3.Find (f +g)(x) and (f —-g)(x)

f(x)=3x4—5x3 +x —4 f(x)=3x4—5x3 +x —4
_l_ —
g(x)= 4x° =3x* +4x+3 g(x)= 4x* —3x" +4x+3

(f+g)(x)=3x4 —x’ =3x" +5x -1 (f—g)(x):3x4—9x3+3x2—3x—7

Example 20
If f(x):x-?-Z and g(x)=x". Find;
a) h(x)=f(x)+g(x) b) #(x)=/(x)-g(x)
o k(x)=L)
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g(x
= +x3 = 9 .x3 ( )
x+2 x+2 92
X +
_9+x3(x+2) 0y’ ==
x+2 ) 9 1
= X4
_x4+2x3+9 x+2 X
x+2 __9
Xt 2x3

Example 21

Let f and g be the functions f(x)=+/5-x and g(x)=+x-3
Then the formulae for f+g, f—g, f-g and g are;
(f+g)(x)=r(x)+g(x)=V5-x+Jx-3
« (f-g)(x)=r(x)-g(x)=V5-x-x-3
o« (8)(x)=1(x)g(x)=V5-xx-3
' (Ej(x) gg; Jii

Since the domain of fis (-o,5] and the domain of g is [3,+x)

the domain of f+g and f-g is [3,5]. Because this is the
intersection of (—o0,5] and [3,+).
Since g(x) =0 when x =3, we must exclude this point to

obtain the domain of A which is (3,5].
It will be easy to find tﬁls intersection if we use the number line:

[l I Il il 1 1 Il 1 Il [l Il B
T T T T T L T T T T T L

—0 204 0 1 2 3 4 5 6 7 +

........

The intersection is [3,5]but remember that x # 3, so domain is ]

3,5].
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Example 22

Let f(x)=3x and g(x)=+/x, find (f-g)(x)

The formula for f-g is
(f-8)x) = f(x).g.(x)
=3JxA/x

=3x

(f-g)(x)=3x makes sense and yields real numbers for all
x, the formula alone will not correctly describe the domain
of f-g for us, we must write (f-g)(x)=3x,x>0. Because
the domain of fis [0,+c) and the domain of g is [0,+x), the
domain of f-g isalso [0,+) since this is the intersection of

the domains of fand g.

Example 23

Find domain of f(x)= X2 X —Jx+5
x+3 2x+4

To find the domain of this function, we need to divide it into

other functions.

x—2 X
Let g(x)—‘3/x+3, h(x)——4, and k(x)—\/x+5

2x+

such that f(x)=g(x)—-h(x)k(x)

x—2
x+3°

For g(x): i

x+3#0=x#-3, Domg=R\{-3} or
Domg = |-o0,—-3[ U ]-3, 400
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[Indexinradical signis odd number]

X
For h(x)=5 " :

2x+4#0= x#-2, Domh = |-00,-2[ U ]-2,+o0[
For k(x)=\/x+5;

x+5>0= x>-5, Domk =[-5,+|

Now, Domf = Domg N Domh N Domk

|
I
—0 -5

[E—a—

NN o
T T T T T T T T TT T T T TT77  Domt
LSS LS o

The intersection is [—3,+[ \{-3,-2} .
Thus, Domf =[-5,+0[\{-3,-2} or
Domf =[-5,-3[ U]-3,-2[ U]-2, 4]

‘rcise 4

1. Given the functions f(x)=2x’+5x—-1 and g(x)=3x—-4, find

(/+8)(x).

2. Given the functions f(x)=3x’—-5x>+7x—4 and
g(x)=2x2 —x+3, find (fg)(x) .

3. Find the domain of definition of (f+g)(x) if f(x)=+v2x+3

N

2
sl _X —x+1
Sl s

g
4. Find the domain of definition of (f "'Zj(x) if f (x) =x/x’ +2x+1
g(x)=x-7 and h(x)=+v2x+8.

5. Given the functions f(x)=2x>+5x—1, g(x)=4x"-13x-8 and

h(x)=x-3, find (f+g—h)(x).
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Further considerations
Odd and even functions

Activity 6

For each of the following functions, find f(-x) and —f(x).
Compare f(—x) and —f(x) using = or =#;

1. f(x)=x*+2x+3 2. f(x)=\j3x3+x 3. f(x)=

x*=3

x> +1

Even Function
A function f(x)is said to be even if the following conditions
are satisfied:
e Vxe Domf,—x € Domf e f(=x)=1(x)
The graph of such function is symmetric about the vertical

axis. i.e x=0

Example 24

_ 2 e e e et pe
The function /(=7 HEEEEE \

is an even function since = \ i A
N N AN AN EEAEAE AN NN AR
VxeDomfZR,—xeDomfZR INaS . B NN T b i AR

and S

o~ R

Odd function

A function f(x)is said to be odd if the following conditions are

satisfied
o Vx € Domf,—x € Domf
o S(=x)=-S(x)
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The graph of such a function looks the same when rotated
through half a revolution about 0. This is called rotational

symmetry.
Example 25
.3
f(x) % isan
odd function since mESE
Vx € Domf =R ,—x € Domf =R 5 A x
and .

Example 26

Consider the function f (x):?wc2 —|x|+2 for x>0. Is this
function odd, even or neither?
Here, the domain of the given function is restricted to

Domf =[0,+c0[ since x20. Vx e Domf,—x ¢ Domf .
Thus, the given function is neither even nor odd.

Here is the graph
3“@;_‘?;‘;;"

75
70 o
65 o
a0 -
55 4
50
a5 4
a0
35
a0
25
20
15
10
5
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Ixercise 5

Study the parity of the following functions:

3x° +2x> +8
1. f(x)=2x*+2x-3 2. f(x)=%
3 x*+4 5
3. g(x)=x"-x 4, h(x)=x2—4 5. g(x)=x(x +x)
Composite functions

Activity 7

Consider two functions f(x)=3x+2 and g (x) = x’-1 Find

L flg®] 2. gl

3. Compare the two results
Consider the functions /' (x)=2x-1 and g (x)=x>
Using the machine, suppose that we input the numbers
{1,3,5,7} into machine fand then take the output from

machine f and put it into machine g.

307 | Functionmachine | [ 5 13 | [ Functionmachine | [ 25 169

E— — —> —

1 5 f(x)=2x-1 1 9 g(x)=x’ 1 81

This combined or composite function is written (gof) (x) or
g [f (x)]or simply gf. The function fis performed first and so
is written nearer to the variable x. The set {1,3,5,7} is the
domain for the composite function and {1,25,81,168} is the

range.

Note that (fog) (x) # (gof) (x)

Example 27

If f(x) =2x and g(x)=3x+1, express gof as a single function
h (x).

123




Subsidiary Mathematics for Rwanda Secondary Schools Learner’s Book 4

f(x)=2xso (gof)(x)=
Soh(x)=6x+1 . h(x)=6x+1

Example 28
Let f(x)=x-1 and g(x)=+/x, find (fog) (x

g(x)= \/J_csofg(x) f(\/_) Jx -1
© f(x)=x-Lsogf(x)=g(x—-1)=Vx-1 .,

Example 29

g(2x)=3(2x)+l=6x+l

) and (gof) (x)

~ (gof)(x)=vx-1
(fog)(x)=vx~1

If f(x)=3x and g(x)=x*+1, find
(fog)(x)
(g2/)(x)
(g°/)(4)

| Solution |
a. (feg)(x)=f[g(x)]=3(x"+1)=3x"+3
b (gof)(x g[f ] 3x) +1=9x" +1

C.

Or first we find f (4) =

Since (g0 )(x)=9x"+1, (go £)(4)=9(4) +1=9(16)+1=145

3(4)=12 and g(12)=(12)" +1=145, then

(g°1)(4)=145-

Example 30
If f(x)=4 and g(x )=x+1.find
2 (feg)(x)
b) (g°/)(x)
=
a) (fog)(x)=r[g(x)]=4

b)
124

(go)(x)=g[f(x)]=4+1=5



Elementary Probability

lercise 6

Find (/o g)(x)and (geo f)(x)

1. If f(x)=x"-3x"+land g(x)=2
2. Iff(x)=2x2+x—3and g(x)=6x

3. If f(x)=x3+2x2+x—4 and g(x):7x+3

The inverse of a function

Activity 8

Find the value of x in function of y if

_—x+3

~ 2x-1

Consider a function f which maps each element x of the domain x
onto its image y in the range y thatis f:x—> y where xe X,yeY
If this map can be reversed, i.e f™':y — x and resulting
relationship is a function, it is called the inverse of the original
function, and is denoted by f'

Only one-to-one functions can have an inverse function. To find
the inverse of one-to-one functions, we change the subject of a
formula.

1. y=x+1 2. y=3x-2 3. ¥

Example 31

Find the inverse function of f(x)=2x+3.

Let us make x the subject of y =2x+3 as follows:

y=2x+3
. y=3
Rearranging y-3=2x, then ¥="
_ x—3
L =2
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Example 32

Find the inverse of the function f (x)=3x-1

If £ (x)=3x-1, we require f! (y)=x.

1
If y=3x-1 then x=%

So, given y, we can return to x using the expression y+l
. x+1
Thus, / '(X)= 3
Example 33

Find the inverse of the function g(x)= il
x —
3 .
If glx)= ~ 1 Werequire g’ )=x

If y=i then l=x_1 or x=i+1

x-1 b% 3 y

3
So, given y, we can return to x using the expression —+1.
Y
o 3
ThllS, g (X)=;—|—1
Another method is to write the separate operations of the
function as follow chart. We, then, reverse the flow chart,

writing the inverse of each operation.

Example 34

Find the inverse of the function f ( x) =2x+3

First write the function as flow chart with input x and output

2x+3,ie
—> x2| = [+3| —>|2x+3

Now, reverse the flow chart and write the inverse of each

operation, i.e —|:2|<|=3| <«
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With input x, this will now output the inverse function,

2l e el

. . . -3
So the inverse function ' is x — xT .

Example 35

Find the inverse of the function g(x)=2—x

[x] > x(-1)|> 2] > 2=x

x—2 (-] 2]« [H

So the inverse function is 2—x. g is its own inverse.

Example 36

Find the inverse of the function &(x)= ! -3
X

—>|invert| —>|—3| — l—3
X
! <—|invert|<—|+3|<—
x+3

So the inverse function is

f—

Find the inverse of the following functions

1. f(x)=5x+2 2. g(x)=-7x-2 3. h(x):—2x+1

x+3
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2. Applications

Activity 9

Give three examples of where you think functions can be used in
daily life.

Polynomials are used to describe curves of various types;
people use them in the real world to graph curves.

For example, roller coaster designers may use polynomials
to describe the curves in their rides. Polynomials can be
used to figure how much of a garden’s surface area can be
covered with a certain amount of soil. The same method
applies to many flat-surface projects, including driveway,
sidewalk and patio construction. Polynomials can also be
used to model different situations, like in the stock market to
see how prices will vary over time. Business people also use
polynomials to model markets, as in to see how raising the
price of a good will affect its sales. For people who work in
industries that deal with physical phenomena or modeling
situations for the future, polynomials come in handy every
day. These include everyone from engineers to businessmen.
For the rest of us, they are less apparent but we still probably
use them to predict how changing one factor in our lives may
affect another--without even realizing it.

Functions are important in calculating medicine, building
structures (houses, businesses,...), vehicle design, designing
games, to build computers (formulas that are used to plug to
computer programs), knowing how much change you should
receive when making a purchase, driving (amount of gas

needed for travel).

Example 37

In zoology, the irrational function #(x)=043/x is an
approximation of the height h in metres of a female giraffe
using her weight x in kilograms. Find the heights of female
giraffe with weights of 500 kg and 545 kg.
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Evaluate h(x) for both weights.
h(500)=0.43/500 ~3.17 m

h(545) = 0.4+/545

=3.27
The heights are approximately 3.17 m and 3.27 m

Unit summary

1. A function f is a rule that assigns to each element in a set A
one and only one element in set B. The second set is called
a co-domain. The set A is called the domain, denoted by
Domf. The set of all possible values of f{x) as x varies over the
domain is called the range

2. Afunctionthatisexpressibleasratiooftwopolynomialsiscalled

a0+a1x+a2x2+ ...... +ax
rational function. It has the form by +bX+bx 4t b X"

3. A function that is expressed as root extractions is called

irrational function. It has the formh(x)=4/f(x) , where f(x)
is a polynomial and n is positive integer greater or equal to 2.

4. Given that f(x) is polynomial, then the domain of definition
is the set of real numbers. That is Domf =R

g(x)

5. Given that f(x)= n(x) where &(x) and h(x) are
polynomials, then the domain of definition is the set of real

numbers excluding all values where the denominator is zero.

6. Given that f(x)= M where g(x) is a polynomial, there
are two cases
e If n is odd number, then the domain is the set of real
numbers. That is Domf =R
e Ifniseven number, then the domain is the set of all values

of x such g(x) is positive or zero.

7. Given functions fand g, sum f + g, difference f — g, product
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/g and quotient é, are defined by
o (fre)x)=S(x)+g(x) ¢ (f-g)(x)=s(x)-g(x)

. (f2)(x)=S() g °(§j(x)=§8

8. A function f (x) is said to be even if the following conditions

10.

I1.

12.

are satisfied

* VxeDomf,—x e Domf e f(—x) = f(x)

The graph of such function is symmetric about the vertical axis.
ie x=0

A function is said to be odd if the following conditions are

satisfied:
*  VxeDomf,-xeDomf <+ f(-x)==f(x)

The graph of such a function looks the same when rotated
through half a revolution about 0. This is called rotational
symmetry.

The combined or composite function is written (gof)(x) or

g[f(x)]or simply gf . The function fis performed first and so

is written nearer to the variable x 9.

If the map f:x—y where xe X,yeY can be reversed, i.e
f':y — x and resulting relationship is a function, it is called the

inverse of the original function, and is denoted by f~'. Only
one-to-one functions can have an inverse function and to find the
inverse of one-to-one functions, we can change the subject of a
formula.

Polynomials are used to describe curves of various types;
people use them in the real world to graph curves. Functions
are important in calculating medicine, building structures
(houses, businesses,...), vehicle design, designing games, to
build computers (formulas that are used to plug to computer
programs), knowing how much change you should receive
when making a purchase, driving (amount of gas needed for

travel).
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Revision exercise

1. State which of the following arrow diagrams show functions.

2. State which of the following arrow diagrams show
(i) a one to one function mapping into the co-domain,
(ii) a one to one function mapping onto the co-domain,
(iii) a many to one function mapping into the co-domain.

a) b)

C e o>

d)

\

\

3. Given that f(x)=3x"+2, find:

a) £(-2) b f(4) o f(0) D r(—B) e 1)
131
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10.

132

Given that g(x)= x—+i , find:
x—

a) g(1.1)  b) g[lj o) g(¥5+1) d)g(x) e gla-1)

4
l x=>3

. Given that ¢(x)= X ~ 7, find:
2x x<2

a) #(2) b) g(—4) ©) ¢(3) d) ¢(3.1) e) #(2.9)

If f(x)=2x+3, find the value of a if f(a)=

If f(x)=2x> and g(x)=3-x, find the possible values of a if
f(a)=g(a)

The function g is given by g(x)=ax’-b.1If g(2)=5 and g(-1)=2

, find the values of a and b and hence find g(—4).

Each of the following functions map an element x of the domain

onto its image y, i.e f(x)=y.Find the range of each function for the
given domain and state whether the function is one to one or many

to one.

a) f:x— x+3 with domain {x:0<x<4}
b) f:x —x* with domain {x:-3<x<3}
c) f:x—)% with domain {x:x>1}

d) f:x— x> +4 with domain R

e) f:x—)Lwith domain {xeR:x =1}

x—1
Find the domain of the given function:
1
) /()= b e()=577 0 g(x)=V -3
D g()={GDG+D) 0 6=V e3 04—
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\/; x=>2

g) h(x)=x> x<-3 hy h(x)=Vx x25 i) f(x){ !
b f(x)z{\/; ))CCSZ—3 x=2

0 2
11. Find the domain of the given function:

2 f(®)=4¢=3x+1  pa(®)=m— ) h(x)=i2x

x*+2x-15
3x-1
d) k(x)=+v4- 3 (x)=
) k(x)=v4—x+x+ e) i(x) Np
\/x3+2x2—x—2 x*+1 / x—1
h S =
! (x) S g f(x) X =2x-3\Vx*-2x-8
x' =9 x#-3
12.Let g(x)=x-3 and let f(x)=1 x+3
k x=-3
Find k so that f(x)=g(x) for all x.
XX =5x+4 1
13. Let g(x)zx—4 and f(x)= x—1

k x=1
Find the value of k so that f(x)=g(x) for all x.

14. Given the functions f(x)=x’+3x*-2x-2 and g(x)=x"—x, find:

a) (f-g)(x) b) (/+2)(x) ©) (/-g)(x)
15. Study the parity of the following functions:

a) f(x)=x2x b) f(x)=x"-1 c) g(x)=vx"+3x

+4

x =2x
Q) h(x) =22

16. Find (fog)(x) and (gof)(x)
a) If f(x)=x®and g (x)=6
b) If f(x)=x°—x*-3and g (x)=4x*+3

c) Iff(x)=x®-2x-4 and g (x)=x*+1
17.Find the inverse of the following functions
=0x— = -x-2 =—x_9
a) f()=9-2 b) g=—22 ) h=-X2

x<2

133




Subsidiary Mathematics for Rwanda Secondary Schools Learner’s Book 4

LTSI R =R E
- =imli
I 3
.Illﬂllll!l
2 -
: [

tional
sirrational

. 4

e

5.0 Introductory activity

To find the value of a function #(x) when x approaches 2, a

student used a calculator and dressed a table as follows:

25 ; 1.5

2.1 3.857142857 | 1.9
2.01 3.985074627 | 1.99
2.001 3.998500750 | 1.999
2.0001 3.999850007 | 1.9999
2.00001 3.999985000 | 1.99999

5.0

4.157894737
4.015075377
4.001500750
4.000150008
4.000015000

d) Is it possible to put the values of * on a number line? Try to do it and

locate the point x=2

e) Write 2 possible open intervals of the number line such that their centre

is x=2

f) Try to approximate the value of /(x) when x approaches 2.
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objectives

After completing this unit, | will be able to:

Calculate limits of certain elementary functions.

Apply informal methods to explore the concept of a limit
including one sided limits.

Solve problems involving continuity.

Use the concepts of limits to determine the asymptotes
to the rational and polynomial functions.

Develop calculus reasoning.

1. Concepts of limits

Neighbourhood of a real number

g Activity 1

Study the following political map of Lesotho, Swaziland and
South Africa. What can you say about the boundaries of Lesotho
and Swaziland?

15% 207 I

- BOTSWANA

L ey
’ ., [ Sosha
.Mnabmhfremrm%'

-
ftoseng® Krugersdorp 5 B Tembisa
Soweto® Johanneshurg
Potchefstroome (8 VEreeniging
* Klerksdarp ® Sharpewville
: '

Barbertor

'@ 0si
~ Harftsmith g21219% a8
. Phuthaditihaba g

_ ®Ladys
Bloamfontein(d & g Tevaeyand

8 " Botshabelo Maseru
QOUTH AFRICA -% LESOTHO

. — ey Umlazi
Ntuzuma o]

* Al North® ey
Ibhayi
: Umtata g
Cradosk ® Queenstown
* sada®
Fort Beaufol
.

dants:
n® -

Beaufort est o . F{elnat.
Somerset East ®
Malmesbury ° e
.
arl g w\orcester @ Qudtshoorn
nandi = K

Kayam
hayelitsha  hios: South Africa, Lesotho, and Swaziland
F 0 100 200 300 400

Uiten

Kilometers
i World Sites Atlas (sitesatlas.com]
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A set N is called a neighbourhood of point p if there exists

an open interval 7 such that xe/c N. The collection of
all neighbourhoods of a point is called the neighbourhood
system at the point.

A deleted neighbourhood of a point p (sometimes called a
punctured neighbourhood) is a neighbourhood of p without
p itself.

Example 1

A set Vin the plane is a
neighbourhood of a point p
if a small disk around p is
contained in V.

Example 2

A rectangle is not a
neighbourhood of any
of its corner.

e ——

{/ 9
L

Example 3

The interval (-1,1)={y:-1<y<1} is a neighbourhood of
x =0in the real line, so the set (~=1,0)U(0,1)=(-11)\{0} isa
deleted neighbourhood of 0.
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Exercise 1

1. Apart from The Kingdom of Lesotho, give two examples of
countries or Cities in the world that are surrounded by a single

country or city.
2. Give three examples of intervals that are neighbourhoods of -57
3. Isa circle a neighborhood of each of its points? Why?

4. Draw any plane and show three points on that plane for which

the plane is their neighborhood.

Note:
A deleted neighbourhood of a given point is not in fact
a neighbourhood of the point. The concept of deleted
neighbourhood occurs in the definition of the limit of a
function.

Limit of a function

Activity 2

Find: Jx+3
1. £(2) if f(x)=;‘:; 2. f(1) iff(x)=33);+_2

3. f(3) if f(x)=4x"-2x"+3x-1

Limits are used to describe how a function behaves as the

independent variable moves towards a certain value.

Frequently when studying function y=f (x), we find
ourselves interested in the function’s behavior near a

particular point x,, but not at x,.

Example 4

Let us explore numerically how the function f( x) _X

behaves near x=3.
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Informally,

Example 5

138

x* =9
Note that / (x)=? is defined for all real numbers x

except for x =3. For any x =3 we can simplify the expression

for f (x) by factoring the numerator and cancelling common

factors:

f(x):w:x+3 for x#3
x—

Even though f (3) is not defined, it is clear that we can make
the value of f(x) as close as we want to 6 by choosing x
close enough to 3. Therefore, we say that f (x) approaches

arbitrarily close to 6 as x approaches 3, or, more simply, f (x)
approaches the /imit 6 as x approaches 3. We write this as
2
. x" =9
limf(x): 6 or hm—:

x—3 =3 x-=3

6

If f(x) is defined for all x near a, except possibly at « itself,

and if we can ensure the f (x) is as close as we want to L by
taking x close enough to g, but not equal to a, we say that the
function f approaches the limit L as x approaches «, and we

write

lim £ (x)=L

xX—a

To find limit of a function f(x) as x approaches a, first we
need to substitute that value « in the function and see what

happens. The limit can exist or not.

lim(2x+1)=2(2)+1=5

x—2
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Example 6 Example 7
Since a constant function The limit Iimx =a
X—a
f ( x) =k has the same value is self-evident. For

k everywhere, it follows that example, }Ln-ls x=-5

at each point £1£13k =k . For limx=0
. x—0
example 112}5 =5

Example 8

lin}\/x2 —2x+1=+v4-4+1=1

Example 9

o N2xl \/2x+1 VT f

3 33x — I8

, , _g(x)
For a rational function f (x) =7 (x)

If x approaches a € R, we have three cases:

a) h(x)iOforx:a:gE}f(x):f(a)
b) g(x)#0, h(x)=0 for x=a=lim f(x)=

c) g(x)=0, h(x)=0 for x=a=lim f(x ):%

xX—a

(Indeterminate form)

Later, we will see how to remove the indeterminate forms.

Example 10 Example 11
>224x 242 4 2 =0 x+6  0+6
Exercise 2
Evaluate the following limits
2

1. lim(4x’ =3+ 2x 1) 2. im X106

x> =4 x+4

. AJ-x+6 . 3x°+5 . X +x’—4x—4
3. lim 4. lim 5. lim

x—2 3 x6 x—-1 X x—>2 x_2
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One sided limits

Activity 3

Consider the following function;
x—=1, x<3

f(x):{sx—n x>3

Find:
1. f(28) 2. f(29) 3. f(2:99)
4. f(3.05) 5. f(3.01) 6. f(3.001)
},I
Sfix)
lim f(x)
________ 1 — ,
i /(2

If the value of f(x) approaches L, as x approaches X, from
the right side, we write }g}? f (x) =L, and we read “the limit
of /(x) as x approaches xoo from the right equals Z, .

If the value of f(x) approaches L, as x approaches x, from
the left side, we write lim f (X) =L, and we read “the limit of

.)(—).XO

f(x) as x approaches X, from the left equals L,.

If the limit from the left side is the same as the limit from
the right side, say lim f(x )= lim f(x)=L, then we write
}1_{13 f(x) and we read “the 11m1t of f(x) as x approaches
X, equals L.

We call hm f(x) or hm f(x) one-side limit.

Note that hm f(x) ex1sts if and only if lim f(x)= lim £ (x)

)C‘)XO X‘)XO
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Example 12

Iff(x)=2|x;2|6 Find lim f(x) and lim f(x)

X +x— ' x—27 x—>2"

Observe that |x—2|=x—2 if x>2 and
|x—2|=—(x—2) if x<2. Therefore,

1irnf(>c)=limﬁ lim f (x) = lim >

x—2" -2 X +x—-6 x—2" -2 x4+ x—6
, —(x-2) . x=2
= lim ———~ = lim ——————
S (x=2)(x+3) S (x=2)(x+3)
= lim — - lim —
-2 x+3 -2 x+3
__1 _1
5 5

Since lim f(x)# lim f(x), then !Cl_r)rzlf(x) does not exist.

x—2" x—2

Example 13
x> =5 if x<3

Find lim f(x) for f(")z{m if x>3

As x approaches 3 from the left, the formula for fis

_ .2 . T 2 _
f(x)=x*-5.So that }gg}f(x)—hm(x 5) 4

x—3

As x approaches 3 from the right, the formula for f is

f(x)=+x+13 So that;
lim £ (x) =lim/x+13
x—3" xX—>
= /Liilg(x—i-w)
i

—4
Since the one-sided limits are equal, lim 1 (x)=4.
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Exercise 3

Evaluate the following limits:
1. %ng(x) if f(x):{

X' =2x+1, x#3

7, x=3
x-x-1, x<2

limh if h(x)= ’
2. limh(x) if h(x) {3x—5, x>2

x, x<0

3. £1£13g(x) i g(x):{xz, x>0

I, x>1
4. limh(x) if h(x)=1]
im#(x) I A(x) {3, x<1

Infinite limits and limits at infinity

Activity 4
x+1

1. Consider the following function ./ (x ) = T Find:

a) £(0.97)  b) f(098) ) £(0.99)
d) £(1.01) ¢ £(1.02) ¢ f(1.03)

2. Evaluate the following operations:

a) =2+ b) 2—o c) —©+
d)—oxo g 3(w) NS g —

Infinite limits

A function whose values grow arbitrarily large can sometimes
be said to have an infinite limit. Since infinity is not a
number, infinite limits are not really limits at all but they
provide a way of describing the behavior of functions that
grow arbitrarily large positive or negative.
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Example 15

Elementary Probability

1
Describe the behavior of the function f (x) = 7 hear x= 0.

As x approaches 0 from either side, the values of f (x) are

positive and grow larger and larger, so the limit of f(x) as
x approaches 0 does not exist. It is nevertheless convenient

to describe the behavior of f near 0 by saying that f (x)
approaches o as x approaches zero. We write,

. .1
lim f(x)= lirni2 =400 and lim f(x)=lim— =+

x—0" =0 x x—0*" x—0 x

1
Describe the behavior of the function f(x)== near x=0.
x

1 1
Let x successively assume values x=1,—,—,..., then

107100
l =1,10,100,... successively. As x approaches 0 from the
X

1
right, the value of < gets larger and larger without bound,

then lim l =400,

x—=0" x
1 1
Let x successively assume values x:_l’_ﬁ’_ﬁ""’ then
1 :
T —1,-10,-100,... successively. As x approaches 0 from the

left, the value of ; decreases and becomes more and more

o1
negative without bound, then lim —=—o

x—=0" x
Another way to see this is to construct the sign table:

b —00 0 + +00
1 + + +

1 I +
x ] o0
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Example 16

Considering the last row, we see that for x =0 the value of
1
. does not exist (°©). At the left, there is a negative sign,

.1
thus lim —=—o00 At the right there is a positive sign, thus

x—=0" x
lim — =+o0
x—>0" x
o1 ) )
It follows that £1_T)I(}; does not exist because the one sided

limits as x approaches zero do not exist.

As x approaches 4 from the right, the numerator is negative
quantity approaching -2 and the denominator, a positive
quantity approaching 0. Consequently the ratio is a negative
quantity that decreases without bound. That is;

As x approaches 4 from the left, the numerator is eventually
a negative quantity approaching —2 and the denominator a
positive quantity approaching 0. Consequently the ratio is a
negative quantity that increases without bound. That is

X —00 -2 2 4 +00
2—x + -
x*—2x-8 + - 0 +
2-x o -0+ -
x> —=2x-8 I'e 0
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From the last row of the above table, we find that;
: 4 lim—2=% o
lim = and B 0r—%

Limits at infinity

Let us start by looking at operations with infinity.

a) Addition:
When you add two non-zero numbers you get a new number.
For example 3+8=11. But with infinity, this is not true. A
really large positive number plus any positive number,

regardless of size, is still a really large positive number.

With infinity you have the following:

+00+c=+0 With ¢#—®©
+00 + 00 = +00
b) Subtraction:
A really large negative number minus any positive number,
regardless of size, is still a really large negative number. In
the case of subtraction we have;

—00 — ¢ =00 With ¢ # —©

—0—00= —00

¢) Multiplication:

Acreally large (positive or negative) number times any number,
regardless of size, is still a really large number and we have

to be careful with signs. In the case of multiplication, we
have;
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d) Division:

Beware!

146

A really large (positive or negative) number divided by any
number that is not too large, is still a really large number and

we have to be careful with signs.

0 .
—=wifa>0anda+ o

a

w .
—=—wifa<0and a# -
a

_w .

—=—w ifa>0and a #
a

—o0
—=wifa<0anda+# -0

a
a_y
e 0]
a_y

—00

So, we have dealt with almost every basic algebraic operation
involving infinity. There are three cases that we have not

o0
— =9

dealt with yet. These are ®—©=? 0-0=? ~

They are one that we call indeterminate form in limits

calculation.
Let f(x)=a,x"+a, x"" +..+a, and
g(x)=b,x"+b, x"" +..+b,

lim f'(x)= lim(anx" +a, X" .+ ao)

X—>00 X—>0

“lima x| 1+% 4 G2y 4 %o
n 2 n
x>0 ax ax a,x
=lima, x"

X—0
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limg(x)= lim(bmx’" +a, X"+ ao)

X—>0 X—>0

=limb, x" 1+%+b'”—‘22+...+ b
x> bx bx b, x"
=limb, x"

X—>0

And then
a,x"

tim () _ i ¥
X—®0 g (X) X—>0 bmxm

We have three cases:

(
(
X—>0 g (x
(
(

Example 17 Example 18
lim (—6)=-6 lim (3x +5x-3) = lim 3x’
= +00
_ o1 From some sample
Find the limit lim — and )
| ¥ x calculations,
lim — 1
X—>—0 x

o1
lim —=0. We can
X—>+00 X
write lim —=0,
x—to0 X
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Example 20 Example 21
2xt+3x7+1 . 2x* . A +5x-3 . 4x
m—————=1i ” lim — = lim —;
o0 3T +5x7+3  xoe3x oo x° +3x+1 e x
. = lim 4x
=lim— x>0
xX—>o0 -
_2
3
Example 22
. Sx+2 S5x
lim——=1lim—;
xoe 3xT 41 xoe3x
:limi
x—0 3y
Exercise 4
Evaluate the following limits:
. 2 x+3)’
1o Gim 2Ly im ( _ )
o Ox° +x+4 oo x” +4x° —8x—4
. 4Ax*+x* -1 . ox+1 x4+ 2x+1
3. lim——— 4, lim 5. lim————
oo x'—x+4 >4 x+4 =3 x-3
Finding limits graphically
Activity 5
Consider the following curve of function f(x).
- Use this graph to find:
1 tim /(%)
4 2. limf(x)

x—l1*

What can you say about
lim /'(x)?

x—1
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To find a limit graphically, we must understand each
component of the limit to ensure the graph is used properly

to evaluate the limit.

Example 23

Let f'be the function whose graph is shown below,

A

As x approaches 2 from the left, f(x) approaches 1,

so lim f(x)=1. As x approaches 2 from the left, f(x)

x—=2"
approaches 3, so lim f(x)=3 but f(2)=1.5
x—2*

Therefore, the value of a function at a point, and the left and

right hand limits at the point can all be different.
=iy

=9

,-1 54

2 -
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25 M]
§ o

e
S
35

If we compare f, f, and f, we find that f(2)=1.5 while
£(2)=1 but }anlf(x):}glfl(x):)}lglfz(x):l and
hmf(x)z}irilﬁ(x)=)}ir;1]2(x)=3.

x—2"

Example 24

Let f be the function whose graph is:

B §

g5

=
o4 o
3
2 {1}
1

B 1 2 1 | 5 9
N O

As x approaches 0 from the right side, f (x) gets larger and
larger without bound and consequently approaches no fixed

value. Thus, lirg} 7 (x) does not exist. In this case, we would
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write lil})l+ f(x)=+ to indicate that the limit fails to exist
x>

because f(x) is increasing without bound.

As x approaches 0 from the left side, (x) becomes more and

more negative without bound and consequently approaches

no fixed value. Thus, lir(l)q /(x) does not exist. In this case,
we write lim 7 (X)=—)Z; to indicate that the limit fails to
exist because f (x) is decreasing without bound.

As x gets larger and larger, f(x) gets close to zero. Also as
x becomes more and more negative, f (X) is close to zero.

Thus, lim f(x)=0and }E}Of(x)zo.

Exercise 5

1. Find ligzl f(x) using the following graph of f'(x):

i

yaxk
&

1»4..:,.'.\._..,;..
lil.c a4

2. Find lim g(x) using the following graph of g(x):

x—>-1
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3. Find lim h(x), limh(x), lim h(x), limh(x) using the following

x—>—1 x—1 xX—>—00 X—>0

graph of & (x) :

vagh

ar
i

A T g O O e L T e ey
! LY 1 o anks

The squeeze theorem and operations on limits

Activity 6

1. In the same Cartesian plane, sketch the curves of:

f(x)=x"+5, g(x)=-x"+5 and h(x)=5. What can you say
about the three curves?
Evaluate lim ' (x), lim g(x), lim h (x)

X—>0 X—>0 X—>0

2. Evaluate the following limits

x—0 x—0

a) lim[3(3x-1)], 3[lim(3x-1)]

b) lim(x*), lim(3x~1), lim(x*+3x~1)

x—0

2
0 tim(e? +35=6). tim(x--4), i TC

d) lim(x—1), lim(x +4), 1ir1‘21(x2 +3x—4)

e) lim [(x2+1)2}, Dgg (x2+1)}2

What can you conclude?

152



Elementary Probability

Ine squeeze theorem (Or Sanawicn tneorem or rincning tneorem)

Suppose that f(x) < h(x) < g(x). If limf(x) = limg(x) =L

then limh(x) =L.

X—>¢

X—>C X—>C

The following figure illustrates what is happening in this

theorem:

[

From the figure, we can see
that if the limits of f(x) and
g(x) are equal at x=c then

the function values must also

be equal at x =c. However,
because h(x) is “squeezed”

between f (x) and

g(x) at this point then h(x) must have the same value.

Therefore, the limit of %(x) at this point must also be the
same. Similar statements hold for left and right limits.

Example 25

Given that

Example 26
Show that if
lim| f (x)|=0 then
lim £ (x)=0

xX—a

Since

2 2
1im(1—"—J:1 and 1im(1+x—j=1
x—0 4 x—0 2

the Sandwich theorem

implies that £1£I(}u(x) =1.
Since _|f(x)|5f(x)5|f(x)|,

and —|f(x)| and |f(x)| both
have limit 0 as x approaches

a, so does f(x) by the
Sandwich theorem.
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Operations on limits:

154

Let lim stand for one of the limits lim, lim, lim, lim or

lim . If lim f(x) and limg(x) both exist, say lim /(x)=L,

and limg(x)=L,, then;

a) A constant factor can be moved through a limit sign. That
is, if k is a constant, then lim| kf(x) | =klim f(x).

b) lim[ f(x)+g(x)]=lim f(x)+limg(x)=L +L,.

c) lim[ f(x)-g(x)]=lim f(x)-limg(x)=L -L,.

d) lim[f(x) g(x)]=lim f(x)-limg(x) =L, L,

hn{f(x)} _limf(x) _ L,

g(x) - limg(x) _L_2 if L, #0.

f) If n and m are positive integers, then lim[ f( x)]% - Lli
provided that L, >0 if n is even.

Example 27
Find 4 . 4
limx* = [ﬁme limx* = [lim x} =3"=8l1
x—3 x—3 x—3 x—3
Example 28
: 2 1 2 1 .
Find ljrxsl(xz—4x+3> £1ir51(x —4x+3)—£1£151x £1I)r514x+£1_1)1513
=limx? —4lim x + lim3
x—5 x—5 x—5
=5 —41i15nx+1i11513
=25-4(5)+3
=8
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Example 29
: x :
Find {}3;& if lim () 554
g3 X x—>2g X) x—2 X—3
f(x)=5x"+4
sved £i£1}(5x3+4)
and g(x)=x-3 = x=3 lim(x-3)
5(2) +4
- 2-3
— 44
Example 30
Find {Ef(}f(x)g(x) £1£r(}f(x)g(x)
if f(x)=6x2+2 and
B 2 . —_ —
g(x)=x+2 —£1£13(6x +2)£1§3(x+2)—2><2—4

Exercise 6

1. Given that —x* < g(x) <x*.Find limg(x) .

x—0

2. If £i£r31f(x)=6 and £i£r31g(x)=—3 . Find;

x—3

Q) im[f(x)+g(x)] b lm[/(0)g(x)]
3. Explain why the following calculation is incorrect:

a) lim(l—izjz liml— limiz=oo—oo=0

>0\ x x x=>0" x x>0 x

b) Show that lim (l —Lj =—0

x—=0"\ x _x2
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Activity 7

156

a) f(x)= b) f(x)=

. Indeterminate cases

1. Find a common factor for numerator and denominator.

B X +xt-5x-2
x’—4

An indeterminate form is a certain type of expression with

a limit that is not evident by inspection. There are several

types of indeterminate forms such as 9,2, 0-00,00—00,0°,1°
o 0]

In this section we will study the forms 9,2,0 - 00,00 — 00,
The indeterminate forms may be produced(ﬁl the following
ways:

* Suppose that lim f(x)=0 and lim g (x) =oo.

The limit of the product f(x)g(x) has the indeterminate
form, Qec0, at x=a.

To evaluate this limit we try to change the limit into one

0 ) _ f(x)  g(x)
of the form o or — in this way: f(x)g(x)_T_T

g(x) f(x)
* If lim f(x)=limg(x)=+e, then lim[ f(x)-g(x)] has
the indeterminate form ®©—%. To evaluate this limit,

we try the algebraic manipulations by converting

o 0 .
the limit into a form of — or —. If f(x) or g(x) is
o0
expressed as a fraction, we can do this by finding the
common denominator.



Example 31
Evaluate
. x'—4
lim
x—>2 X— 2
Example 32
2 J—
Evaluate lim ¥ -1
-l xy—1
2 —_— —_—
hmx ! —u:QI.F
o x—1 -1 0

Elementary Probability

lim =% , this is the

indeterminate form.
By factoring the numerator and
cancelling the common factor, we

obtain;
2 —
lim =4 _ i 32 (r=2)
x—2 x_2 x—2 x_2
=£1£121(x+2)
=4
Example 33
x2+4x+5

Evaluate ljjm =——— ~—
ot 4x +Tx+9

2
lim P4 0 p
ot 4x” +7x+9 o

Factor out x?, we have;

4 5
XZ(L+x+x3j Lfi+£%
lim = lim —X %
xod 7 9 xX—>+o0 7 9
x| 4+—+— 4+—+—
X X X X
_1+0+0
4+0+0
1

Or Since we have a rational function and degree of numerator
is equal to the degree of denominator, to find the limit as x
tends to infinity, we need to divide the coefficients of the
highest degree for numerator and denominator. That is the

limit is given by %

Example 34

Evaluate lim (?yx2 +5x— 3)

X—>—00
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lim (3x° +5x—3) =3(—o0)" +5(-0) -3

X——0
=+400—00 LF
Factor out x?:

lim (3% + 5x—3) = lim ¥ (3+3_%j

X X
=+oo(3+0—0)
= +00

Exercise 7

Evaluate the following limits

1. lgg(x2_2x+5) 2. xlirgo(4x3+3x2—6)
3. limx42_16
x—=4 x _4

Indeterminate forms in irrational functions

Activity 8

What is the conjugate of the irrational expression in each of the
following functions?

a) f(x):\/x2—2+3 b) f(x)zT

When we are computing the limits of irrational functions, in
case of indeterminate form, we need to know the conjugate
of the irrational expression in that function. We may need to
find the domain of the given function.

Example 35

Evaluate lim x=3-1 .

x—4 x_4
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fimYx=3 -1 _1=1_0, ¢
=4 x—4 4-4 0
To evaluate this limit, we multiply the numerator and

denominator by the conjugate of vx—3 —1 which is
Vx—3+1, then

s (Vx=3-1)(Vx=3+1)
S amd o ema) (Ve

~lim— *¥=3-1
o4 (x—4)(\/x—3 +1)
]
=i ———
xllg‘}\/x—3 +1
Example 36 2

Evaluate xlirgo (V 4x* +2 -2x )

lim( 4x2+2—2x):+oo—oo LF

X—>+00

To evaluate this limit we multiply and divide by the conjugate

of V4x*+2-2x.

: (\/4x2 +2 —2x)(\/4x2 +2 +2x)
lim( 4x +2—2x)= lim

X—>+0 X—>+0 \/4)62 + 2 + 2x

L 4AxP+2-4x7
= lim

e J4x? +2 +2x

. 2
= lim ———
e J4x? +2 +2x

2

+00
=0

Evaluate lim M

X—>+00 X

Example 37
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2_ —_— J—
lim\/4x 11x 3: 0 OOI.F

X—>+0 X o0

To evaluate this limit, we try the algebraic manipulations
such that the denominator will be cancelled.

SR PR TEN
) 4x"—-11x-3 . 4dx 4x
lim ———— = lim
X—>+0 X X—>+00 X
(\/4x2) EELENA
— lim dx 4x
X—>+00 X
2
— tim Y g 1o 3
X—>+00 X X—>+00 X 4X
[ 2
:[l' Ax Jxl
X—>+0 X
2
_ Jim Y4

X—>+0 X

e
= lim

X—>+0 X

\/7_ X l'foO
Recall that V¥ _{—x if x<0

We need to find the domain of the given function:
Domf = }_oo _l} u[3 _,_Oo[ .Asxtends to t®©, x € [3,+00[
b 4 b

and then \/)72 =x.

Thus,
. N4 —11x-3 . 2x?
Im ——=1lim
X—>+0 X X—>+0 X
.2
= lim il
x>+ x
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Example 38
Evaluate 3
lim\/; 1:91.13
hm%/}—l =l x—1 0
x—1 x_l %/;_1 (%/;—1)(%/)(:_24‘%/;4‘1)
lim =lim
ol x=1 (x—l)(%/?+%/§+l)
-1
—1im (x-1)
=l (x—l)(i/x_2+%/;+1)
! (i/x_2+%/;+1)
_!
3
Example 39
Evaluate Jx=2 0
lim———==—1F
x—=2 x—2 ,3/x_2 0

818

Note that the limits involving indeterminate form 0 or

can be evaluated by successive derivatives of numerator an

o

denominator. This method is called L'Hopital rule.

We will see this in application of derivatives.

161



Subsidiary Mathematics for Rwanda Secondary Schools Learner’s Book 4

Exercise 8

Evaluate the following limits;

x*—6-10 lim

[ 2. o= oy 3316

x—4

3x

3. Applications

Continuity of function

Activity 9

Given the function f (x) =

) x¢2,find;
4, x=2

2
x =4
b

X

a) f(2) b limf(x)
What can you say about f(2) and !ci_r)rzlf(x)?

a) Continuity of a function at a point or on interval /

Example 40

162

A function f (x) is said to be continuous at point c¢ if the

following conditions are satisfied:

a) f(c) is defined b) £1£161f(x) exists c) £i£1}f(x)=f(c)

If one or more conditions in this definition fail to hold, then /'
is said to be discontinuous at point ¢, and c is called a point
of discontinuity of /. If fis continuous at all point of an open
interval (a,b), then fis said to be continuous on (a,b).

A function that is continuous on (—,+%)is said to be

continuous everywhere or simply continuous.

2

Study the continuity of f'(x)= al at x=2
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is discontinuous at 2 because

The function f(x)=
f(Z) is undefined.

Example 41
X’ -4
Study the continuity of g(x)=1 x—2 if x#2 at x=2
3 if x=2
x’—4
f x#2
The function g(x) =< x=2 if is discontinuous at 2
3 if x=2

2

because g(2)=3 while hmg(x) = lim> —4_ =lim(x+2)=4

x—2 x—2
X —

so that £1_r)121g(x) #g(2).

Example 42
x* - , 3
Study the continuity of g(x)= if x# at x=3
6 if x=3
x2
if x#3
The function & (x) =4 x- is continuous at 3
6 if x=3

since
2

. -9 .
2(3)=6 and }Lrgg(x)— hmg(x)—£1£131 o =£1Lr31(x+3)=6

so that %gl}g(x) =g(3).

Example 43

Study the continuity of at f'(x)=cosx at x=0

The functionf(x) =cosx iscontinuous at 0 because f(O) =1

and %grolf( x)=limcosx =cos0=1 so that 11mf( )=7(0).

x—0 x—0
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Example 44

The function f :x—)[x], where [x] is used to denote the
greatest integer less or equal to x, has a discontinuity at

each integral value of x because, for example, where x=2
:f(2)=[2]=2 and lim[x]=2,lim[x]=1 so that lim f (x)

x—2" x—2"

does not exist.

If x:2.4,[x]:2
If x:—0.8,[x]:—1
If x=4,[x]:4

o

y axis

|

r = 4 r T >
3 -1 P 1 2 3 xaxis 4
&—

Notice

b)

164

The function [x] is also denoted | x| or [x]-

[x] or Jx[ is used to denote the least integer greater than or

equal to x

Continuity at the left and continuity at the right of a point
A function f'is continuous at the left of point ¢ if the following
conditions are satisfied:

a) f(c) is defined b) lim f(x) exists ¢ lim f(x)=r(c)

A function fis continuous at the right at of point ¢ if the following
conditions are satisfied:

a) f(c) is defined b) lim f(x) exists c) lirq f(x)=r1(c)
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Example 45

From example 5, lirg [2]=2=[2]. Therefore ] is
continuous at the right of point 2.
¢) Continuity at an endpoint

We say that fis continuous at a left endpoint of its domain if
it is continuous at the right of that point.

We say that fis continuous at a right endpoint of its domain

if it is continuous at the left of that point.

Example 46

The function f(x) =+/4-x* has domain [—2,2]

This function is continuous at the right endpoint 2
because it is left continuous there, that is, because

lim f(x)=0=7(2).
This function is continuous at the left endpoint -2 because it

is right continuous there, that is, because .
lim f(x)=0=f(-2)
x—-2"
d) Continuity on an interval
We say that fis continuous on the interval 7 if it is
continuous at each point of 7. In particular, we will say that
f is a continuous function if fis continuous at every point of

its domain.

Example 47

The function f (x) — /x is a continuous function on its

domain. Its domain is [0,+o0 . It is continuous at the left
endpoint 0 because it is right continuous there. Also, f is

continuous at every number ¢ >0 since lim~/x = Je.

X—C
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Example 48

The function f(x)= ,—x is a continuous function on its

domain. Its domain is ]-1,1[. It is continuous at the

left endpoint -1 because it is right continuous there. It

is continuous at the right endpoint 1 because it is left
continuous there. Also, f is continuous at every number c €

) X c
-1,1[ since lim = .
N N e

e) Continuity on a closed interval

A function fis continuous on a closed interval [a,b] , if the

following conditions are all satisfied;

a) fis continuous on (a,b),
b) fis continuous at the right of a.
¢) fis continuous at the left of 4.

Example 49

The function f( x) =+/9—x? is continuous on the closed
interval [—3,3].

We observe that Domf = [—3,3] . For ¢ in the interval (—3,3)
we have limf(x) = lim\/9—x2 =\9-¢* = f(c) . So that fis

continuous on (—3, 3) .

Also, lim f(x)= lim V9-x*=0=f(3) and

x—3"
lim f(x): lim V9 —x? :0:f(—3)-
x—>-3* x—>-3*
So that fis continuous on [—3,3],

Theorem

a) Polynomials are continuous functions.

b) If the functions f'and g are continuous at ¢, then;

Q) J +g is continuous at c.
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(ii) f —g is continuous at c.

(i) f-g is continuous at c.
iv — is continuous at c if & (C) # 0, and is discontinuous
g

at ¢ if g(c)zO.

c) A rational function is continuous everywhere except at the
point where the denominator is zero.

d) Piecewise functions (functions that are defined on a sequence
of intervals) are continuous if every function is in its interval
of definition, and if the functions match their side limits at
the points of separation of their intervals.

Example 50

f . h (x) _ x2 _9
The function 5046

except at point 2 and 3 because the numerator and

is continuous everywhere

denominator are polynomials and denominator is zero at
points 2 and 3.

Example 51
The function
1 if x<1
X if 1<x<3
f(x)= .
-x+6 if 3<x<6
0 if x>6 is continuous on R | because

its constituent functions are polynomials and the side limits

at the points of division coincide.
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Here is the graph

Exercise 9

1. Determine where the function below is not continuous.

4x+10
f(x)— x?=2x-15

x*=9
. . , X#3
2. Given the function: f (x) =9 x-3
k, x=3
Determine the value of k£ for which the function is continuous at x = 3.
3. Determine the values for ¢ and b in order to create a continuous

function.

x<0
X+

f(x)= ax+b, 0<x<3
x=5 x>3

Classification of discontinuity

Activity 10

Evaluate
) ) x+1, x>3
G <X>={xz, r<3
x*=7x+10
li , - -
2 limf(x). f(x)="="5
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a) Apparent (or removable) discontinuity and continuous

extensions
As we have seen, a rational function may have a limit even at

a point where its denominator is zero. If f (x) is undefined

at @ but lim f (x) = [ exists, we can define a new function

X—a

F(x) by;

F(x)={

F (x) is continuous at x=g¢. It is called the continuous

f(x) if xisinthedomainof f
L if x=a

extension of f(x) to x=a.

If a function is undefined or discontinuous at a point a
but can be redefined at that single point so that it becomes
continuous there, then we say that fhas a removable (or

apparent) discontinuity at a.

=i
3 fix)
5 r] il 1] 1 ,::
Example 52
X’ —4
The function f(x)= is continuous everywhere except
x _—
at x=2.

2_
f(x) is undefined at x=2 but e =lim(x+2)=4 so
x—>2 x_2 x—2 5
x =4

x=2

that 2 is the apparent discontinuity point of f(x)=

Now the continuous extension of f(x) is
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-4
F(x)=1>22 if x#2
4 if x=2

b) Discontinuity of the first kind or jump discontinuity

If lim f(x) and lim f(x)exist but are different, f(x) is said

to have a discontinuity of the first kind at point ¢ and c is
called discontinuity point of the first kind.

Example 53

x
Let /(x)= I
f(x) is undefined at x=0, then 0 is a point of discontinuity.

. X . X . X . X
lim = =lim—=-1 and lim—=lim—=1,
x—=0" |x| x>0 —x x—0 |X| x—0 x

As )}ggl f(x) and 11)1})1 f(x) exist but are different, there is a
discontinuity point of the first kind at x=0.

c) Discontinuity of the second kind
A function fis said to have a discontinuity of the second kind
at point c if atleast one of its limits from the left or from the

right does not exist or is infinity.

Example 54

1
The function f(x)=— has a discontinuity of the second
X

. o1 .1
kind at 0 because lim — =40 and lim —=—w.
x-0" x x—0" x
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Exercise 10

Classify the points of discontinuity in each of the following

functions
5 5 2, x<4
1 f(x):x +x°—2x-2 9. f(x):{_4, cod
x+1
x*—2x-2 |x+2|
6 PR fw)==
3 f(x) X +2x+1 * () x+2

f( )_ x+3, x>-2
> = x2 =3, x<=2

Theorem: Intermediate value theorem

Activity 11

For each of the following functions, find two numbers a and b
such that f'(a)f(b)<0

1. f(x)=x3 on interval [—1,2]

_x2—8

2 ()5
3. f(x)=2x3—3x2—12x+20 on interval [—4,—1]

on interval [-5,0]

The Intermediate Value Theorem states that if we have a
continuous function f(x) on the interval [a,b] with M being

any number between f (a) and f (b) there exists a number
¢ such that:

a) a<c<b b) f(c):M
The Intermediate Value Theorem is a geometrical application

illustrating that continuous functions will take on all values

between f(a) and f(b)
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0 a0, Cq T3 b

It is important to note that this theorem does not tell us the
value of M, but only that it exists. For example, we can use

this theorem to see if a function will have any x-intercepts.

Example 55

Use the Intermediate Value Theorem to determine if the
function f(x) =2x"-5x’ ~10x+5 has a root somewhere in
the interval [-1,2].

In other words, we are asking if /(x)=0 in the interval
-1.2],

Using the Intermediate Value Theorem, we can say that we
want to show that there is a number ¢ where —1<c¢ <2 such

that /(¢)=0 between f(-1) and f(2),
We see that f(—l) =8 and f(2) =-19,
Therefore, 8> 0> —19 and atleast one root exists for f(x) in

the given interval.

Example 56

Show that there is a root of the equation x* —x—1=0 between
1 and 2.

Let f(x)=x"—x—1. Since f(1)=-1<0 and f(2)=5>0,
we see that 0 is a value between f(l) and f(2) Since f'is

continuous, the Intermediate Value Theorem says that there
is a zero of f{x) between 1 and 2.
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Exercise 11

1. Use the Intermediate Value Theorem to determine if the function

y= —x*+3x has a root somewhere in;

a) the interval [-3,0] . b) the interval [0,4]
2. Use the Intermediate Value Theorem to determine if the function
2x

y=——has a root somewhere in the interval [—2,4] )
x+1

3. Use the Intermediate Value Theorem to determine if the function

y= 13/(x—1)2 (x+ 1) has a root somewhere in the interval [—4, 1] .

Asymptotes

@ Activity 12

Consider the following curve of function y

i b

A
.u-

| f-axis

What can you say about the curve of y and the lines A and B?
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Recall that if P (x) and Q(x) are polynomials, then their
P(x)

ratio / (x)= Q(x) is called a rational function of x. The

discontinuity occurs at points where Q( x) =0.

An asymptote on the curve is a straight line that is closely
approached by that curve so that the perpendicular distance
between them decreases to zero.

To find any asymptote of the function, first we need to

determine its domain of definition and evaluate the limits at

the boundaries of the domain.

Types of asymptotes

a)

174

There are three types of asymptotes:
* Vertical asymptote,

* Horizontal asymptote and

* Oblique asymptote.

Vertical asymptote

Aline x =x, is called a vertical asymptote for the graph of a

function f(x) if f(x) — +00 or f(x) — —o0 as x approaches

x, at the right or at the left.
y
7 (%)
.

243 Vertical
\

asymptote




Example 57

Find the vertical
asymptote for f (x)=

2x% +7x -1
T =

Example 58

Find the vertical

asymptote for

X' —2x—4
)=

Elementary Probability

2x? +7x—1
Let / (x)_T
Domf = J-o0,-1[ U]-1,+]
2x2 +7x—1
li = i
lim £ (x) = lim =———

Hence, x =1 is a vertical asymptote

2% +7x—1
for f(x)=—.
f( ) x+1
(x)_x3—2x—4
Let & 4
Domg =R\ {—2,2}
: . X —2x—4
fim g ()= fim ==
=00
Hence, x = -2 isavertical asymptote
P-2x—4
for of x _r TexTr
. . X —2x—4
lim g (x) = lim=——5—
:9 LF
0

(x—2)(x2 +2x+2)

lim g (x)=1lim

x—2 x—2 _(x_z)(x+2)
X +2x+2
=lim———
=2 —(x+2)
_3
2

Since lirrzlg(x);too, x=2 1is not a
vertical asymptote for
X —2x—4
X)=——5—"
g( ) 4_x2
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b) Horizontal asymptote

Aline y =L is called a horizontal asymptote for the graph of

a function f(x) if f(x)—>L as x — +0 or x — —oo.

y

(2]

Example 59

Find the horizontal
asymptote for f(x)=
3x* +4x-9

2x* +1

176

Horizontal

asymptote

3x* +4x-9
Lot ()=
Domf =]—o0,+o0[

2
lim f(x) = lim 2=

X—>Fo0 x40 ) x2

Thus, y==isa
horizontal asymptote for

3x* +4x-9
S ==
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Example 60

Vax* +3x-1

Find the horizontal Lot h (x) _X :
asymptote for X" 45

Domh = 1 I
h(x):x\/4x2+3x—1 omh = | -0, =] 177"
X +5 xvVax? +3x-1

lim h(x)=lim

X—>—0 X—>—00 Xz + 5
=2

Hence, y=-2 is a
horizontal asymptote for
=
X +5
xV4x* +3x -1

lim /4 (x)= lim s
X—>+0 X—>+0 X+

=2
Hence, y=2 is another

horizontal asymptote for

_ xVax® +3x—1

x’+5

h(x)

) Oblique asymptote

P(x) , is such that the degree of the

O(x

numerator exceeds the degree of the denominator by one,
P(x)

then the graph of ( x) will have an oblique asymptote

If a rational function,

N—"

(or a slant asymptote); that is, an asymptote that is neither

vertical nor horizontal.

We perform the division of P(x) by 0(x) to obtain
P(x) R(x)
0(x) Q(x)

:(ax+b)+
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Notice

178

Where, ax+b is the quotient and R(x) is the remainder.
Use the fact that the degree of the remainder R(x) is less

than the degree of the divisor Q(x) to help prove:

lim P(x) —(ax+b) =0
X—>+00 Q(x)
lim P(x)—(ax+b) =0
X—>—00 Q(x)
. P(x)
These results tell us that the graph of the equation y = 0 ( )
X

tends towards the line (oblique asymptote) y=ax+b as
X —> +00 OT X —> —0.

Another way to find the values of constants ¢ and b is
a=lim /(%) 420 and b =xlifgo[f(x)—ax]

x—>too X -

Horizontal asymptote and oblique asymptote do not exist on
the same side. That means if f(x)—L as x— +oo, there
is no oblique asymptote on the right side since there is
horizontal asymptote and if f (x) — L as x — —oo, there is
no oblique asymptote on the left side since there is horizontal

asymptote.
[ Y
|
|
aal ! |
\S(x)
i - ———

L _.--'_--I._‘ |
T . \\ ;
= ] T J = Oblique

\ asymptote
ST, = |i 2 4 s
| |
|
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Example 61

3 —_—
Find the oblique asymptote of f (x) = %
X +

3x°+4x-5
Let /()=

Domf = |-, +0|

Let y =ax+b be the oblique asymptote.
3

a=tim L) _ g 35 455 tax-s

x—>to0 X x—to0 X +x

=3
b=1lim[ f(x)-3x]

x—>*too

. 3 +4x—-5-3x"-3x
im

x—>*too x2 +1
. x=5
= lim —
x—F0 x° 4]
=0 3x° +4x-5
Thus, y =3x is the oblique asymptote for f (x) = xt—xl
X+
Example 62
X
Let f(x)= 7 Find relative asymptotes;

Domf = (—oo,2)U(2,+oo)
lim f(x) =400 and }E? f(x) =—%_ Thus, there exists a

x—2"

vertical asymptote V. A=x=2

lim f (x) =1. Thus, there exists a horizontal asymptote

x—>*oo

HA=y=1
Note that there is no oblique asymptote.
Example 63
> +2x-3
Let f(x)= I =" Find relative asymptotes;
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Domf =(—0,0)U(0,+x)
lim f(x)=-c0 and lim f(x)=+o0. Thus, there is a vertical

x—0" x—>0"

asymptote VA=x=0

lim f(x)==c0. Thus, the horizontal asymptote does not

x—>F0

exist.

To find oblique asymptote, let y=ax+b be the oblique

asymptote.

a= tim 7
x—+oo X
X2 +2x-3

= lim >

x—>100 X
=1
Since 1#0, let us find ».

b= lim [f(x)—ax]

. {xz +2x-3 }
=lim| ————x
X—>*too X
. 2x-3
= lim
X—>xo0 X
=2

Then, O A=y=x+2.

As the degree of the numerator exceeds the degree of the
denominator by one, we could find oblique asymptote after

performing long division.

x x+2 f(x)=x+2—i-
X +2x-3 g
Thus, there exists an oblique
-(x) asymptote O. A=y=x+2.
2x-3
-(2x)
-3
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Example 64

Let f(x)=x+|x|+ 1 . Find relative asymptotes
x

Domf =R\{0} = ]-o0,0[ L]0, +00]

x+x+l=2x+l if x>0
X X
S %)= 11
X—x+—=— if x<0
X X

lim f(x)= lim(2x+l) = oo and lim f(x)= lim(lj =0,
X

x—0*" x—0 x=>0\ x

Thus, there is a vertical asymptote V4 =x =0

. . 1 . .1
lim f(x)= lim [2x+—j =+ and lim f(x)=lim —=0.
X—>+0 X—>+0 X X—>—0 X—>=0 x
Thus, there is a horizontal asymptote H.4 = y =0 on the left
side.

As there is no horizontal asymptote on the right side, let us

check if there is oblique asymptote.

LetOA=y=ax+b
limM= lim (2+L2j=2'

X—>+0 X X—>+0 X

Then a=2

1
li —ax |=lim| 2x+—-2 0.
tim [ 7)) fim 2+ 21|
Then b=0

Thus, on theright side there is oblique asymptote 0.4 = y =2x

Example 65

Let f(x)=2x—+/4x*+1. Find relative asymptotes
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Domf =(—,+0)

From Domf , there is no vertical asymptotes.

lim f (x) = lim (2x—4x" +1)

X400 X—>+00

=+0—0w0 [LF

Remove this L.F

(2x—\/4x2+1)(2x+\/4x2+1)
lim f(x)= lim
eoh, (x) s reaar 41
4xT —(4x7+1)
= [im

0 x+4xt +1

-1

=lim ——n—
x4 dxt +1
=0

Thus, on the right side, y=0 is horizontal asymptote and
hence no oblique asymptote on the right side.

lim /(x)= lim (2x—ax"+1)

X—>—0 X—>—0
= —00—00
= —00

Thus, there is no horizontal asymptote on the left side.

Oblique asymptote;
LetOA=y=ax+b

_f(x) L 2x—AAxt+1
a=lim—~*=Ilim ——

X—>—0 x X—>—00 x
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b=1lim[ f(x)-4x]

~ lim (2x— A +1 —4x)
~ lim (—Zx—\/4x2 +1)

(—Zx—\/4x2 +1)(—2x+\/4x2 +1)
= lim

T (—2x +/4x* +1 )

. 4x? —4x* -1
= lim
o (—2x a1 1)
= lim -1

o (—2x+ 4x° +1)
=0

Thus, y =4xis the oblique asymptote on the left side.

x*+3

Let f(x)=—=—————=—. Find relative asymptotes
() N2x2 +x—1 ymp

Domf = ]—oo, —1[ ) }%, +oo[

2
lim /() = lim ——

x—>—1 x—-1 /2x2+x_1

= 0
x=-1 is a vertical asymptote

2
lim £ () = lim ————

1 2
X95 «HE\/Zx +x-1

1 = x*+3

=00
X == is another vertical asymptote for f(x)=—F——=
2 ( ) N2xP+x-1

x> +3
lim f(x)= lim ————
X—>+0 ( ) X—>+00 /2x2+x_1
+00
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Remove this I.F

15
x| 1+
lim f(x)= lim —=—X2

X—>+00 X—>+00

= 400
Thus, no horizontal asymptote when * = +©
x*+3
lim f(x)=lim ———

X—>—00 X—>—0 [2x2+x_1

X IF

—+00
Remove this LF

()
x| 1+
lim f(x)= lim 2

X——0 x —oo_x 2+l_i2
\ X X

x(l—i—i)
= lim—lx
—‘/2+——i2

X X

= 400
Thus, no horizontal asymptote when ¥ = =%,

Oblique asymptote:
Let OA=y=ax+b

X +3
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b= lim

A%Jroc

= lim

X—+0

= lim

X400

= lim

X—>+00

= lim

X—>+0

= lim

X400

= lim

X—>+0

| o5

X +3 X

{WT}
(¢ 43)-x2rt a1

Jaxt +2x-2

x/z(x2+3)—x\/2x2 +x-1

Elementary Probability

Vaxt+2x-2

Vaxt+2x-2

Z(x2 +3)2 -x

x/E(x2+3) x2x +x-1

13x* +18-x°

(2 +x-1) 44252
4x*+2x-2 J2(5? 4+3)+ 02a 41
2+ +18-2x - + j 45° +2x-2
4’ +2x-2 \/E(x2+3)+m/2x2+x—l

4y’ +2x-2

] Jaxt +2x-2
(x2+3) 2t +x-1

4+§_£
(13x2+18—x] X i
4x* +2x-2
x2[ 2+£+ 2+1—12]
X X X
2 2
135 +18-x° AN
4x* +2x-2 2
2+—2+ 2+———
X X X

|
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4422
13X2+18—X3 X x2
:xLOO 457 42x* —2x 3\/5 1 1

N2+ +\/2+—2
X X
13 18
= lim——>——= XX
voe 2 32 11
x3[4+x—2] N2+ 2 + 2_{_7_?
13 18
[+3—1] 4422
— lim = XX
el 202 342 11
[4+—2] J2+ {+ 2+ -——
XX X X X
1
42
=2
8
2 2
Hence, y:%—% is oblique asymptote when x — +w.

Let us check if there is oblique asymptote when x — —o0.

a= lim M
x—o-o ¥
_ lim X +3

> e J2xF + x—1
__ 1
2
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\/E(x2+3)+x\/2x2+x—l \/E(x2+3)—x 2 +x-1 Jaxt+2x=2
o VA +2x-2 4x’ +2x-2

. 2(x2+3)2—x2(2x2+x—1) { 4 +2x -2

3 4x* +2x-2

3 4x* +2x-2

. 13x2+18—x3] 4t 42x-2

ol A +2x-2 x/E(x2+3)—x 2 +x-1
2 2

[13x2+18—x3j e

4y’ +2x-2

X \5+3\/25+ {2+1—12]
i [ X X X J

_ 4+g_£
[13x2+18—x3j P
4x*+2x-2
[wﬁ /2+1-g]
X X X

. 2x4+12x2+18—2x4—x3+x2j 4x* +2x-2
(2

= lim

X900

= lim

X——0
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— 4+2_l
. 13X2+18 X X x2
:}Lx 457 +2x* —2x 3\/5 1
N2+ +\/2+—
X X X
13 18 2 2
’ +3—1] —[4+ =5
= lim — = 7 XX
x—o0 2 2
R NEREN s e
X X X X X
13 18
Bl a2 2
S — XX
x—00 2 2
[4+—2] \/ﬁ?’\?Jr PRELES
X X X
1
4+/2
2
8
J2x
Hence, y=——— +? is oblique asymptote when x — —0.

Exercise 12

Find relative asymptotes of;

x +x*—-5x-2 _X+3
1 f()=EE R 2 e
2 2
-x-2
3 _x +3x+1 4 yzx X
4x-9 x—2

_ 6x* —3x+4

2x* -8
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Link to other subjects
In physics,

Instantaneous velocity:

Instantaneous velocity is the limit of average velocity over an

infinitesimal interval of time.

Instantaneous acceleration:

Instantaneous acceleration is the limit of average acceleration

over an infinitesimal interval of time.

. Av
a=lim—
A0 At
(Here and elsewhere, if motion is in a straight line, vector

quantities can be substituted by scalars in the equations.)

Unit summary
1. A set N is called a neighbourhood of point p if there exist

an open interval I such that xe/ c N. The collection of
all neighbourhoods of a point is called the neighbourhood
system at the point. A deleted neighbourhood of a point
p (sometimes called a punctured neighbourhood) is a
neighbourhood of p without p itself.

2. To find limit of a function f (x) as x approaches a, first we
need to substitute that value a in the function and see what
happen. The limit can exist or not.

3. If the value of f(x) approaches L, as x approaches x, from

the right side we write lim f(x)=L, and we read “the limit

+
X‘)XO

of f(x) asx approaches x, from the right equals L, .
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4. If the value of f(x) approaches L, as x approaches x, from

the left side we write lim f(x)=L, and we read “the limit of

X=X

f(x) as x approaches x, from the left equals L,
5. Squeeze theorem: Suppose that f(x)<#h(x)<g(x). If

limf(x) = limg(x) =L, then limh(x) =L

X—>C

6. Operations on limits

Let lim stands for one of the limits lim, lim, lim, lim or

x=a x—a  x—>a" x50

lim . If limf(x) and limg(x) both exist, say limf(x)zL1

and limg(x) =L,, then

* A constant factor can be moved through a limit sign.
That is, if k is a constant, then lim[kf(x)] =klim f(x)
=kL,

o lim[f(x)+g()]=lim f(x)+lim g(x) =L +L,
.« lim[f(x)-g(x)]=lim f(x)-lim g(x)=L, - L,
» im{/(x).g(x)]= lim f(x).lim g(x)=1,.L,

. hm{f(x)}zlimf(x): Lo
¢ | Timee L,

* If n and m are positive integers, then lim[ f( x)]? =L

L,#0

if
X=Xy

m m

provided that Z; 20 if n is even.

0
7. The types 6,—,0'00,00 —© are indeterminate forms.
o0

8. When we are computing the limits of irrational functions, in
case of indeterminate form, we need to know the conjugate
of the irrational expression in that function. We may need to
find the domain of the given function.
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A function f (x) is said to be continuous at point c¢ if the

following conditions are satisfied:

a) Jf (¢} is defined b) lim f(x) exists

10.

11.

12.

13.

14.

15.

e
c) limf(x)=/(c)

If a function is undefined or discontinuous at a point a

but can be redefined at that single point so that it becomes

continuous there, then we say that f has a removable (or

apparent) discontinuity at a.

If lim f(x) and lim f(x)exist but are different, f(x) is said

x—ct

to have a discontinuity of the first kind at point ¢ and c is
called discontinuity point of the first kind.

A function f is said to have a discontinuity of the second
kind at point c if at least one of its limits from the left or from
the right does not exist or is infinity.

Aline x =x, is called a vertical asymptote for the graph of a
function f(x) if f(x)— +w or f(x)— — asxapproaches
x, at the right or at the left.

Aline y =L is called a horizontal asymptote for the graph of
a function f(x) if f(x)—> L as x — +o0 or x — —o0.

Oblique asymptote: y =ax+b as x — +o0 or x — —o. Where

a= limM a#0 and b= lim[f(x)—ax:l

x—>+oo X Xx—>to0
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Revision exercise

From exercise 1 to 10, evaluate the given limits

nEo32 L exd-x L lim
x—>2x2_6x+8 ' x—1 x_l -l X +3_2

6 m.2
4, lim(\/n2+n—n) 5. lim(x5—3x2—3x+9) 6. limﬂ

n—>omo x—>—1 x—l X —1

. x’ if 0<x<2
7. lim f(x) f x)=

i /() for /() {x+2 if2<x<6
x—-1 x<3

8. limf(X) for f(x)={3x_7 x>3

x—3

' . (1) £ 120
9. ltlj')r(]lg(t) or 8 -2 <0

10. Let the function f(x) be defined by

x =9 xz-3
A (X ) =9 x+3
k x=-3
Determine k if f(-3)= }Ln%f(x)
1+x, x<2
11. A function ¢(x) is defined as ¢(x) = - o Is this function
continuous at x=27 S
-x, x<0
12. For the function f(*)=14, x=0 find the value of a that will make
x*, x>0
it continuous at x=0.
X, 0<x<l

13. A function is defined as f(x) =12, x=1  .Find the point(s) of
x+1, 1<x<2
discontinuity of the function f(x) and draw its graph.
14.Let f(x) be a function of real variable x defined by
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Show that f(x) is continuous at x=0 and also at x=1
In Exercises 15-17, classify the points of discontinuity (if any):
2 2
x"—16 X +2x+5 x-1 x<3
15. X)= 16. X)=— 17. X)=
f( ) x—4 f( ) x+2 f( ) {2x—7 x>3
Find relative asymptotes in exercises 18-31:
2 2 3
x(x"—a X
18. y= 2L as0 19 y= u,mo 20,V =
a—x a x—1
2 2 2x*=2x-1 _
21, y=+L 450 22 y="— 23, y=x+ |21
a x x=2 X+
o x-1 B2 _ x*
24. V=X "5 25. V=33 26. V=0
1 2x* -1 3
27. y=ax+—,a>0 28 y=— 29. y= ,a>0
ax x -1 x—a
30 y= 2Ly -
P 2t 2 ' 221
. . % -2
32. Find horizontal asymptote(s): ¥y =—5—
|x| +1
1
33. Find horizontal and vertical asymptotes of f (X =
ymp ) VX =2x-x
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Nl Differentiation of

e polynomial, rational
| and irrational functions

6.0 Introductory activity

1. Consider the function /(*)=x"+1 illustrated on the following

graph;

It is defined that the slope dfrthe tangent of the curve of /()

ol = -
at a point P(x,.y,) is obtained bymw ,
a) Determine the slope of (x) at the point for which x=1.

b) Deduce the value of the function f '(A‘)=%w for

f(x)=x"+1 and compare the slope 7> and /(%) for x=1.
2) Go in library or computer lab, do research and make a
short presentation on the following:
a. Derivative of a function
b. Find 2 examples of applications of derivatives.
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objectives

After completing this unit, | will be able to:

© Use properties of derivatives to differentiate
polynomial, rational ad irrational functions

© Use first principles to determine the gradient of the
tangent line to a curve at a point.

© Apply the concepts of and techniques of differentiation
to model, analyze and solve rates or optimization
problems in different situations.

© Use the derivative to find the equation of a line tangent
or normal to a curve at a given point.

1. Concepts of derivative of a function
Activity 1

Consider the following figure

EEssanseaseansdns:r neseeinnn

# ";/2'527:1151. 0 -Li'/;xﬂli

1. If P(xo, yo) and @ (xl,yl) are two points on the graph of a function
£, find the slope of secant line (7, ) passing through P and 9
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Since Y, =f(x0)and b2 =f(x1), express in terms of f(xo)and

A (xl)'
2. If we let X; approach¥,, how can you conclude about position of
O toP ?
3. Letm,, = xll_I)l;l m,,. , write down expression of m,, in terms of f (xo)
and f (xl)l. 0

4. Afterletting & = x, —x,, rewrite m,, in terms of / (xo ) and / (xo + h)
If P(x,,y,)is a point on the graph of a function f,

is called slope of tangent line to

m__ =lim
tan h—0

the graph of f at P; if this limit exists.

f(x+h)= /(%)
h

m,, has a special notation, we denote it by

f(x )=limf(x0+h)—f(x0) and f'(x,) isread f prime
0 h—0 h
of x,

Dropping the subscript on x, in notation of m,_, , we get one

tan ’

of the most important in mathematics, the derivative of a
function.

The derivative of a function f (x) with respect to x is
denoted by f '(x) and defined as
f(x+h)-f(x)

h

£'(x)=lim

h—0

provided that the limit exists.
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Example 1 Example 2
Let f(x)=x*+1,find /' (x) Let f(x)=2x"+3, find /' (4)
[
The derivative of f (x) is The derivative of f (x) at x=4 is
oy S R) =S (x) f(x)-s(4
re=m )t 1L
(x+h) +1-x" -1  2x'43-35
=lim =im—---—--
h—0 h x—4 x—4
. X2+ R 1-xP -1 . 2x* =32
=lim =lim
h—0 h =4 x—4
=lim2hx+h2 =lim2(x+4)(x_4)
h—0 h x—4 x_4
=lim(2x+h) =lim2(x+4)
=2x =16
Thus, f'(x)=2x Thus, /'(4)=16
Remarks:

« If t— f(¢) represents the law of a moving object, then
the derivative number of f represents the instantaneous
speed of that moving object at instant t.

* The process of finding derivative of a function is called

Find the derivative of
I f(x)=x+3 atx=1 2. f(x)=x"+3 atx=-2

differentiation of that function.

3. f(x)=4x"-x+3 4. f(x)=4x*+3x-4 5 f(x)=4
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Right-hand and left-hand derivatives

Activity 2

1. Consider the function

x+2, x>2

f(x):{4, x<2

Find f'(x) from the left of 2 and f"'(x) from the right of 2
2. Consider the function

3x—-2, x<3
f(x) - {x+4 x>3
Find f'(x) from the left of 3 and f"'(x) from the right of 3.

Let y=f (x) be a function and let x, be in the domain of f.

The right- hand derivative of fat x = x, is the number

7(55)= tim L1202/ ()

XX X— xo
And the left- hand derivative is the number
f'(x;) — llm f(x)_f(xO) .

x> X=X,

The function f(x) is said to be differentiable at x=x, if

and only if f(x) has both a right- hand and a left- hand
derivatives and all of them are equal.

The function f(x) is said to be differentiable on interval [

if it is differentiable at every point of that interval.

Example 3

Let f(x) = |x|

fx i x20
f(x)_{—x if x<0
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(o) o J(X)=£(0)
7(0")= lim ==

— lim *=°

x=0" x—0
(o g S (x)=1(0)
£(07)= lim ==

~ Jim =20

=00 x—0

.

As f‘(0+) # f‘(O_), then f(x)=|x| is not differentiable at 0.

1. Consider the function f(x)={x+2’ x>1. Find f'(x) at
=1 2x-3  x<I1
2
2. Consider the function f(x)z{x ~4  *>2 pg f'(x) at
v=2 x-2 x<2
3. Consider the function f(x):% .Find f'(x) at x=0
2x—4, x<4
4. Find f'(4) iff(x)={x oa
1
5. Find f'(-1) iff(x)=|iil|

Notation
We have used the notation f '(x) to denote the derivative of

the function f(x). There are many other ways to denote the
derivative of a function:

daf

- and D_f areused by some authors to denote the derivative
x

of the function f'(x).
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Example 4

If we consider y = f (x), then y' denotes the derivative of
the function f (x)
If the function f (x) is differentiable on the interval [ then

f(x) is continuous on I.
Note that the converse of this theorem is not true.

From example 3, we have seen that f (x) = |x| is not
differentiable at 0. But this function is continuous at 0.

x if x>0
f(x)_{—x if x<0
lim £ (x) = limx=0

x—>0"
lim #(x) =l (-+) =0

As lil}?_f(x):lir(x)}f(x):O, then li_r)13f(x)=0=f(0) and

hence f (x) is continuous at 0.

Geometric interpretation of derivative
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Let 4 and B be two points of the curve C of the function f(x)

AB has slope S (o +h) =1 (%) = S (g +h) =1 (%) :

Xo+h)—x, h
When / approaches zero, the point B approaches point 4. At

this time, the secant line S will approach the tangent line T
to the curve C at point 4.

Then the slope of tangent line is %lm(} =tana
-

f(x0+h)—f(x0)
h

The slope of the tangent line to the curve at a point is equal
to the derivative of the function at that point:

()= i Y ()
tana = f (x)—gl_l)loT

is the angle between x-axis and the tangent line of y = f ( x)
at point x, .

f'(x,)is the slope of tangent line of y=f (x) at point

(xoaf(xo))'

Later we shall see how to find the equation of the tangent line.

2. Rules of differentiation

a)

Constant function and Powers

Activity 3

Let D(I,R) be the set of functions differentiable on I .

1.

If fis a constant function, say f (x) =c, for all x, use definition of
derivative to find the derivative f (x).

. If £ is a monomial function, with coefficient 1, say f(x)=x" for

all real number n, use definition of derivative to find the derivative

/(%)
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Derivative of a constant function
From activity 1

If fis a constant function, say f (x):c, for all x, then
T _4 =0
dx dx

Derivative of a power
If n is any real number, then

_xn _ nxn—l n 4
P for all xwhere the powers x" and x" are

defined.

This holds for any function with power. Thus, if f € (D,I )
for positive and negative, and fractional value of n,

(/") =nts
Particular case
Let f(x)=yg(x).
Here 7 =% because \;g(x) = [g(x)]5

The derivative of f (x) is as follows
1 i
(=2 Te )T g’

~He()]28'()

_1 &'(®
e

_ g'(v)

2 g(x)

Thus, if f(x):m then f'(x)= g'(x)
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Example 5

Find the derivative of This function is a constant

f(x)=123. function. Thus, f'(x)=0

Example 6

Differentiate the

following powers of a)i(x“) =4x*"" = 4%
. dx
d(1 d
b Ihall I -3 =_3 —3—1=_3 —4
a) x* b) L3 )dx(xJ dx<x ) g g
X
1 3 1 1 1
c) x? d x* c)i x? =lx2 1=lx
dx 2 2 dx
2-7
e) Vx J . 3.
d)—(x*)=—x*
dx 4
e)i( 2—71')= d xz_Tﬂ — 2_ﬂ-x2_7”_1
dx dx 2
2-r S 2-7r T
2

)
Example 7

Let g(x)=(2x+1)4. g'(x)=4(2x+1)3
Find the derivative of

g(x)

=4(8x" +12x" +6x+1)(2)

=64x> +96x +48x+8
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Example 8 m

Let f(x)=+x>+2. (x2+2)'

Find the derivative of f '( ) 2x+0  x

12 a2 iz
f(x)

-se 3

Find the derivative of the following functions
1. f( x) =67
2. g(x)=(x+1)

3. h(x)=v2x’+x-2

3

b) Multiplication by a scalar and product of two functions

Activity 4

Let D(I,R) be the set of functions differentiable on I .
1. If fis a differentiable function of x, and c is a constant, use

definition of derivative to find the derivative of ¢ [f (x)]

2. If fe D(LR) and g € D(I,R), use definition of derivative to
find the derivative of the product f(x)g(x)

Multiplication by a scalar
From activity 2

If fis a differentiable function of x, and c is a constant, then

d d
a(cf(x))ﬂgf(x)
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Derivative of a product
From activity 2:
If fandg are differentiable at x, then their product is
f-g, hence

a4 oY rdg
dx(fg)g +f

dx dx
Example 9 m
Find the d _d 2%/—)
derivative of dx(f(x)) dx(2 *
3
S(x) =53 331 1y
2 dx 23 2

Example 10 m

The derivative of f(x) is denoted by

Let f(x)=x\/;, f (x), then
find the derivative of £(x)=x' x+x(\/;)'
f(x) x'
= + X—
X xz\/;
= x+i
2x
_Jradx
2
=%\/;
Thus the derivative of f (x):x\/;
3
1S E\/;
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Example 11 m
Find the derivative y'=(x2+1)'(x3+3)+(x2+1)(x3+3)'
ofy=(x2+1)(x3+3) =(2x)(x3+3)+(x2+1)(3x2)

=2x* +6x+3x* +3x*

=5x*+3x% +6x

Example 12 W

Find the derivative of

y=(3—x2)(x3 —x+l)

From the product rule with f(x)=3-x’

and g(x)=x’—x+1, we get
dy _d

o ar [(3—x2)(x3 —x+1)]

=(x3_x+1)%(3_x2)+(3_x2)%(x3_x+1)

=(x3 —x+1)(—2x)+(3—xz)(?ax2 —1)
=-2x" +2x7 = 2x+9x* -3 -3x" +x7

=-5x* +12x* = 2x-3

-se 4

Find the derivative of the following functions

1. f(x)=(x2+6)(x—2) 2. g(x)=(x-3)(4x-5)
3. h(x)=5x"(x-2) 4. k(x)=6(x-3)

c) Sum (difference)of functions

@) crs

Let D(/,R) betheset of functions differentiableon [ .1f f € D (L,R)

and gD (1 . ]R) , use definition of derivative to find the derivative

of the sum f(x)+g(x) and the difference f(x)-g(x)
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From activity 3
Let D(1,IR) be the set of functions differentiable on 1.

If feD(I,R) and geD(/,R), then f+geD(LR).

. d df | dg
In addition —(f+g)=—-+—2
n addition dx(f g) R
Example 13

Find the derivative of y=x>-3x+7

Differentiating y = x> —3x+7 yields
y = (x2 ) —(3x)' +(7)' =2x-3
Thus the derivative of y=x"-3x+7is 2x-3.
-se 5
Find the derivative of the following functions
1. f(x)=—4x*+7x+5 2. g (x)=125x5— 215x°+75

3. h(x)=24x*—2x’- 85

d) Reciprocal function and quotient

) ne

Let D(/,R) be the set of functions differentiable on I.

1. If geD(/,R) and g(x)#0, using the definition of derivative

find derivative of %

2. If feD(ILR), geD(I,R) ,and g(x)=0, using the result in 1

and result for derivative of a product find z(f;_
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Derivative of the reciprocal function
From activity 4,

Let D(,R) be the set of functions differentiable on I .

If feD(LR), then %GD(I,R) f(x)#0. Moreover
df

A1) de
dx\ f f?
From activity 4,

If f and g are differentiable at x and if g(x)=0, then

the quotient J s differentiable at x and
g

qa _ ,dg
i(i]:gdx dx
g2

Example 14

Find the derivative of 1) 1) —(6x)" -6 -1
_[ ] (6x)  36x°  6x7

T if S (x)=6x f@) ex

Example 15

Find the derivative of

d

o3 I S A
5-2x P 2 2
dx (5—2x) (5—2x)
Example 16
Find the derivati ff(x):2xz—+3x
m € aerivative o 4x3+x+1
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f,(x):( 2x° +3x ]

4% +x+1
(2)(2 +3x)'(4x3 +x+1)—(2x2 +3x)(4x3 +x+1)'
(4x3 +x+1)2

(4x+3)(4x +x+1)—(2x +3x)(12x° +1)
(4x3 +x+1)2
_ 162" +4x" +4x+12x +3x+3 - 24x" — 237 - 36x" —3x
(4x3 +x+1)2
B —8x* —24x’ +2x" +4x+3
B (4x3 +x+l)2

Example 17

2
Given thaty _ X -4 , find Q
X’ +4 dx

We apply quotient rule with f(x)=x*-4 and g(x)=x"+4.

dy (x2 +4)-2x—(x2 —4)'2x
dr (x2 +4)2
B 2x° +8x—2x" +8x
B (x2 +4)2
16x
(¢ +4)

Example 18

X 4+2x+5 o o
Let f (x ) = W, find its derivative.
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=
_ X +2x+5

f‘(x)—[ Vax+1 j‘
~ (x2 +2x+5)'\/4x+1 —(x2 +2x+5)(\/4x+1)'

(Vax+1)
4
2x+2)Vdx+1—(x" +2x+5
:( (4 2043) ) e
4x+1
_(2x+2)(4x+1)—2x2—4x—10
(4x+1)V4x+1
_8x"+2x+8x+2-2x"—4x-10
(4x+1)V4x+1
_ 6x° +6x—8
(4x+1)\/4x+1
Example 19
Find derivative of ./ (¥)= 1 —(x3—|—5x—|—2)5
Vax*+3
1 5
f(x)= '—[ X4 5x 42 ‘
()= gl +55+2)
8x
2
=%_5(x3+5x+2)4(3x2+5)
4x 3 4 2
_— — (X +5x+2)* (15x> +25)

(4x* +3) Jax? 43

Find the derivative of the following functions

3x° £ 3x* £ 6x—6 S
1 fx)= 2x* +4x+1 4 /() ¥ +2x° 46
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e) Composite function

Activity 7

Given the function f(x)=x?+3x-4 and g(x) = x+1. Find
L flg@) 2 (fle®)]) 5 s
4. f'e()] 5. g'(x) 6. ['[g(x)].g'(x)
Compare results in 2 and 6
Derivative of a composite function: Chain rule
From activity 5:
If feD(IR)and geD(/,R) ,then gofeD(/,R). In
addition (go f)'=g'(f)f"

Gy _ G &7

M if = d u= th
oreover, if y f[g(x)] and u =g (x) then dx du dx

Another notation of Chain rule states
d
L Te@]]=rTe(0)]e'()

Example 20

Find the derivative of fog if /(x)=x’+3x+3and
x 41

g(x)=

(f0g)'(x)= 1"[g(x)]g'(x)

:[2[2x+1]+3[2x+1]
X X
Ax+2+43x(2x—2x—1
B X [ x2 ]
 Ix+2(-1
-2
 —Tx-2

x3
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Example 21

Find the derivative of fog if f(x)=3x—4 and g (x)=x-3
g'x)=1Lf'(x)=3

f'le™]=

(fog)'(x) = f'[g()]g'(x)=3(1)=3

.cise 7

In each of the following find (f o g)'(x)
1. f(x)=2x—4 and g(X)=x+3

2. f(x) =3 and g(x)=x"+3

3. f(x)=x +4x+3 and g(x)=x"+1
4. f(x)=x"-30 and g(x)=7

x*+3x+3
5. f(x)=4 and g(x)=ﬁ

Successive derivatives

Activity 8

Consider the function f(x)=x°+x"+3x’-2x*+x+8. Find
1. f '(x)

. The derivative of the function obtained in 1.

2

3. The derivative of the function obtained in 2.
4. The derivative of the function obtained in 3.
5

. The derivative of the function obtained in 4.

We have seen that the derivative of y = f'(x) is in general also
a function of x. This new function can be also differentiable,
in which case the derivative of the first derivative is called
the second derivative of the original function. It is written in

several ways:
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O o e RO R )

The symbol D* means the operation of differentiation is

performed twice.

Similarly, the derivative of the second derivative is called the
third derivative and so on.

Thus, if for example y =3x* then,
d—y=12x3’ i d_y =36x", i i Q =72x And so on.
dx dx dx| dx\ dx

The successive derivatives of a function f are higher order
derivatives of the same function.

We denote higher order derivatives of the same function as

follows:
The second derivative is:

d(dy)_d’y_ ., "
)G

The third derivative is:

d [dzyJ_ d3y _fm(X)=ym

E ) dd
And the n” derivative is:

d(dy)_ dy _ wm,\_
dx(dx"‘lJ_dx" =f (x)—y

Example 22

Successive derivatives of y=x" neR
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Example 23

5

dx’

Given y=x*-3x+4. Let us find

y'=4x" -3
y"=12x"
y"=24x
=24

y(5) =0
Thus, y(s) =0

4 5
1. Find 42 if y=4x’ +6x+8 2. Find 22 if y=12x+6
dx* dx’

2 4 2_4
3. Find 42 if y= 21 4. Find 4 i y=2
dx x=2 dx* x+2

214



Elementary Probability

3. Applications of differentiation

Equation of tangent line and normal line

Consider the function f(x)=-x"+3x and the line y =3x passing
through point (0,0).

1. Show that is the intersection of f(x)=-x’+3x and y=3x
2. Find f'(0)
3. Compare the result in 2. And the gradient of the given line.

Tangent line

Remark

The slope of the tangent line of y = f(x) at (x,,/(x,) =)
is given by f"'(x,) = Rann/

X—Xx,
Then, the equation of the tangent line is

T=y=-y,=f"(x)(x=x)

Remember that the function f(x) can have distinct

right-hand and left- hand derivatives at point x,; that is,
F( )= 1)
In this case we say that the point x, is a sharp. The curve

has no tangent line at x,. Centrally, it has a half tangent at
the left and another at the right with different slopes.

See the following figure.
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tan o, = lim M And tane, = lim M
XX X=X XX, X=X,
Normal line

We call normal line to the curve at point (x,,y,)
the perpendicular line to the tangent line of the

curve at point (xo,yo) . Its equation is of the form

(x—x,)

S
N=y Yo f,(xo)

i -1 2 A o ] p— 4 [] ]
T TR
Tangent line
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Example 24

Given the parabola f(x)=x’

a) Find the point where the tangent line is parallel to the
bisector of the first quadrant.
b) Find the tangent line to the curve of this function at point

(2.4
B

a) The bisector of the first quadrant has the equation y=1x, so its
slope is m=1.
Since the two lines are parallel, they have the same slope.

So f'(x,)=1.

Since the slope of the tangent line to the curve is equal to the

derivative at x = x,,

2 2 2
im0 +2xh+h” —x;

h—0 h
2
i 2l
h—0 h

= %’iilg(Zxo +h)
=2x,

1 1Y (1Y 1
But f'(x0)=1:>2x0=l:>x0=5 and y0=f(5j=(_j =_,

Thus, the needed point is [%,%) .

b) The given pointis (2,4), then x, =2, y,=4. f'(x,)=2x,

= /'(2)=4
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The tangent line is

T=y-4=4(x-2)

IT'=y—-4=4x-8

T'=y=4x-4

TEy=4(x—1)
xZ

Normal line

We call normal line to the curve at point (x,,y,), the
perpendicular line to the tangent line of the curve at point

(xo,yo) . Its equation is of the form

N=yn == (aw)

Example 25

Let us determine the equation of the normal line to the curve

with equation y = x> —5x+6 at point with abscissa x=0.
f‘(x)=2x—5, f'(0)=—5, f(0)=6
The equation of normal line is N=y-6= —i(x—O) or

NEy=§x+6
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—5x+6

Rates of change

The purpose here is to remind ourselves one of the more
important applications of derivatives. That is the fact that

S '(x) represents the rate of change of f (x)

If (xo, yo) are points on the graph of y = f (x ) , then we define

m=2"2% {6 be the average rate at which y changes with x
X, —X
over the interval [x0.%].

If y=f(x)and f (x) is differentiable at x,, then we define

d
n :d_y .y, to be the instantaneous rate at which y changes
x
with x = x,

Example 26

For the curve y = x” +1. Let us find the average rate of change
of y with x over the interval [3,5] and the instantaneous rate
of change of y with x at point x=3.

Here x, =3 and x, =5
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2 2
Yo=(3) +1=10,5,=(5)" +1=26

. 26-10 16
So average rate of y over [3,5] Is =53 =?=8. Thus, on
the average y increases 8 units for each unit increase in x

over the interval [3,5].

% = f'(x) =2x, So instantaneous rate of change of y at x=3
X

dy
Is E =3 2x |x=3= 6 .

Thus, at point x =3, y is increasing 6 times as fast as x.

Example 27

Let us find all points where the function f (x) =sinx is not
changing.

This function will not be changing if the rate of change is

zero. Then we need to determine where the derivative is zero.

%:f'(x)zcosx And cosx=0 for x:i%+2kﬂ or simply
X

x:%+k7z- Thus, f(x):sinx is not changing if x=%+k7r
kel

Critical points

We say that x=c is a critical point for the function f (x) if

f(c)exists and if either one of the following is true
e f'(c)=0 Or f'(c)does not exist.

Note that we require that f (c) exists in order for x=c¢ to

actually be a critical point.

This is an important and often overlooked point.

The critical point x =c¢ where f '(c) =0 is called stationary
point of f.
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fx)

\

Example 28

Let us determine all the critical points for the function
f(x) =6x" +33x* =30x° +100

We first need the derivative of the function in order to find
the critical points and so let us get that and notice that we
will factor it as much as possible to make our life easier when

we go to find the critical points.
f'(x)=(6x +33x* =30x> +100)'
=30x" +132x° —90x’
= 6x7 (5x° +22x-15)
=6x (5x—3)(x+5)
Now, our derivative is a polynomial and so will exist

everywhere.

Therefore the only critical points will be those values
of x which make the derivative zero. So, we must solve

6x (5x=3)(x+5)=0

Because this is the factored form of the derivative, it’s
pretty easy to identify the three critical points. They are,

x=—5,x=0,x=é
5
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Example 29

Example 30

Let us determine all the critical points for the function

£(x)=3% (2x-1)

To find the derivative, it’s probably easiest to do a little
simplification before we actually differentiate. Let’s multiply
the root through the parenthesis and simplify as much as
possible.

This will allow us to avoid using the product rule when
taking the derivative.
2 52
f(x):x3 (2x—1):2x3 -x3
Now differentiate

2

2 -1 3 _
f'(x)z?ﬁ—%ﬁ ZIO; 3 21 :10x12
3x3 3x3

We will need to be careful with this problem. When faced

with a negative exponent it is often best to eliminate the
minus sign in the exponent as we did above. This is not
really required but it can make our life easier on occasion if
we do that.

This derivative is zero if numerator is zero. That is,
10x—2=0:>x=%.
But this derivative is not defined at x=0 and so there are

1
two critical points x=0 and x= 5
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)
26(£ —1-6)— (£ +1) (2t -1)
) (#~1-6)
20 =207 12026 +1° =21 +1
(P -1-6)
_ ' —14r+1

(# —t—6)2

Now, we have two issues to deal with. First the derivative

will not exist if there is division by zero in the denominator.
So we need to solve, t* —t—6 =(t—3)(t+2) =0

So, we can see from this that the derivative will not exist at
t=3and?=-2. However, these are not critical points since
the function will also not exist at these points. Recall that
in order for a point to be a critical point the function must
actually exist at that point.

At this point, we have to be careful. The numerator does not
factor, but that does not mean that there are not any critical
points where the derivative is zero. We can use the quadratic
formula on the numerator to determine if the fraction as a
whole is ever zero.

Now, —¢ —14t+1=—(t2+l4t—1)=0<:>12+14t—1=0
A=196+4 =200

_141210\/5 74503
Thus, the critical point are t =-7+ 5v2 and r=-7- 542

Finding absolute extrema

Absolute extrema are the largest and smallest the function
will ever be. To find absolute extrema of function f(x) on

[a,b] follow the following steps:
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a) Verify that the function is continuous on the interval

[a.2]

b) Find all critical points of f (x) that are in the interval

[a,b] . This makes sense if you think about it.
Since we are only interested in what the function is doing
in this interval, we do not care about critical points that
fall outside the interval.

c) Evaluate the function at the critical points found in a)
above and the end points.

d) Identify the absolute extrema.

Example 31

Let us determine the absolute extrema for the following function

f(x)=2x"+3x* ~12x+4On [4,2].

First notice that this is a polynomial and so is continuous
everywhere and in particular is then continuous on the given
interval.

Now, we need to get the derivative so that we can find the
critical points of the function.

f'(x) =6x" +6x—12

= 6(x2 +x- 2)

=6(x+2)(x-1)
It looks like we will have two critical points, x=-2 and
x=1. Note that we actually want something more than just
the critical points. We only want the critical points of the

function that lie in the interval in question. Both of these do
fall in the interval as so we will use both of them.

Now we evaluate the function at the critical points and the
end points of the interval.
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From this list we see that the absolute maximum of f (x) is
24 and it occurs at X =-2(a critical point) and the absolute

minimum of f(x) is -28 which occurs x =-4 (an endpoint).
Finding relative extrema

First derivative test:

Suppose fis continuous at a critical point X ;

a) If /'(x))>0 on an open interval extending left from
and f '(xo) <0 on an open interval extending right from
X, , then f has a relative maximum at x,.

b) If f'(x,)<0 on an open interval extending left from X,
and f'(x,)>0 on an open interval extending right from
X,, then f has a relative minimum at x,.

c) If f'(x) has the same sign (either f'(x,)>0 or 7'(x)<0
) on an open interval extending left and on an open
interval extending right from X,, then f does not have a
relative extremum at X, .

i.e, the relative extrema of a continuous function occur at

those critical points where the first derivative changes sign.

Example 32

5 2
Locate the relative extrema of f'(x)=3x% —15x3

2 SR

f'(x)=5x3 —10x3 =5x3 (x—2)

Since f'(x) does not exist at x=0 but f(0) exists and
f'(x) =0 if x=2, the critical point are 0 and 2. Sign table of

/(%)
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X 0 2
x—2 - - - +
x‘?l i 0 + + +
f'(x) + ” _ 0 +
0

There is a relative maximum at 0 and a relative minimum at 2.

Example 33

Locate the relative extrema of f (x) =x —3x>+3x-1
f(x)=3x" —6x+3=3(x~1)’
Solving for f'(x)=0, yields x=1 as the only critical point.

Since f'(x)=3(x—1)2 >0 for all x, f'(x) does not change
the sign. Thus, no relative extremum exists.

Second derivative test:
Supposethat f(x) istwice differentiableat stationary point x,
a) If f "(xo) >0, then there is a relative minimum at X,

b) If f"(x,)<0, then there is a relative maximum at X,

Note that the second derivative test does not apply if
f "(xo ) — 0

Example 34

Locate and describe the relative extrema of f (x) =x"-2x
f'(x) =4x’ —4x= 4)c(x2 —1) = 4x(x—l)(x+1)

Solving for f '( x) =0, yields the stationary points -1, 0 and 1.

f"(-1)=8>0
£"(0)=-4<0
£"(1)=8>0
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There is a relative maximum at x=0 and there are relative

minimum at x=-1 and x=1.

Extreme value theorem
Suppose that f(x)is continuous on the interval [a,b] then
there are two numbers a <c¢,d <b so that f (C) is an absolute

maximum for the function and /() is an absolute minimum

for the function.

So, if we have a continuous function on an interval [a,b]
then we are guaranteed to have both an absolute maximum
and an absolute minimum for the function somewhere in the
interval. The theorem doesn’t tell us where they will occur
or if they will occur more than once, but atleast it tells us
that they do exist somewhere. Sometimes, all that we need to
know is that they do exist. This theorem doesn’t say anything

about absolute extrema if we aren’t working on an interval.

The requirement that a function be continuous is also
required in order for us to use the theorem.

Example 35

1
Consider the case of f(x) = 2z [—1,1] .

Here’s the graph.

¥ axi

20 A

15 1

10 A

r T T T T ]
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This function is not continuous at x=(0as we move in
towards zero the function is approaching infinity. So, the
function does not have an absolute maximum. Note that
it has an absolute minimum however. In fact the absolute

minimum occurs twice at both x=-land x=1.

1
If we changed the interval a little to say, f(x)= Lz on [5,1}
x

the function would now have both absolute extrema. We
may only run into problems if the interval contains the point
of discontinuity. If it doesn’t, then the theorem will hold.

We should also point out that just because a function is not
continuous at a point, that doesn’t mean that it won’t have
both absolute extrema in an interval that contains that point.

Example 36

Consider the following graph

¥
Abs. Max.

x

<

/

This graph is not continuous at x=c, yet it does have both

an absolute maximum ( at x=5) and an absolute minimum
(at x=c). Also note that, in this case one of the absolute
extrema occurred at the point of discontinuity, but it doesn’t
need to. The absolute minimum could just have easily been
at the other end point or at some other point interior to the
region. The point here is that this graph is not continuous
and yet does have both absolute extrema
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The point of all this is that we need to be careful to only
use the extreme value theorem when the conditions of
the theorem are met and not misinterpret the results if the

conditions are not met.

Note
In order to use the extreme value theorem, we must have
an interval and the function must be continuous on that
interval. If we don’t have an interval and/or the function isn’t
continuous on the interval, then the function may or may not

have absolute extrema.

Fermat’s theorem

If f (x) has a relative extrema at x=cand f '(c)exists then
x =cis a critical point of f (x) In fact, it will be a critical
point such that f'(c) =0.

Note that we can say that J '(C)=Obecause we are also
assuming that f '(C)exists.

This theorem tells us that there is a nice relationship between
relative extrema and critical points. In fact it will allow us
to get a list of all possible relative extrema. Since a relative

extrema must be a critical point, the list of all critical points
will give us a list of all possible relative extrema.

Example 37

Consider the case of f (x) = x”. We saw that this function had a
relative minimum at x = 0 in several earlier examples. So according

to fermat’s theorem x =0 should be a critical point. The derivative

of the function is, f '(x) =2x . Sure enough x =0 is a critical point.

Be careful not to misuse this theorem. It doesn’t say that a
critical point will be a relative extrema. To see this, consider
the following example.
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Example 38

Consider the function f (x) =x’ then f '(x) =3x"
Clearly x=01is a critical point. However this function has no

relative extrema of any kind. So, critical points do not have
to be relative extrema.

Also note that this theorem says nothing about absolute
extrema. An absolute extrema may or may not be a critical

point.

Increasing and decreasing of a function

230

In the previous lines we saw how to use the derivative to
determine the absolute minimum and maximum values of
a function. However, there is a lot more information about
a graph that can be determined from the first derivative of a
function.The main idea we will be looking at here, we will be
identifying all the relative extrema of a function.

We know from our work in previous lines that the first

derivative, f '(x), is the rate of change of the function. We
used this idea to identify where a function was increasing,
decreasing or not changing. Let us see definitions:

Given any x,and X, from an interval i with x, <x,if

f(x1 ) < f(xz)then f(x) is increasing on I.

Given any x,and x, from an interval I with x, <x,if
f(x)> f(x,)then f(x)is decreasing on I.

f{b) > t(a)
whereb > a

b) < f(

(i @) () > f(a)
whereb>a whereb>a
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Now, recall that earlier we constantly used the idea that if
the derivative of a function was positive at a point then the
function was increasing at that point and if the derivative
was negative at a point then the function was decreasing
at that point. We also used the fact that if the derivative of
a function was zero at a point then the function was not
changing at that point. We used these ideas to identify the
intervals in which a function is increasing and decreasing.
This can be summarised in the following fact.

Fact

e If f'(x)>0for every x on some interval i, then f (x)is
increasing on the interval.

« If f'(x)<O0for every x on some interval i, then f(x)is
decreasing on the interval.

o If f '(X)=0for every x on some interval i, then f (x)is
constant on the interval.

Example 39

Let us determine all intervals where the following function is
increasing or decreasing. f(x)=-x’ +§x4 +4—0x3 +5

To determine if the function is increasing or decreasing we
f'(x) =-5x* +10x’ +40x°

will need the derivative. = 52 ( ¥ —2x— 8)

=-5x (x—4)(x+2)

From the factored form of the derivative, we see that we have
three critical points: x=-2, x=0, and x=4. We will need
these in a bit.

We now need to determine where the derivative is positive
and where it’s negative. Since the derivative is a polynomial,
it is continuous and so we know that the only way for it to
change signs is to first go through zero.
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In other words, the only place that the derivative may change
signs is at the critical points of the function. We have now got
another use for critical points. So, we will build sign table of
f '(x), graph the critical points and pick test points from
each region to see if the derivative is positive or negative in
each region.

x —0 2 0 4 1@
f(x) 0 + 0 + 0
o \ // (0) f4) \‘
f[x] f[:—l} /' -
We have

Increase (symbolized by the arrow ):
—2<x<0 and 0<x<4

Decrease (symbolized by the arrow N ):
X <2 and x>

Concavity of a function
In the lines, we saw how we could use the first derivative
of a function to get some information about the graph of
a function. In following lines, we are going to look at the
information that the second derivative of a function can give
us about the graph of a function.

The following figure gives us the idea of concavity
Concave Up, Decreasing Concave Up, Increasing

Concave Down, Decreasing Concave Down, Increasing
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So a function is concave up if it “opens” up and the function
is concave down if it “opens” down. Notice as well that
concavity has nothing to do with increasing or decreasing.
A function can be concave up and either increasing or
decreasing. Similarly, a function can be concave down and

either increasing or decreasing.

Given the function f (x) then

e f (x) Is concave up on an interval i if all of the tangents to

the curve on i are below the graph of f (x)

*  f(x)Is concave down on an interval i if all of the tangents

to the curve on i are above the graph of f (x).

To show that the graphs above do in fact have concavity
claimed above here is the figure again (blown up a little to
make things clearer).

Concave Up, Decreasing Concave Up, Increasing

Concave Down, Decreasing Concave Down, Increasing

So, as you can see, in the two upper graphs all of the tangent
lines sketched in are all below the graph of the function
and these are concave up. In the lower two graphs all the
tangent lines are above the graph of the function and these

are concave down.

There’s one more definition that we need to get out of the
way.
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A point x=cis called an inflection point if the function
is continuous at the point and the concavity of the graph
changes at that point.

Now that we have all the concavity definitions out of the
way, we need to bring the second derivative into the mix.
The following fact relates the second derivative of a function
to its concavity.

Fact
Given the function f (x) then,

o If f"(x)>0 for all x in some interval I then f(x)is
concave up on I.

« If f"(x)<0 for all x in some interval I then f(x)is
concave down on I.

Notice that this fact tells us that a list of possible inflection
points will be those points where the second derivative is
zero or doesn’t exist. Be careful, however, to not make the
assumption that just because the second derivative is zero or
doesn’t exist that the point will be an inflection point.

We will only know that it is an inflection point once we
determine the concavity on both sides of it. It will only be
an inflection point if the concavity is different on both sides
of the point.

Example 40

Let us find where the function f (x) =x"—3x is concave up or
down.

We need the second derivative
f'(x) =3x" - 6x,
f"(x)=6x-6

Sign of f"(x)
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X |

/(%) - 0 *

Thus, f(x) is concave up if x>1 and

f(x) Is concave down if x<1

Rolle’s theorem

Suppose that f (x)is a function that satisfies all of the
following.

e  f (x) Is continuous on the closed interval [a,b] .

*  f(x) Is differentiable on the open interval (a,b).

.+ fla)=1(b).

Then, there is a number ¢ such that a <c <b and f'(C) =0,

Or, in other words f(x)has a critical point in (a,b).

Example 41

Consider the function f (x) =x"—1 on [—1,1]
This function is continuous on [-1,1] and differentiable on
(=L1)
Moreover f(-1)=f(1)=0.
Then from rolle’s theorem, we must get a number ¢ such that
~l<c<1and f'(c)=0.
The first derivative is f'(x)=2xand f'(x)=0 for x=0 and
we see that —-1<0<1.

Mean value theorem

Suppose that f (x)is a function that satisfies both of the
following;

*  f(x) Is continuous on the closed interval [a,b].
«  f(x) Is differentiable on the open interval (a,b).

Then, there is a number ¢ such that a <c¢ <b and

f'(c)=f(bz:£(a)
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Or, £(b)~f(a)=1(c)(ba).
Note that the mean value theorem doesn’t tell us what c is.
It only tells us that there is atleast one number ¢ that will
satisfy the conclusion of the theorem.

Also note thatif f(a)= f(b), we can think of rolle’s theorem
as a special case of the mean value theorem.

Geometrical interpretation of the mean value theorem

First define A= (a,f(a)) and B =(b,f(b))and then we
know from the mean value theorem that there is a ¢ such
f(b)-f(a)

b—a '
Now, if we draw in the secant line connecting a and b

that a <c<band that f'(c)=

then we can know that the slope of the secant line is,
f(b)-f(a)

b—a
Likewise, if we draw in the tangent line to f (x) at x=cwe

know that its slope is f"'(c).

What the mean value theorem tells us is that these two slopes
must be equal or in other words the secant line connecting A

and B and the tangent line at x = cmust be parallel.
We can see this in the following sketch.

y
Tangent Line

f

Secant
Line
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Example 42

Let us determine all the numbers ¢ which satisfy the conclusions of

the mean value theorem for the function f (x) =x +2x>—x on
[-1,2].
There isn’'t really a whole lot to this problem other than to

notice that since f '(x) is a polynomial, it is both continuous
and differentiable (i.E, the derivative exists) on the interval

given.
First derivative, f '(x) =3x" +4x-1

Now, to find the numbers that satisfy the conclusions of the
mean value theorem all we need to do is plug this into the
formula given by the mean value theorem.

<:>3c2+4c—1=$=4 &3 +4c-1=4 <3¢ +4c-5=0

A=16+60=76
_ 44219 _ 2+J19
6 3

Thus, the values of ¢ which satisfy the conclusions of the

mean value theorem for the function f (x) =x"+2x"—x on
[-1,2] is 2+\/_ . The value ﬂ

is not an element of the given interval.

is excluded since it

Let us see a couple of nice facts.

Fact 1
If f'(x)=0for all x in an interval (a,b)then f(x)is constant

n (a,b).
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Fact 2
If f'(x)=g'(x)for all x in an interval (a,b)then in this
interval we have f (x) = g(x)+c where ¢ is a constant.
Note that in both of these facts we are assuming the functions
are continuous and differentiable on the interval [a,b].
L'hopital’s rule
Back on the section of limits, we saw methods for dealing
with the following limits:
x*—16 4x* —5x

lim lim 5
-4 x—4 x>0 | —=3x

In the first limit if we plugged in x=4, we would get 0 and

in the second limit if we plugged in infinity, we would get

o0

= which are the indeterminate forms. In both of these
cases, there are competing interests or rules and it is not
clear which one will win out.

For the two limits above we work them out as follows.

2 _
fim® 16 _ jiy (5 =4)
x—4 x_4 x—4 x_4

=£1E}(x+4)
=8

5

2 4_7

. 4x*—5x . x( x)
ST R
o)

X

4_>

— 15 X

_1@01_3
xZ

In the first case we simply factored, canceled and took the

limit and in the second case we factored out an x?from
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both the numerator and the denominator and took the limit.
Notice as well that none of the competing interests or rules
in these cases won out!

There is another method that can help us to evaluate such
limits and it is called I’hopital’s rule. It tells us that if we

have an indeterminate form % or 2 all we need to do is to
differentiate the numerator and the denominator and then
take the limit.

That is, suppose that we have one of the following cases:

lim f(x) _0 o lirrlM - where a can be any real
x—a g(x) 0 xY—a g(X) +o0
number, infinity or negative infinity.
) )
x—a g(x) x—a g'(x)

Example 43 Example 44
i sinx_OIF lim 5x'—4x*-1_ 5-4-1 :91.
> x o =1 10-x-9x"  10-1-9 0
g S0 _ . (sinx)' L Sx'—dx’ o1 2027 —8x
im =lim
=0 x o x0 x! ol 10-x—9x° =) —1-27x°
=1irr01cosx _20-8
_1 -1-27
__3
7

Unit summary

1. The derivative of a function f ( ) with respect to x is denoted

1=/ (0

by £'(x) and definedas /'(x) = li
that the limit exists.

provided

2. If fis a constant function, say Jf (x):c, for all x, then

4 _d .\
o Ol
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240

10.

11.

12.

If n is any real number, then dix” =nx"" for all x where the
x

powers x" and x"' are defined.
If f is a differentiable function of x, and c is a constant, then

d d
—(ef (%)) =e—-7 ()

Let D(I ,]R) be the set of functions differentiable on 7. If
feD(I,R) and geD(I,]R), then figeD([,R). In

. d df  dg
ddit —(ftg)="-1+-%2
addition dx(f g) dx dx

If fand g are differentiable at x, then so is their product

d df dg

-g d — . = o4+ =
f-g. an dx(fg) o8 fdx
Let D( ],]R) be the set of functions differentiable on

LIf feD(I,R) then ir:‘D(I,R) f #0. Moreover
4 A
Iif
a(1) ar
ax\f) f
If fand g are differentiable at xand if g(x);t 0, then the
o dg
d (ijz gdx fdx

quotient A is differentiable at * ,and — >
g ax\ g g

If feD(I,R) and geD(/,R), then gofeD(IR). In
addition (go f)'=g'(f)f"

Chain rule: %[ fe)]]=rTe(x)]e'(x)

The equation of the tangent line to the curve at point (x,,y,),
is T=y—y,=f"(x)(x—x,)

The normal line to the curve at point (xo, yo)is the
perpendicular line to the tangent line of the curve at point

(x—x,)

1
Vo) It tionisofthefi N=yp—yp =—n—
(x0 yo) sequationisottheform y=>y f'(xo)
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13. If (x,,»,) are points on the graph of y= f(x), then we

=W

define m = to be the average rate at which y changes

X, — X,
with x over the interval [x,,x,]. If y=f(x) and f(x) is
differentiable at x,, then we define n= % |x=x0 to be the
instantaneous rate at which y changes with x, at x,.

14. We say that x =c is a critical point for the function f (x) if
f (c) exists and if either one of the following is true

f'(¢)=0 or
. '(c) does not exist.

15. Extreme Value Theorem: Suppose that f (x) is continuous
on the interval [a,b] then there are two numbers a <c,d <b
so that f (c) is an absolute maximum for the function and
f (d ) is an absolute minimum for the function.

16. Fermat’s Theorem: If f (x) has arelative extrema at x = ¢ and
f '(c) exists then x =c is a critical point of f (x) In fact, it

will be a critical point such that f'(¢)=0.

17. If f'(x)>0 for every x on some interval I, then f(x) is

increasing on the interval.

18. If f'(x)<0 for every x on some interval I, then f(x) is
decreasing on the interval.

If f ‘(x) =0 for every x on some interval I, then f (x) is constant
on the interval

If f "(x) for all x in some interval I then f (x) is concave up on I

If f "(x) for all x in some interval I then f (x) is concave down

on I
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19. Rolle’s Theorem: Suppose that f (x) is a function that
satisfies all of the following:

. f ( x) is continuous on the closed interval [a,b],
] f ( x) is differentiable on the open interval (a,b),
f(a)=71(b)
Then, there is a number ¢ such that a <c<b and f'(C) =0,
20. Mean Value Theorem: Suppose that f (x) is a function that
satisfies both of the following.

e  f (x) is continuous on the closed interval [a,b],

e  f (x) is differentiable on the open interval (a,b)_

\ f(b)-f(a
Then, thereisanumbercsuchthat a < ¢ <b and /(€)= %
. x) 0 . x) &+
21. L'Hopital’s rule: If llmf( ) =— or lim /() == where a
eg(x) 07 oeg(x)  doo
can be any
real number, infinity or negative infinity. Then
lim f(x) =lim / (x)

Revision exercise

1. Write down the derivative of each of the following functions:

a) x* b) 4x’ c) 8x° d) x*—4x+5
2. a) Find equation of the tangent to the curve y=x>—4x-5 at the
point (1,—8)

b) Find the equation of the tangent to the curve y =3x" —4x at the

point where x = 2 .

3. For the function f(x)=3x*-10x+3
a) find the value of f'(x) when f(x)=0

b) find the value of f(x) when f‘(x) =0
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4. Write down the first and the second derivatives of each of the

following:

2
a) 5x-4 b) 3x*—6x-5 ¢ 2x’-5x’+4x+2 d) X' —=
X
5. A ball is thrown vertically into the air so that it reaches a height of

y=19.6t—4.9t* meters in t seconds.

a) Find the time taken and acceleration of the ball at time t seconds.
b) Find the time taken for the ball to reach its highest point.

) How high did the ball rise?

d) At what time(s) would the ball be at half its maximum height?

C

6. The function f (x) =2x"+ax’ +bx has stationary points at
x=-1,x=2. Find the values of the real numbers a and b and sketch

the graph of the function.

7. Find the largest and smallest values of f(x) = x(x— 2)2 for

a) —-1<x<3 b) 0<x<2 ¢ —ESXS
8. Find the rate of change of the area of a square with respect to the
length of its side when the side is 4ft.

9. Find the rate of change of the volume of a sphere (given by

4 . . . . .
V =—nr’) with respect to it radius r when the radius is 2m.

10. Find the intervals of increase and decrease of the following functions

a) f(x)=x"-4x+1 b) f(x)z(x2—4)2 c) f(x):xa(s_x)Z

In Exercises 11-14, find d_y in terms of x and y:

dx
I1. xy—x+2y=1 12. ¥’ +xy=)°
2
13. x3° =2x—y 14, 27V _X* 4
X+y y
In Exercises 15-18, find y', y",y™:
7 6 T
15. y=(3-2x) 16. y= - 17. y=x*-x73
(x=1)

18. yz(x2 +3)\/;
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7.0 Introductory activity

Given two points 4 with coordinates (1,2) and B with
coordinates (-3,1).
i) represent the points 4 and B in the same plane XY
ii) draw arrow from point 4 to point B
iii) find B— 4
objectives

After completing this unit, | will be able to:

Find the norm of a vector.

Calculate the scalar product of two vectors.
Calculate the angle between two vectors.

Apply and transfer the skills of vectors to other area of

knowledge.

1. Euclidian vector space IR?

A vector space (also called a linear space) is a collection of
objects called vectors, which may be added together and
multiplied (“scaled”) by numbers, called scalars in this
context. Scalars are often taken to be real numbers, but there
are also vector spaces with scalar multiplication by complex

numbers, rational numbers, or generally any field.
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Dot product and properties and magnitude of a vector

Activity 1

Evaluate:
a) (1L4)-(3,2) b) (—4,2)-(1,2)
Hint: (a,b)-(c,d)=a-c+b-d

Scalar product and properties

The scalar product or dot product (or sometimes inner
product) is an algebraic operation that takes two coordinate

vectors and returns a single number.

Algebraically, itis the sum of the products of the corresponding

coordinates of the two vectors. That is, the scalar product
of vectors u=(a,,a,) and v= (b,,b,) of plane is defined by
u-v= ab +a,b,

We can illustrate this scalar product in terms of work done

by a force on the body:
Suppose that a person is holding a heavy weight at rest. This

person may say and feel he is doing hard work but in fact
none is being done on the weight in the scientific sense.
Work is done when a force moves its point of application

along the direction of its line of action.

If the constant force F and the displacement S are in the same
direction and we define the work W done by the force on the
body by W=F-S

F
® >

L4

=
-
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Properties of scalar product

Example 1

Notice:

-

a) If u=0 or ;/:0,then u-v=0.
b) If u II; and ﬁ,\: have same direction, then -y >0.

c) If u ||\7 and u,v have opposite direction, then ¥V < 0,

d) ffulv,then u-v=0.

@
~—
<
<
Il
<
<

=
<
—_—
[N}
<
S
S
~—
Il
[N}
<
<
+
S
<
=
—_
N
<
+
S
< |
~—
=
Il
)
<
=
+
S
<
=

©

=
Sy
\Y
S+
=

H

o

We define the square of u tobe u-u= (ﬁ)z
Let u =(2,4) and v (-5,0). Find .5, (1) and (v)?

The scalar product of the vector u = (2,4) and vector
v=(-5,0) is u-v=2(-5)+0=-10
The square of the vector u= (10,4) is

(ﬁ)2 =10(10)+4(4)=100+16=116
(v)?=-5 (-5) +0=25

Two vectors are perpendicular if their scalar product of two

vectors is zero.

Magnitude or modulus of vectors

246

The magnitude of the vector u noted by HﬁH is defined as its

length and is the square root of its square. That is ”& ” = (; )2
o (;)2 Thus if u = (a,b) then Hﬁ” =a’+b’

Note that the notation of absolute value | | is also used for

or [

the magnitude of a vector.
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That is the magnitude of a vector u is also denoted by ‘u‘ :

ya

") N— i
;‘=«,fal+b2

0 a i

Consequences

a) 1f u=0 then [u[=0

b) Hkﬁ” = ||k||Hi; , k is a real number.
Example 2
Find the norm of the The norm is

vector v=(3,4). H;H =\J9+16=5

Example 3

Find the norm of the The norm is

vector u = (-14) HZ{H =J1+16 =417 .
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Exercise 1

1.

Find the norm of

a) u=(-3,4) b) v=(3,1)
Consider the vectors u = (4,5), v= (-3.1) in plane. Find

the norm of vector u and vector v

b) the scalar product of vector u and vector v

Angle between two vectors

VEDD

In xy plane,

1. Draw the vector u =(3,0) with tail at (0,0).

2. Draw another vector v with length 342 such that the angle

between u and vector v will be 6 = 45°

What can you say about the sides of the triangle formed and the
angle 6 7

248

Geometrically, the scalar product of two vectors u =(a,b)
and v= (c,d) of plane is given by u-v= ||;t||||;/||COSt9 Where

0 is the angle between vectors # and v. From this relation,

_uwv a-c+b-d
we have c0sf === or cosf = .
“||V|| N +b* e +d R
We deduce that the angle 8 between two vectors u =(a,b)
and v=(c,d) is given by Hzcosl[ acthd ]
\/az+l)2\/cz+a’2

Where cos™' denote the inverse function of cosine.
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We can illustrate the scalar product in terms of work done
by the force on the body:

If the constant force F and the displacement S are in the

same direction, the work W done by the force on the body
is W=F-S

If the force does not act in the direction in which motion
occurs but an angle to it , then the work done is defined

as the product of the component of the force in the

direction of motion and the displacement in that direction.

W =FScosé
F
g
- Fcosd "
s

Notice

* Two vectors are perpendicular if the angle between them

is a multiple of a right angle.

* Two vectors are parallel and with the same direction if
the angle between them is a multiple of a zero angle.

* Two vectors are parallel and with the opposite direction

if the angle between them is a multiple of a straight angle.
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Example 4

Tdthe angle
between vectors
u= (3,0) and
v=(5,5)

Example 5

Calculate the dot
product and the
angle formed by the
following vectors:

u=(3,4)and
v=(-8,6)

Example 6

Calculate the angles
of the triangle

with vertices:
A=(6,0),B=(3,5)
andC =(—1-1).

250

Let o be the angle between these two
vectors.

1[ 3.540-5 J {\EJ
o = COS = COS —_—
V33 402452 + 5 2

a =45

u-v=3{(-8)+46=0

=cos ™' (0)

=cos ' 0
o [m,/(g)w}

a=90

AB =(-3,5), BA=(3,-5), AC =(-7,~1),

CA=(7,1), BC =(-4,-6), CB=(4,6)

AA—cosl[ AB-AC ]

|4B]}4c]
(3
J(3) 452 (-7) + (1)’

16
V34450

LA ~672

=CoS

=cos™




Example 7

Find the value
of k if the angle

between u = (k,3)
and v= (4,0)is 45°

Exercise 2

Elementary Probability

4
-1
= oS
J504/52
ZC=48.2°
4k
c0s45" = ——no—
Vi? +94/16
N2 4k
2 4K +9
2k
—= < 2k =~24k* +9
2 JK*+9
4k* =2k* +18
K =9= k=13

The value of k is 3 since cos45” must

be positive.

1. Find the angle formed by vectors;

a) u=(506), v=(-14)

by u=(3,5), v=(-156)

2. Given the vectors u = (2,k) and V= (3,-2), calculate the value of k so

that the vectors u and v are:

a) perpendicular.
b) parallel.

c) make an angle of 60°.

Application
In physics,

Vectors are fundamental in the physical sciences. They can

be used to represent any quantity that has magnitude, has

direction, and which adheres to the rules of vector addition.

An example is velocity, the magnitude of which is speed.
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For example, the velocity 7 meters per second upward
could be represented by the vector (0,7). Another quantity
represented by a vector is force, since it has a magnitude and
direction and follows the rules of vector addition. Vectors
also describe many other physical quantities, such as linear
displacement, displacement, linear acceleration, angular
acceleration, linear momentum, and angular momentum.
Other physical vectors, such as the electric and magnetic
field, are represented as a system of vectors at each point of

a physical space; that is, a vector field.

In geography,

Vectors can be used in air plane navigation

Unit summary

252

The vector joining point 4(a,,a,) and B(b,,b,) is given by
AB =(b-a,b,—a,).

The scalar product of vectors u =(a,,a,) and v=(b,b,) of
plane is defined by u-v=ab, +a,b,

The magnitude of the vector « noted by [u| is defined as
o ="+

The angle 6 between two vectors u = (a,b) and v = (c,d) is
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given by g _ 05!
the inverse
function of cosine.

Revision exercise

1. Find the magnitude of the vectors

[ a-c+b-d J Where cos™' denote
\/a2+b2\/c2+d2

a) u=(12,3)
b) v=(-9,4)
c) w=(6,-10)

2. Find the scalar product of vectors

a) u=(1,4) and v=(5,6
b) u=(-10,14) and v=(
3

3. Find the cosine of the angle between the vectors (2, 5) and (-1, 3)
as well as the angle itself (in radians and degrees).

4. Find the angle between

a) a=(3,4) and b=(4,3)
a) Zz=(7,l) and 5:(5,5)

5. Find the value of k if the angle between and is:

a) 90°
b) 0°
c) 45°
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Matrices and
determinants of
order 2

8.0 Introductory activity

A Farmer Kalisa bought 5 Cocks and 4 Rabbits and he paid
35,000 FRW in Ruhango Market, and the following day, he
bought 3 Cocks and 6 Rabbits and he paid 30,000 FRW in the
same Market.

a) Arrange what Kalisa bought according to their types in a
simple table as follows

Cocks Rabits Prics

b) Discuss and explain in your own words how you can
determine the cost of 1 Cocks and 1 Rabbit.

objectives

After completing this unit, | will be able to:

© Define matrices.

© Perform operations on matrices of order 2.
© Determine determinant of matrix.

© Determine the inverse of a matrix of order 2.
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Activity 1

1. Square Matrices of order two

A shop sold 20 cell phones and 31 computers in a particular month.
Another shop sold 45 cell phones and 23 computers in the same
month. Present this information as an array of rows and columns.

A matrix is every set of numbers or terms arranged in a
rectangular shape, forming rows and columns. In square
matrix of order two, the number of rows is equal to the

number of columns equal to 2 and it has the following form;

[au a12]
ay Ay

The elements a,, and a,, constitute the principal diagonal

(or leading diagonal or main diagonal or major diagonal

or primary diagonal) elements a, and a,, constitute the
secondary diagonal (or minor diagonal or antidiagonal or
counterdiagonal)

The subscript of @, means that a is an element in row i and
column j.

Example 1

The following matrix is a square matrix of order two
0‘0‘ Secondary diagonal
0 Q Leading diagonal

* The matrix [1 OJ is said to be the identity (or unit)
matrix. 01

Notice:

0 0
* The matrix [0 Oj is said to be the zero (or null) matrix.
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Notice: Equality of matrices

Two matrices are equal if the elements of the two matrices

that occupy the same position are equal.

a, =b,
It [an alzjz[bn blz),’[hen a, =b,
a dy b, b, a, =b,
a22:b22
4o 3y+2 2 5
A=l pyy ) ond Sy+2=y-3=y=—7
B y=3 2 2x+1=5=>x=2
5 6
are equal. Find the value
of x and y

Exercise 1

Give five examples of matrices of order two.

Operations on matrices

Activity 2

13 4 7 10
Consider the matrices 4 =[ - J and B = (3 p ], find;

10
1. A+3B

9. 24-B

3. Interchange the rows and column of matrix A and matrix B.

Adding matrices

Given two matrices, 4 = (aij

) and B = (bij ), the matrix
sum is defined as: 4 + B = (%- + b,.j) . That is, the resultant
matrix’s elements are obtained by adding the elements of the

two matrices that occupy the same position.
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b, b
If A=(an alz] and B=( a 12J,then
a dy b, by,
A+B=(all a12j+(b11 blzj:(all""bu a12+blzj and
ay Ay b, b, ay +b, ay,+b,
A_Bz(all alzj_(bn blsz[an_bn alz_blzJ
a, a4y b, by, a, —b, a,—b,

Example 3

3 2 1 2
if 4= 11 and B= 4 6 find the sum and the
difference

Properties

1. Closure

The sum of two matrices of order two is another matrix of
order two.

2. Associative
A+ (B+C)=(4+B)+C
3. Additive identity
A+0=4 , Where 0 is the zero-matrix.

4. Additive inverse

A+ (-4) =0
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I'he opposite matrix has each ot i1ts elements cnange sign.

5. Commutative
A+B =B+ 4

Scalar multiplication

Given a matrix, 4 = (al.j), and a real number, k€ IR, the

product of a real number by a matrix is k - 4= (k a,.j)

9 ap
If A= and ¢ R , then
ay Ay

Example 4 m

-3 6 -6 12
-3 6 24=2 =
If 4= , 5 2 10 4
5 2

find 2A
Properties
Let a and b be two matrices of order two and «, f be any real
numbers.
L a(pA)=(apB)4 2. q(A+B)=ad+aB

4. -
3. (a+B)A=ad+pA =4
Multiplying matrices
Two matrices 4 and B of order two can be multiplied together.
The element of the product matrix is obtained by multiplying
every element in row i of matrix 4 by each element of column

j of matrix B and then adding them together.

a. a
If A=[ ! 12) and B:(b“ buj,then

ay Gy by,

4.B= (all a4, j (bll by, j _ (allbll +apb,  a,b, + alzbzzJ
a4y Ay ) \by by ayby, +anb,,  ay b, +ayb,,
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Example 5

[\S)

[a—

if A= 5 and B :[1 lj , find the product AB
A-B:(

3)(2 0
S0
(12431 10431
_[2-2+5-1 2-0+5-1j

()

1. Associative

[\

Properties

A+(B-C) = (4B)-C
2. Multiplicative identity

A I = A Where I is the identity or unit matrix.
3. Not commutative

AB#B-4
4. Distributive

A(B+C)=4B+4C

Example 6

Given the matrices:

2 3
21 1 0
4 5\(2 3 2 3\ (4 5
A-B= . B-A= .
LG ) i
(42451 4:3+5.0 2.4+3.2 2.5+3-1
122411 2-3+41-0 (14402 15401

(13 12 14 13
5 6 a4 s
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Notice:
« If AB=0, it does not necessarily follow that A =00r B=0.
Example 7
2 -1
2
A= #0, B= 1 |#0 But
-2 -4 -5

Commuting matrices
In general the multiplication of matrices is not commutative,

1.E, AB # BA, but we can have the case where two matrices
A and B satisfy 4B = BA. In this case 4 and B are said to be

commuting.

Example 8

. 59 2 3
The matrices 4= 0 , B= 0 1 commute as,

w2
wa=(o 3] oo )

Transpose of matrix

= AB=BA

Given matrix 4, we define the transpose of matrix 4, noted

A', to be another matrix where the elements in the columns
and rows have interchanged. In other words, the rows
become the columns and the columns become the rows. the

t fA—ZI'A’—23F 1
ransposeo = 3 4 1S = 1 4 . ror exampe
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Example 9

Find the transpose of ~ , _ [1’- 1 ]
34

2 3
The transpose is A’ :[l 4] .

Properties of transpose of matrices
a) (4)=4 b) (4 +B)=4+B
¢) (@A) =a- -4 d) (4B)=B -4

Exercise 2

-1 3 6 3
1. If A= and B = , find:
1 1 2 1

a) A+B b) 34-B c) 4B d) 4 e) B’

] x+1 -3 2x—6 -3
2. Given A= and B =
4z+x 3y+4 1 1

If A= Bfind the value of x, y and z and hence find:
a) A b) 4

2. Determinants and inverse of matrices

Activity 3

Find:
110 2—2—4 331 4123
121 13 6 16 8 -2 9
a, a
Hint: | ' ?|=a,a, —a,a,
ay 4y
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Determinants of matrices

Every square matrix, 4 of order two is assigned a particular

scalar quantity called the determinant of 4, denoted by |A|

or by det(A).
|A| _|%
Ay Ay

This determinant is calculated as follows:

ay  dp|
=da; 4y —ayap,
ay Ay
Example 10

‘35

2 —1‘23(_1)_2(5)=—3—10=_13

Properties of the determinants of matrices

1. The determinant of matrix 4 and its transpose A’ are equal.

A= |4
Example 11
Let A=(_7 8j then 4 =(_7 9} and |A|= A'|=-65
9 -1 8 -1
2. |4= 0 if:

* It has two equal lines

Example 12

15 - -

Let 4= then |A|=15 5:0
IS =5 15 -5

Since the first and second rows are equal.

¢ All elements of a line are zero.
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Example 13

-8 6 -8 6
Let A= then |A| = =0
0 O 0 O

Since all elements of the second row are zero.

¢ The elements of a line are a linear combination of the
other.

Example 14

3 2 3 2
Letzﬁl=(6 4j then |A|=‘6 4‘:0

Since the second row is a multiple of the first row.

3. If a determinant switches two parallel rows or columns, its
determinant changes sign.

Example 15

23
Let A= L ,then|A|=

2 3 3 1 2
1 2 |2 3
Since the two rows have been switched

4. If a determinant is multiplied by a real number, any row or
column can be multiplied by the above mentioned number,
but only one.

Example 16

2 1
Let 4 =[1 2) , we can find 2|4| as follows:

21| 2212 |42
24|=2[" _|= =" |=8-2=6
12 |1 2

12
21| 21| |41

or 2|4|=2|" |= =|. |=8-2=6
12 12 2] 22
21| 212| |22

or 2|4|=2|" |= =" 1=8-2=6
12 1 22 1 4
21| |2 1] |21

or 2|d|=2|" |= = |=8-2=6
12 1222 |24
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5. The determinant of a product equals the product of the
determinants.

[4B] =|4l{5]

Example 17

1 2 3 6
Let A= and B =
1 1 0 4

eal o G

At

114 2. |B] 3. |48 4.

Matrix inverse

Activity 4

For the following matrix, interchange the elements of the leading
diagonal; change the signs of the elements of the other diagonal,
divide by the determinant of the matrix and give the result

10 2
A=
(6 )

Multiply your result with the orginal (the given) matrix. What is
your observation from that product?
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Calculating matrix inverse of matrix 4, is to find matrix 4™
such that,
A-A"'= A" 4 = I, Where [ is the identity matrix.

Consider the following matrix
a c

A=
™

d -
The inverse of 4is 4™ = ! ¢
detA\-b a

If detA=0 (i.e the determinant is zero) the matrix has no

inverse and is said to be a singular matrix.

Example 18 m

Find the inverse of detA=1-0=1

SIS P P

Example 19 m

Find the inverse of detA=6-6=0

1 3
A=(2 6} Since the determinant is zero,

the given matrix has no inverse.

Properties of the inverse matrix

1. (4-B)'= B4 2. (47) =4

-1

(A aa e ()= (4)

Exercise 4

-1 -3 6 3
If 4= and B = , find;
1 1 2 1

Lo4" 2. B' 3 (4B)' 4 (4) 5 (4B)
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Solving simultaneous equations

@ Activity 5

Express the following simultaneous equations in matrix form

3x+y=9 ) x-y=19
x—y=0 x+y=10
Consider the following system
ax+by=c
a'x+b'y=c'

To solve this system by matrix method, first, we express the
equations in matrix form as follows:

o 206

a b
We multiply both sides by the inverse of | | and then
a

e ) b'

Example 20

4x—y=1
—2x+3y=12

Solve the simultaneous equation { by matrix

method.

dx—-y=1 4 -1)\(x 1
Pt =
—2x+3y =12 -2 3 )y 12

: f[“—lJ, 13 1) 1(3 1
nverseotl2 3 )% %02 4) 1002 4

Then we have

s el )

Thus, x=1.5 and y=5
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Exercise 5

Solve the following simultaneous equation by matrix method;

1 2x—-y=2 ) x+y=4
x+3y=15 -x—-y=—-4

3 3x+3y=6 n 3x-y=6
x—y=0 2x+4y=4

Unit summary

1. A matrix is every set of numbers or terms arranged in a
rectangular shape, forming rows and columns.

2. Two matrices are equal if the elements of the two matrices
that occupy the same position are equal.

3. Given two matrices, 4 = (al.j) and B = (b,.j), the matrix

sum is defined as: 4 + B = (al.j+ by)

4. Two matrices A and B of order two can be multiplied together.
The element of the product matrix is obtained by multiplying
every element in row i of matrix A by each element of column

j of matrix B and then adding them together.

5. Given matrix A, we define the transpose of matrix A, noted

A', to be another matrix where the elements in the columns

and rows have switched.

6. The determinant is of order two

Ay A B
=a;dy, —ayap,

a dy

7. The i TV e I S
. e 1mverse o = b d 1S _detA _h a

If det 4 (i.e the determinant is zero) the matrix has no inverse

and is said to be a singular matrix.
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8. Consider the following system

ax+by=c
a'x+b'y=c'

To solve this system by matrix method we set

e

Revision exercise

1. Find the value of x and y in each of the following matrix equations;
3 -5 1 4 6
a) + M=
2 x 3 2 5 2
3 1 7 3
by |2 T Y=
5 4)\2 3 13 7
2 1) (3 2y (2 7
x 34 3) (3 y

3 2
2. If 4= ( 4 J, find the values of m and n given that 4> = mA + nl where

c)

1 is the identity matrix.
. . . x> 3 3 6
3. Findthe possible values x can make given that 4 = U3l B= 5
and AB=BA * ¥
4. Solve the following simultaneous equations by matrix method:
x—-y=35
3x+2y=5

~3y=3
p) 77
5x-9y=11

x+3y=1
c)
2x—-4y=1
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9.0 Introductory activity

1. During 6 consecutive days, a fruit-seller has recorded the

number of fruits sold per type.

The table below shows the types and the number of sold

fruits in one week.

Type of fruit | A B(Orange) | C(Pineple) | D(Avocado) | E(Mango) | F(apple)
(Banana)

Number of | 1100 962 1080 1200 884 900

fruits sold

a) Which type of fruits had the highest number of fruits

sold?

Which type of fruits had the least number of fruits sold?

c) What was the total number of fruits sold that week?

Find out the average number of fruits sold per day.

2. During the welcome test of Mathematics out of 10 ,

student-teachers of year one SME scored the following

marks: 3, 5,6,3,8,7,8,4,8 and 6.
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a) Determine the mean mark of the class.
b) What is the mark that was obtained by many students?

c¢) Compare and discuss about the mean mark of the class
and the mark for every student-teacher. What advice
could you give to the Mathematics tutor?
Ojectives

After completing this unit, | will be able to:

© Determine the measures of dispersion of a given
statistical series.

© Apply and explain the standard deviation as the
more convenient measure of the variability in the
interpretation of data.

© Express the coefficient of variation as a measure of the
spread of a set of data as a proportion of its mean.

1. Variance

Activity 1

Complete the following table if x=16.875

x s x| F) | AR
12 4
13 2
15 1
19 4
21 5
D f= Zf(x—;)2 =

Variance measures how far a set of numbers is spread out.
A variance of zero indicates that all the values are identical.

Variance is always non-negative: a small variance indicates

270




Elementary Probability

that the data points tend to be very close to the mean and
hence to each other, while a high variance indicates that the
data points are very spread out around the mean and from
each other.

The variance is denoted and defined by:

n

N z(x )

n
Developing this formula, we have

> -2xx(3))

2 i=1
o" =+

n

n

=%ZZ:‘xf —%ﬁgxi +%(})2 >
=23t 2 (x)
- %Zx (%)
Thus, the variance is also defined by:
o =lz ~(3)

Recall that the mean of the set of n values x,,x,,x,,...,x, is

denoted and defined by:
SonAn ANty
n
_\XN
i=1 n
1 n
= — xi
nio

Example 1

Calculate the variance of the following distribution: 9, 3, 8,
8,9,8,9, 18
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- 9+3+8+8+9+8+9+18
x= =9
8
o _(9-9) +(3-9) +(8-9) +(8-9) +(9-9) +(8-9) +(9-9) +(18-9) _
- . -
Example 2

Calculate the variance of the distribution of the following
grouped data:

Class | [10,20[ | [20,30[ | [30,40[ | [40,50[ | [50,60[ | [60,70[ ' [70,80]

Frequency 1 8 10 9 8 4 2
BT
Class X f xf X2 x*
[10,20[ | 15 1 15 225 225
[20,30[ | 25 8 200 625 5000
[3040[ | 35 10 350 1225 12250
[40,50[ | 45 9 405 2025 18225
[50,60[ | 55 8 440 3025 24200
[60,70[ | 65 4 260 4225 16900
[70.80 | 75 2 150 5625 11250
Dx=42 | Y xf=1820 | D x7=16975 | > x’f =88050
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errcise 1

Find the variance of the following set of data:
1. 1,3,2,1,2,5,4,0,2,6 2. 3,2,1,5,4,6,0,4,7,8

3. 1,5,6,7,6,4,2,6,3 4. 5,4,5,5,4,5,4,4,5,3
5. 8,7,6,8,6,5,6,4,1

2. Standard deviation

Activity 2

Complete the following table

x f X Jx i
3 2
4 3
5 5
7 1
9 6
3/- Sh- -

The standard deviation has the same dimension as the data,
and hence is comparable to deviations from the mean. We
define the standard deviation to be the square root of the

variance.

Thus, the standard deviation is denoted and defined by;

The above results are used for the grouped data where x; is

the mid-interval value for the i group.

The following results follow directly from the definitions of

mean and standard deviation:
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*  When all the data values are multiplied by a constant a,
the new mean and new standard deviation are equal to a

times the original mean and standard deviation. That is,

the mean of ax,,ax,,ax;,...,ax,is a(x) and the standard

deviation is 90 .

*  When a constant value, b, is added to all data values, then
new mean is increased by b) However standard deviation
does not change. That is, the mean of ax,,ax,,ax,,...,ax, is

T4b and the standard deviation is o .

Example 3

The six runners in a 200 meter race clocked times (in seconds)
of 24.2, 23.7, 25.0, 23.7, 24.0, 24.6

a) Find the mean and standard deviation of these times.

b) Thesereadings were found to be 10% too low due to faulty
timekeeping. Write down the new mean and standard

deviation.

a) x= 242+23.7+25.0+23.7+24.0+24.6
6

=24.2 seconds

\/(24.2 ~24.2) +(23.7-242)" +(25.0-242)" +(23.7-24.2) +(24.0-24.2)" +(24.6-24.2)
0=
6
=0.473 seconds

b) We must divide each term 0.9 to find the correct time.

The new mean is ;=%=26.9 sec. The new standard

0.4726 =0.525 sec

deviation is o =
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The method which uses the formula for the standard
deviation is not necessarily the most efficient. Consider the
following:

variance =

= Zx2 —~2x nx +(;)2—1 (since xisa constant)

n n
:% @ =2(x) +(x)
% (%)

The heights (in meters) of six children are 1.42, 1.35, 1.37,
1.50, 1.38 and 1.30. Calculate the mean height and the
standard deviation of the heights.

Mean = %(1.42+ 1.35+1.37+1.50+1.38 +1.30) =139 m

Variance = %(1.422 +1.35% +1.37> +1.50° + 1.38% +1.30° ) ~1.39°
=0.00386 m>

Standard deviation =+/0.00386 m* =0.0621 m
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Example 5

The number of customers served lunch in a restaurant over a
period of 60 days is as follows:

Number of customers Number of days in the 60-
served lunch day period
20-29 6
30-39 12
40-49 16
50-59 14
60-69 8
70-79 4

Find the mean and standard deviation of the number of
customers served lunch using this grouped data.

We need the mid-interval values for all groups

Groups Mid-interval values | Frequency o f,-x~2
(x) ")
20-29 24.5 6 147 3601.5
30-39 34.5 12 414 14283.0
40-49 44.5 16 712 31684.0
50-59 54.5 14 763 41583.5
60-69 64.5 8 516 33282.0
70-79 74.5 4 298 22201.0
Y =60 | > =2850 | ) =146635
The mean is y = 2850 =475

146635

The standard deviation is © =\/ -47.5* =13.7

lercise 2

Find the standard deviation of the following set of data
1. 202,205,207,203,205,206,207,209

2. 1009,1011,1008,1007,1012,1010,106
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3. 154,158,157,156,155,154,159
4. 7804,7806,7805,7807,7808
5. 56,54,55,59,58,57,55

3. Coefficient of variation

Activity 3

Complete the following table

Where:

x / . S 5
10 10
14 2
16 14
18 8
20 6
= Y= Y=

The coefficient of variation measures variability in relation
to the mean (or average) and is used to compare the relative
dispersion in one type of data with the relative dispersion in
another type of data. It allows us to compare the dispersions
of two different distributions if their means are positive. The
greater dispersion corresponds to the value of the coefficient
of greater variation.

The coefficient of variation is a calculation built on other

calculations: the standard deviation and the mean as follows:

Cv:gxlOO
X

e O jsthe standard deviation.

* x is the mean.
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Example 6

One data series has a mean of 140 and standard deviation
28.28. The second data series has a mean of 150 and standard
deviation 24. Which of the two has a greater dispersion?

v, = 2828100 =20.2%
140

v, =22 4100 =16%
150

The first data series has a higher dispersion.

lercise 3

Find the coefficient of variation of the following set of data
1. 2,9,8,4,7,3,2 2. 12,11,9,8,6,10,7,9

3. 5,9,8,6,0,10,8,3,14 4. 8,10,7,11,6,12,9
5. 7,6,0,9,6,12,12,9,8,6

4. Applications

A large standard deviation indicates that the data points can

spread far from the mean and a small standard deviation

indicates that they are clustered closely around the mean.

Standard deviation is often used to compare real-world data
against a model to test the model.

Example 7

In industrial applications, the weight of products coming
off a production line may need to legally be some value. By
weighing some fraction of the products an average weight
can be found, which will always be slightly different from
the long term average. By using standard deviations, a

minimum and maximum value can be calculated that the
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averaged weight will be within some very high percentage of
the time (99.9% or more). If it falls outside the range then the

production process may need to be corrected.

Example 8

Consider the average daily maximum temperatures for
two cities, one inland and one on the coast. It is helpful to
understand that the range of daily maximum temperatures
for cities near the coast is smaller than for cities inland.
Thus, while these two cities may each have the same average
maximum temperature, the standard deviation of the daily
maximum temperature for the coastal city will be less than
that of the inland city as on any particular day, the actual
maximum temperature is more likely to be farther from the
average maximum temperature for the inland city than for

the coastal one.

In finance, standard deviation is often used as a measure of
the risk associated with price-fluctuations of a given asset
(stocks, bonds, property, etc.), or the risk of a portfolio of
assets, Standard deviation provides a quantified estimate of
the uncertainty of future returns.

Unit summary

1. Variance measures how far a set of numbers is spread out.
The variance is denoted and defined by

n —_—

>3]

0_2 — _i=l

n

2. The standard deviation has the same dimension as the
data, and hence is comparable to deviations from the mean.
We define the standard deviation to be the square root of
the variance. Thus, the standard deviation is denoted and
defined by
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Revision exercise

1.

280

The coefficient of variation measures variability in relation
to the mean (or average) and is used to compare the relative
dispersion in one type of data with the relative dispersion in
another type of data. The coefficient of variation is

Cv=2x100
X
Application

A large standard deviation indicates that the data points can
spread far from the mean and a small standard deviation
indicates that they are clustered closely around the mean.
Standard deviation is often used to compare real-world data
against a model to test the model. Standard deviation is
often used as a measure of the risk associated with price-
fluctuations of a given asset (stocks, bonds, property, etc.), or
the risk of a portfolio of assets. Standard deviation provides a
quantified estimate of the uncertainty of future returns.

The mean of 200 items was 50. Later on it was discovered that two

items were misread as 92 and 8 instead of 192 and 88. Find the

correct mean.

Calculate the mean and standard deviation of the following series:

X

1-10 11-20 | 21-30 | 31-40 | 41-50 | 51-60

Frequency 3 16 26 31 16 8

Find the mean of:

a) 6,10,4,13,11,9,1,6,12 b) 193, 195, 202, 190, 189, 195
Find the mean and standard deviation of 25.2, 22.8, 22.1, 25.3, 24.6,
25.0, 24.3 and 22.7.




6. The mean of the numbers 12, 18, 21, ¢, 13 is 17. Find the value of c.

7. The mean of 4 numbers is 5, and the mean of 3 different numbers is

10.

11.

12.

13.

14.

Elementary Probability

The mean height of a group of 5 people is h=155 cm and the

standard deviation of their heights is 5 cm.
a) Calculate ) /4 and Dk for this data,

b) If an extra person of height 165 c¢m is added to the group, calculate
the new mean and standard deviation of the heights.

12. What is the mean of the 7 numbers together?
The mean of » numbers is 5. If the number 13 is now included with
the » numbers, the new mean is 6. Find the value of »n.

. - 2 .
The mean and variance of x,,x,,x;,...,x, are x and o~ respectively.

State the mean and variance of 2-3x,,2-3x,,2-3x;,...,2—3x, .

The mean daily maximum temperature at a fixed location for the
month of January was 22°C and the standard deviation of these

daily maxima was 2°C.
For the following February which was not a leap year, the mean

and standard deviation was 4°C. Calculate the mean and standard
deviation of the daily maximum temperatures for the two months
combined.

If the mean of the following frequency distribution is 3.66, find the

value of a
X 1 2 3 4
Frequency 3 9 a 11 8 7

—\2
For a set of 9 numbers Z(x—x) =234 . Find the standard deviation
of the numbers.

—\2
For a set of 9 numbers Z(x—x) =60 and Y, x* =285, Find the

mean of the numbers.

The mean of the numbers 3, 6, 7, a, 14 is 8. Find the standard

deviation of the set of numbers.
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282

15.

16.

17.

18.

19

Twenty values of a random variable have a mean of 15 and a
variance of 1.5. Another thirty values of the same random variable
have a mean of 14 and a variance of 1.4. Find the mean and
variance of the combined fifty values.

Twenty values of a random variable have a mean value of 12.5 and
a variance of 1.35. If two more values are added to the original 20
the mean remains at 12.5 but the variance is increased by 0.082.
Find the values added.

Using the mean and standard of numbers 3, 5, 6, 8 and 10, find the
mean and standard deviation of each of the following numbers:

a) 6,8,9,11, 13

b) 9, 15, 18, 24, 30

c) 2.7,4.5,5.4,7.2,9.0

Find the mean and standard deviation of the numbers containing numbers

which are 5% higher than those in original numbers.

The mean of 10 numbers is 8. If an eleventh number is now
included in the results, the mean becomes 9. What is the value of
the eleventh number?

The numbers a, b, 8, 5, 7 have a mean of 6 and a variance of 2. Find

the value of a and b, if a>b.
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10.0 Introductory activity

1. Use the library or the internet to search on counting
techniques used to determine outcomes for different
random experiments.

2. There are 2 roads joining A and B and 3 roads joining B
and C. Write down different roads from A to C via B. How
many are they?

A B C
BI CI

C2

A B2 C3

3. When a card is selected from an ordinary deck of 52 cards,
one assumes that the deck has been shuffled, and each
card has the same chance of being selected. Let A be the
event of selecting a black card,

a) If n is the number of black cards in the pack, what is the

value of n?

b) Calculate the value P(4)= n

number of all cards
c) If P(A) is the probability of electing a black card, deduce

the definition of probability for any event E.
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objectives

After completing this unit, | will be able to:

solve problems involving factorial notation,

determine the number of permutations of n different
objects taken r at a time,

determine the number of permutations of n different
objects,

determine the number of permutations of n different
objects taken r at a time for a given condition,
determine the number of combinations of r objects
chosen from n different objects,

determine the number of combinations of r objects
chosen from n different objects for a given condition,
use properties of combinations for finding coefficients in
Pascal’s triangle,

solve problems involving permutations and
combinations,

find probability of events,

determine probability of an equiprobable sample space

1. Permutations and arrangements
Activity 1

1. There are 4 roads joining A and B and 3 roads joining B and C.

Write down different roads from A to C via B. How many are they?

A B C
Bl C1
— B, 4 C,
A
B3 C3
B4

284




Elementary Probability

c) Toss simultaneously a coin with two sides H and T and a

die with six sides 1 through 6, write down different possible

outcomes that can appear. How many are they?

. . Outcome
Observation Observation .
Number of . . after tossing
. after tossinga | after tossing a .
activity . . a coin and a
coin die .
die
1
2
3
4

<

Total number
of different
possible
observations

Combinatorial analysis is a mathematical theory of counting.
Many problems in probability can be solved by simply
counting the number of different ways in which a certain
event can occur.

Principle of counting
Some terms:
Experiment: any human activity, like tossing a die.
Trial: small experiment contained in a large experiment.
For example, tossing simultaneously a coin and a die may
be regarded as an experiment consisting of two smaller
experiments, tossinga coin (experiment 1) followed by tossing
a die (experiment 2). Here experiment 1 and experiment 2
are called trials.
Outcome called event: a result of an experiment, like 4 point
on a side of a die.

Example 1

For example, tossing simultaneously a coin and a die may
be regarded as an experiment consisting of two smaller
experiments, tossinga coin (experiment 1) followed by tossing
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Notice:

a die (experiment 2). Here experiment 1 and experiment 2
are trials. Point on a side of a die is an outcome.

Die (plural dice): small cube of plastic, ivory, bone, or wood,
marked on each side with one to six sports, usually used in
pairs in games of chance.

A die

Successive experiments

Example 2

Example 3

286

Basic product principle of counting

“If experiment 1 has m possible outcomes and if for each
outcome of experiment 1, experiment 2 has n possible
outcomes, then an experiment of performing experiment 1
and experiment 2 simultaneously, called experiment 1 and
2, has mxn possible outcomes.”

In tossing simultaneously a coin with two sides a and b and a
die with six sides 1 through 6, how many possible outcomes
will appear?

The tossing may be regarded as an experiment (experiment
1 & 2) consisting of two smaller experiments, tossing a coin
(experiment 1) followed by tossing a die (experiment 2).
Experiment 1 has 2 outcomes.

Experiment 2 has 6 outcomes.

So experiment 1 & 2 has 2x6 =12 outcomes.

There are 5 roads joining A and B and 3 roads joining B and
C how many different roads from A to C via B?
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Here;
From A to B we have 5 roads.
From B to C we have 3 roads.
Thus, the number of roads from A to C via B is
3x5=15

Generalized product principle of counting
“If experiments 1 through £ have n, through », outcomes,
respectively, then the experiment 1, 2, 3 ... and £ has
n,xn, x...xn, outcomes.”
Note that this multiplication rule only applies when the
experiments are independent, i.E, the choice made for one
experiment does not affect the choice made for any of other
experiments.

Example 4

A man has three choices of the way in which he travels
to work; he can walk, go by car or go by train. How many
different ways can he arrange his travel for the five working
days in a week?

This man has 3 choices on Monday: walk, car or train

3 Choices on Tuesday: walk, car or train
Similarly on Wednesday, Thursday and Friday he has 3
choices.
Then there are 5 successive operations, each of which can be
performed in 3 ways. Thus, the total number of choices he
has is 3x3x3x3x3 =243 choices.

Example 5

A car license plate is to contain three letters of the alphabet,
the first of which must ber, s, t or u, followed by three decimal
digits. How many different license plates are possible?

The first letter can be chosen in 4 different ways, the second
and third letters in 26 different ways each, and each of the
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three digits can be chosen in ten ways.
Hence there are 4x26x26x10x10x10 = 2,704,000 possible
plates.

Exercise 1

1. There are 4 roads joining A and B and 5 roads joining B and C.
How many different roads from A to C via B?

2. A car license plate is to contain two letters of the alphabet, the
first of which must be A or B, followed by 6 decimal digits. How
many different license plates are possible?

Permutations

Activity 2

Consider three letters A, B and C written in a row, one after
another.

* Form all possible different words from three letters A, B and C
(not necessarily sensible).

In fact, each arrangement is a possible permutation of the letters
A, B and C; for example ABC, ACB,...

* How many arrangements are they possible for three letters A, B
and C?

How to calculate the number of permutations without having to

list them all

From different arrangement of three letters a, b and ¢, the
first letter to be written down can be chosen in 3 ways. The
second letter can then be chosen in 2 ways because there
are 2 remaining letters to be written down and the third
letter can be chosen in 1 way because it is only one letter
remaining to be written down. Thus, the three operations
can be performed in 3x2x1=6 ways.

This suggests the following fact:
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Fact: Permutations of n objects

The number of different permutations of » different objects
(unlike objects) in a row is
nx(n—l)x(n—2)><(n—3)><...><2><1

A useful short hand of writing this operation is n! (read n
factorial). Then, n!=nx(n—l)x(n—2)><(n—3)><...><2><1
Thus, 1!=1, 2!1=2x1=2,3!=3x2x1=6,4!=4x3x2x1=24
51=5%x4x3%x2x1=120 and so on.

Note that 0!=1

Example 6

|
6!  6x5x4x3x2x1 _15

a 7! Tx6x5x4x3x2x1
2140 2x1x4x3x2x1

b) =
4121 4x3x2x1x2x1

=105

Example 7
Five children are to be seated on a bench. In how many ways
can they be seated? How many arrangements are they, if the
youngest child has to sit at the left end of the bench?
~ Since there are five children, the first child can be chosen in
5 ways, the next child in 4 ways, the next in 3 ways, the next
in 2 ways and the last in 1 way. Then, the number of ways is
51=5x4x3%x2x1=120"
Now, if the youngest child has to sit at the left end of the bench,
this place can be filled in only 1 way. The next child can then
be chosen in 4 ways, the next in 3 ways and so on. Thus, the
number of total arrangement is 1x4!=1x4x3x2x1=24.

Example 8

Three different mathematics books and five other books are

to be arranged on a bookshelf. Find:

a) the number of possible arrangements of the books.

b) the number of possible arrangements if the three
mathematics books must be kept together.

We have 8 books altogether.

a) since we have 8 books altogether, the first book can be
chosen in 8 ways, the next in 7 ways, the next in 6 ways
and so on. Thus, the total arrangement is 8!=40,320.
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b) since the 3 mathematics books have to be together,
consider these bound together as one book. There are

now 6 books to be arranged and these can be performed
in 6!=720.

Note that we have taken the three mathematics books as one
book; these three books can be arranged in 3!=6 ways.

Thus, the total number of arrangements is 720x 6 = 4,320.
Exercise 2

1. Four different English books, five different Biology books and
ten other books are to be arranged on a bookshelf. Find

a) the number of possible arrangements of the books.

b) the number of possible arrangements if the three Biology
books must be kept together?

2. Simplify
| 10!
a 3 by 298
21 617!

Permutations of indistinguishable objects

Activity 3

Consider the arrangements of four letters in the word “BOOM”.
* Write down all possible different arrangements.

* How many arrangements are they possible of four letters in the
word “BOOM”?

In the same way,

* Write down all possible different arrangements of five letters in
the word “CLASS”.

* How many arrangements are they possible of five letters in the
word “CLASS”?

Consider the arrangements of six letters in the word “avatar”

(a title used for the movie).

We see that there are three A’s (or 3 alike letters).

* Let the three A’s in the word be distinguished as A;, 4
and A4 respectively. Then all the six letters are different,
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so the number of permutations of them (called labeled
permutations) is n!=6!.

* However, consider each of the real permutations without
distinguishing the three A’s, for example W=RATAVA.

* The following are all of the 6 (=3!) Labeled permutations
among the 6! Ones, which come from permuting the three
labeled a’s in W=RATAVA:

RA,TA,VA,;,RA TA,VA,,RA, TA VA,, RA,TA,VA,,RA,TA VA,,RA;TA,VA,

* All these six labeled permutations should be considered
as an identical real permutation, which is W=RATAVA.
Since each real permutation has six of such labeled
permutations coming from the three A’s, we conclude
that the desired number of real permutations is just
6! 6x5x4x3!

—= =6x5x4=120
3! 3!

This suggests the following fact:
Fact: permutations of indistinguishable objects

The number of different permutations of n objects with n,
n!
alike, n, alike, ..., is BEr—
nln,!...
Note that alike means that the objects in a group are

indistinguishable from one another.

Example 9

How many distinguishable six digit numbers can be formed
from the digits 5, 4, 8, 4, 5, 4?

There are 6 letters in total with three 5’s and two 4’s. Thus,
!
we have ot = 720 =60 numbers
312012

Example 10

How many arrangements can be made from the letters of the
word TERRITORY?
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There are 9 letters in total with three R’s and two T’s.

9! 362880
Thus, we have 32 12 30,240 arrangements.

Example 11

In how many different ways can 4 identical red balls, 3
identical green balls and a yellow ball be arranged in a row?

There are 8 balls in total with 4 red, 3 green and one yellow.

8! 8xT7x6x5

Thus, we have =
413! 3x2x1

=280 ways

Exercise 3
1. How many arrangements can be made from the letters of the
word ENGLISH?

2. How many arrangements can be made from the letters of English
alphabet?

3. In how many ways can 4 red, 3 yellow and 2 green discs be

arranged in a row, if discs of the same color are indistinguishable?

Circular arrangements

) e

Take 5 different note books

e Put them on a circular table

* Fix one note book

* Try to interchange other 4 note books as possible

* How many different way obtained?

Remember that there is one note book will not change it place.

We have seen that if we wish to arrange » different things in
a row, we have n! possible arrangements. Suppose that we
wish to arrange » things around a circular table. The number
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of possible arrangements will no longer be n! because there
is now no distinction between certain arrangements that
were distinct when written in a row.

For example A B C D E is different arrangement from E A B
CD, but

is not a different arrangement from

D C

With circular arrangement of this type, it is the relative
positions of the items being arranged which is important.
One item can therefore be fixed and the remaining items
arranged around it.

The number of arrangements of n unlike things in a circle
will therefore be (n—l)!. In those cases where clockwise
and anticlockwise arrangements are not considered to be

different, this reduces to %(n ~1).

Example 12

Four men Peter, Rogers, Smith and Thomas are to be seated at a

circular table. In how many ways can this be done?

Suppose peter is seated at some particular place. The seats
on his left can be filled in 3 ways, the next seat can then be
filled in 2 ways and the remaining seat in 1 way.

Thus, total number of arrangements is gzg -6 .

Example 13

Nine beads, all of different colors are to be arranged on a
circular wire. Two arrangements are not considered to be
different if they appear the same when the ring is turned
over. How many different possible arrangements are there?
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When the ring is turned over, the arrangements

A A
I B
B I
H would appear as C
G C D H
E D E G

When viewed from one side, these arrangements are only
different in that one is a clockwise arrangement and the other
is anticlockwise. If one bead is fixed, there are (9—1)!=8!
ways of arranging the remaining beads relative to the fixed
one.

But, half of these arrangements will appear the same as the
other half when the ring is turned over, because for every

clockwise arrangement there is a similar anticlockwise

arrangement. Hence, number of arrangements is %8! =20160
Exercise 4

1. Five men Eric, Peter, John, Smith and Thomas are to be seated at
a circular table. In how many ways can this be done?

2. Eleven different books are placed on a circular table. In how
many ways can this be done?

Mutually exclusive situation

Activity 5

When you go to a restaurant you will be asked if you wish to have a
soup or juice. Will you pick one, the other or both?

Two experiments 1 and 2 are mutually exclusive, if when
experiment 1 occurs, experiment 2 cannot occur. Likewise, if
experiment 2 occurs, experiment 1 cannot occur.
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Basic sum principle of counting
In such cases, the number of permutations of either
experiment 1 or experiment 2 occuring can be obtained by
adding the number of permutations of experiment 1 to the
number of permutations of experiment 2.
This suggests the following result:
“If experiment 1 has m possible outcomes and if experiment
2 has n possible outcomes, then an experiment which might
be experiment 1 or experiment 2, called experiment 1 or 2,
has m+n possible outcomes.”

Example 14

In tossing an object which might be a coin (with two sides
h and t) or a die (with six sides 1 through 6), how many
possible outcomes will appear?

* The experiment may be t

* Tossing a coin (experiment 1) or tossing a die (experiment
2), or just experiment 1 or 2.

* So the number of outcomes is 2+6 =38 according to the
above basic sum principle of counting.

Example 15

How many different four digit numbers, end in a 3 or a 4, can
be formed from the figures 3,4,5,6 if each figure is used only
once in each number.

We need the numbers that end in 3: the last digit can be
chosen in one way, as it must be a 3, the first digit can then
be chosen in 3 ways, the second in 2 ways and the third in 1
way. Thus, there are 1x3x2x1=6 numbers that end in a 3.
Similarly, there are 1x3x2x1=6 numbers that end in a 4.

The number that ends in a 3 cannot also end in a 4, so these
are mutually exclusive situations.
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Thus, thereare 6 +6 =12 numbersendingeitherina3orina4.
Alternatively, this can be solved as follows:

The last digit can be chosen in 2 ways (3 or 4); the first digit
can be chosen in 3 ways, the second in 2 ways and the third

in 1 way, i.e, 2x3x2x1=12 numbers end either in a 3 or in
a4.

The number of permutations in which a certain experiment

1 occurs will clearly be mutually exclusive with those

permutations in which that experiment does not occur. Thus,
Number of permutations in which exp eriment 1 does not occur

= total number of permutation - number of permutations in which exp eriment 1 occurs

Example 16

In how many ways can five people Smith, James, Clark,
Brown and John, be arranged around a circular table in each
of following cases:

a) Smith must sit next to Brown.

b) Smith must not sit next to Brown.

There are five people.

a) Since Smith and Brown must sit next to each other, consider
these two bound together as one person. There are now,
4 people to seat. Fix one of these, and then the remaining
3 people can be seated in 3x2x1=6 ways relative to the
one who was fixed.

In each of these arrangements, smith and brown are seated

together in a particular way. Smith and Brown could now

change the seats giving another 6 ways of arranging the five

people. Total number of arrangements is 6x2=12.

b) If Smith must not sit next to Brown, then this situation is
a mutually exclusive with the situation in a).

Total number of arrangements of 5 people at a circular table

is (5-1)1=41=24,

Thus, if Smith must not sit next to Brown, the number of

arrangements is 24—-12=12.
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Generalised sum principle of counting

“If experiments 1 through & have respectively n, through
n, outcomes, then the experiment 1 or 2 or ... or £ has
n, +n, +...+n, outcomes.

Example 17

How many even numbers containing one or more digits
can be formed from the digits 2, 3, 4, 5, 6 if no digit may be

repeated?

Since the required numbers are even, last digit must 2 or 4 or
6. Note that there are 5 digits.

So we can form one digit, two digits, three digits, four digits
or five digits as follows:

One digit: 2 or 4 or 6. That is 3 numbers.

Two digits: 3 ways to choose the last and 4 ways to choose
the first. That is 3x4 =12 numbers.

Three digits: 3 ways to choose the last, 4 ways to choose the
first and 3 ways to choose the second. That is 3x4x3 =36
Four digits: 3 ways to choose the last, 4 ways to choose the
first, 3 ways to choose the second and 2 ways to choose the
fourth. That is 3x4x3x2="72

Five digits: 3 ways to choose the last, 4 ways to choose the
first, 3 ways to choose the second, 2 ways to choose the fourth
and 1 way to choose the fifth. That is 3x4x3x2x1=72
Adding, we have 3+12+36+72+72=195even numbers in
total.

Exercise 5

1.

How many odd numbers containing one or more digits can be
formed from the digits 2, 3, 4, 5, 6, 7 if no digit may be repeated?
How many even numbers containing 2 digits can be formed from
the digits 2, 3, 4 if no digit may be repeated?

. How many numbers containing three digits can be formed from

the digits 1, 2, 3, 4, 5, 6, 7, 8 if no digit may be repeated?
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Distinguishable permutations

Activity 6

Make a selection of any three letters from the word “KNOW” and
fill them in 3 empty spaces

Use a box like this for empty spaces

Write down all different possible permutations of 3 letters
selected from the letters of the word “KNOW”.

How many are they?

Consider the number of ways of placing 3 of the letters a, b,
c, d,e,f, g in 3 empty spaces.
The first space can be filled in 7 ways, the second in 6 ways

and the third in 5 ways. Therefore, there are 7x6x5 ways of
arranging 3 letters taken from 7 letters. This is the number of

permutations of 3 objects taken from 7 and it is written "B, .
So’P, =7x6x5=210.

Note that the order in which the letters are arranged is

important: abc is a different permutation from acb.

Now, 7x6x5 could be written - >X0X3X4x3x2x1
4x3x2x1
LE p _ Tx6x5x4x3x2x1 _2_ 71
3 4x3x2x1 41 (7_3)!

This suggests the following fact:

Fact: Permutations of r objects selected from » ones

The number of different permutations of r unlike objects

" n!
selected from n different objects is B = (n_,,)!or we can
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! !
use the denotation £’ =ﬁ or P(nr)= (nir)g

u n! n!

Note that if » =n, we have £, —(n_n)!=0—!=n! which is

the ways of arranging » unlike objects.

Example 18

How many permutations are there of 3 letters chosen from eight

letters of the word relation ?

We see that all those eight letters are distinguishable (unlike).
So the required arrangements are given by
8! 8!

8Sp _ . o
})3_(8—3)!_5!_336'

Example 19

How many permutations are there of 2 letters chosen from letters a,
b,c,d,e?

There are 5 letters which are distinguishable (unlike). So the

51 5!
=2=20.
(5-2)! 3!

. . 5
required arrangements are given by P, =

Example 20

How many different arrangements are there of 3 letters
chosen from the word COMBINATION?

There are 11 letters including two O’s, two I's and two N’s. to
find the total number of different arrangements we consider
the possible arrangements as four mutually exclusive

situations.
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a)
b)

d)

Arrangements in which all 3 letters are different: there are * P, =336

Arrangements containing two O’s and one other letter: the other letter
can be one of seven letters (C, M, B, I, N, A or T) and can appear in
any of the three positions (before the two O’S, between the two O’s, or
after the two O’s). i.e 3x7 =21 arrangements containing two O’s and
one other letter.

Arrangements containing two I’s and one other letter: by the same
reasoning in b) there will be 3x7 =21 arrangements containing two
I’s and one other letter.

Arrangements containing two N’s and one other letter: by the same
reasoning in b) there will be3x7 =21 arrangements containing two
N’s and one other letter.

Thus the total number of arrangements of 3 letters chosen from the
word COMBINATION will be 336+21+21+21=399

errcise 6

1le

How many permutations are there of 4 letters chosen from letters
of the word ENGLISH?

How many permutations are there of 2 letters chosen from letters
of the word PACIFIC?

How many permutations are there of 5 letters chosen from letters
A,B,C,D,E, E and G.

How many permutations are there of 10 letters chosen from
English alphabet.
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2. Combinations

Take 3 different mathematics books and 4 unlike English books
so that you will have 7 books altogether. Form different groups
each containing 2 mathematics books and 2 English books. How
many groups obtained?

From permutation of » unlike objects selected from n different
objects, we have seen that the order in which those objects
are placed is important. But when considering the number
of combinations of » unlike objects selected from » different
objects, the order in which they are placed is not important.
For example, the one combination ABC gives rise to 3!
Permutations: ABC, ACB, BCA, BAC, CAB, CBA.

Consider the number of permutations of 3 letters selected
from the 7 letters A, B, C, D, E, F, G.

That is;
; 7! 7!

P (7-3) 4

If we need the combinations of 3 letters selected from those 7
letters, we will take this number of permutations divided by
3! because each permutation gives rise to 3! Permutations.

That is, the number of combinations of 3 letters selected

7!

; I

from those 7 lettersis .2 4t _ 70 7V
3131 4l (7-3)3!

This number is denoted by "C,.

Thus, the number of combinations of 3 letters selected from
7! 7!

(7-3)131 413!
This suggests the following fact:

those 7 unlike letters is 'C;
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Fact: Basic formula for combinations
The number of different groups of r items that could be
formed from a set of n distinct objects with the order of

selections being ignored is

"C = n! _
(n—r)'r!
"P
We can write "C, = "
r.

n

n
r Is sometimes denoted by C; or ! C,or or C(n,r) .
r

Note that the objects selected to be in a group are regarded as
indistinguishable (unlike).

Example 21

From a group of 5 men and 7 women, how many different
committees consisting of 2 men and 3 women can be formed?

* Experiment 1: select 2 men from 5.

e Experiment 2: select 3 women from 7.

* Experiment of forming a committee: experiment 1 & 2.
* Number of possible outcomes of experiment 1 is

se 5! 5x4x3!

- - -10.
* 2131 2x3!
* Number of possible outcomes of experiment 2 is

7c 7! _7><6><5><4!:35

L= =
314! 6x4!
* Number of possible outcomes of experiment 1 and 2 is

°C,x 'C, =10x35=350 by the basic product principle of
counting.

* That is, the desired number of possible outcomes of the
experiment of forming a committee is 350.
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Example 22

A committee of three men and one woman is obtained from
five men and three women. In how many ways can the

members be chosen?
= Three men can be selected from five men, i.e
5! 5!
(5-3)131 213!
One woman can be selected from three women, i.e
3 3! _ 3!
oE-nmo2m
By the basic product principle of counting, there are
5! 3! 5!
= X =
2131 211! 212!
Committee.

°C, = ways

ways

°C,x°C, —30ways of selecting the

Fact: Two identities about computations of combinations

The following two identities are true:

° nCr = nCn—r
In fact,
n!
nC A —
" (n - r)!r!
B n!
B (n=r)(n—n+r)!
n!
(n—r)![n—(n—r)]!
= nCn—r
e Pascal’s identity: "'C, ="C +"C.
In fact,

(n—r.)!r!-l_(n—[r—l].)!(r—l)!
(n—lf.)!r!+(n—r+l).!(r—l)!

n n _
C+"C._, =

_ n!(r—l)!(n—r+1)!+n!(n—r)!r!
(n—r)!r!(r—l)!(n—r+1)!
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'( )(n r+1)4+ n(n r)'r'

(n r)'r'(r 1)'(n r+1)

S
r'(n r+l)_ (n r)( )

n! ( D(n—r+1)+(n- r)'r(r—l)!}
ri(n- r+1)._ (n—r)(r-1)!

_ n! _(r—l) I:(n r+1 'r]]
r!(n—r+l)!_ (n r) (r 1)

__n _(n—r+1)!+(n—r)!r}

r!(n—r+1)!_ (n—r)!

_ _(n—r+1)(n—r)!.+(n—r)!r}

n! _(n—r)![(n—r+l)+r]]

=r!(n—r+l)!_ (n—r)!

B n!(n—H)
B ri(n—r—+1)!

_ (n+1)!
r!(n+1—r)!

_ n+lC
- r

'rcise 7

1. A committee of four men and two women is obtained from 10
men and 12 women. In how many ways can the members be
chosen?

2. A group containing 4 Mathematics books and 5 Physics books is
formed from 9 Mathematics books and 10 Physics books. How

many groups can be formed?
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Summary- arrangements, permutations and combinations:

The number of ways of arranging » unlike objects

n!
in a row.
The number of ways of arranging in a row » objects n!
of/ with n, alike, n, alike, ..., n, alike. nlny ...

The number of ways of arranging » unlike objects
in a ring when clockwise and anticlockwise

(n—l)!

arrangements are different.
The number of ways of arranging » unlike objects

in a ring when clockwise and anticlockwise

arrangements are the same. .

The number of permutations of » objects taken from | » p = n!

n unlike objects. r (” - ’”)'
The number of combinations of » objects taken from | » C = n!

n unlike objects.

Binomial expansion

Activity 8

Expand the expressions (a +b)2

Since (a +b)3 =(a +b)2 (a+b) and (a +b)4 =(a +b)3 (a+b)
Expand (Cl+b)3 and (a+b)4

Once more find the expansion of (a+5) .

Complete the following table

Power Coefficient of powers of a and b Binomial
expression
0 a+ b)o
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Pascal’s triangle

Pascal’s triangle is a triangular array of the binomial
coefficients. The rows of pascal’s triangle are conventionally
enumerated starting with row n =0 at the top. The entries in
each row are numbered from the left beginning with » =0
and are usually staggered relative to the numbers in the
adjacent rows.

The elements of Pascal’s triangle are the number of
combinations of » objects chosen from » unlike objects. That
is "C,. This triangle is constructed by the Pascal’s identity:

n+1Cr — nCr + ncvr_1
Or

nCr — n—lcvr_1 + n—lCr
Or

n+l _n n
C'r+1 - Cr + C'r+1

—_—
x| |
1 <+
Here, z=""C,,
y="C. And
x="C_,
R
0 1 2 3 4 5
n
0 OCO —
1 ICO — lC] —
2 2Cn = 2C1 =2 2C2 =1
3 ‘c=1 | Ci=3 |%C, =3 °C.=
4 4Cn = 4C1 =4 4C,) = 4C’z = 4C4 =
5 °’C = °C, = °’C,=19 |°C. =10 |°C, = C. =1
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A simple construction of this triangle proceeds in the

following manner:

*  Onrow 0, write only the number 1.

* Then, to construct the elements of following rows, add the
number above and to the left with the number above to
the right to find the new value.

* If either the number to the right or left is not present,
substitute a zero in its place. For example, the first number

in the first row is 0+1=1, whereas the numbers 1 and 3
in the third row are added to produce the number 4 in the
fourth row.

An element of pascal’s triangle, "C, , is the coefficients of any

term in the expansion of (a +b)" where r is the exponent of

either a or b.

Consider the product (a+b)" =(a+b)(a+b)(a+b)..(a+b).
If this product is multiplied out, each term of the answer will

be of the form ¢c,c;...c,...c, where, for all k,c, is either a or b.

Thus, if ¢, =a, for all k we obtain the term a&*. If ¢, =b for

one of the terms and ¢, =a for the rest, we obtain terms such

as bxaxax..xaxa, axbxax..xaxa, ..., axaxax..xbxa

. . -1
bxaxax..xaxb,and their sum is na""b.

If ¢, =b for r of the terms and ¢, =a for the rest, we obtain a

number of terms of the form a" " .
The number of such terms is the number of ways in which
r of the form c¢,c,c;...c, can be selected as equal to b) this

n!

n ny o,
number is , which is ="C,=7——.
r r (n—r)!r!

n n! n—ryr
Thus, C = (n—r)'r' is the coefficient of @ 0" in the
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n
Expansion of (a+b)".
This suggests the following theorem.

Binomial theorem

For every integer n2>1, (a +b)" = i "Ca""'b"

r=0
The following properties of the expansion of (a+5)" should
be observed:

a) There are n+1 terms.
b) The sum of the exponents of ¢ and 4 in each term is ».

c) The exponents of a decrease term by term from » and 0;
the exponent of 4 increase term by term from 0 to n.

d) The coefficient of any term is "C, where r is the exponent
of either a or b.

e) The coefficients of terms equidistant from the end are
equal.

Example 23

2
(a +b Z )Ca™'b =°Cya’b’ +°C,a>'b' +°C,a’ b’ =a’ +2ab + b’

r=0

Example 24

(a=b) =(a+ (—b))3 = i Ca™ (-b) =°Coa’ (=) +°Ca™ (=b) +°Coa™> (-b) +°Ca™ (-b)’

r=0

=a’ =3a’h+3ab* -1’

Example 25

Find the coefficient of x* in the expansion of (2x— 1)5
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The term in x" is °C,(2x)" " (~1)" =°C,2*"x""(~1)" and so

the term in x* has r=2.

The coefficient of this term is “C;2° (—1)2 =80,

Example 26

6
1
Find the coefficient of x° in the expansion of (xz —;)

The term in x” is will be given by °C, ( ¥ )G_r (_lj which
x

can be written as 6Crx12_2r@: Gcrx12—3r(_1)’ and so the

term in x° has r=3. X

The coefficient of this term is °C, (—1)3 =-20.

Find the coefficient of

1. x° in the expansion of (4x+1)6

4
2. X’ in the expansion of (x+lj

X

3. x° in the expansion of (9x—3)10
4. Expand (x+4)
5. Expand (2x-3)’
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3. Concepts of probability

Consider the deck of 52 playing cards.

Ace 2 3 4 5 1 T 3 9 10 Jack |Queen| King
i HEE R IEE I O N ib*ul 1&*&‘ g
cuubs: || db » 4 (aa s A @‘
LB R I R HE A &
8 P e |fe a]ie oo o]Fe o]fe o]le ¢ Fege]l i
Diamonds: | 4 * LR KR (B5 TR L2 (B 98 H n
.
sl @ o] | e gl e e[ er| [ ws) 0 e[0T r|[® 4] #%es 4
e Fw (v [wwllvvifveivr|ive|iv v vy} ¥ ¢
Hearts: || W v v ||vv|vw|ve  Tvl ::I lﬂa
A .
Aol A e a e A a A a A aTa| A A (| A% 1
G e e[ el alfe afle alle 0] s Fegel 2
Spades: || @y . LR KRR @
v wiveee veee e 2| o* 1

1. Suppose that you are choosing one card;
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(i) How many cards can be chosen?

(ii) How many kings can be chosen?

(iii) How many aces of hearts can be chosen?

If a spade card has been declared to be a trump card. How many

trumps of Jack can be chosen?

Probability is the chance that something will happen.

The concept of probability can be illustrated in the context
of game of 52 playing cards. In a park of deck of 52 playing
cards, cards are divided into four suits of 13 cards each.
If a player selects a card at random (by simple random
sampling), then each card has the same probability of being
selected.

In most sampling situations we are generally not concerned
with sampling a specific individual but instead we concern
ourselves with the probability of sampling certain types
of individuals. For example, for our case of a deck of 52
playing cards, what is the probability of selecting a queen?
Selecting a queen is the event and selecting any card from

52 cards is an experiment.



Elementary Probability
Random experiments and events

A random experiment is an experiment that, atleast
theoretically, may be repeated as often as we want and whose
outcome cannot be predicted, the roll of a die. Each time
experiment is repeated, an elementary outcome is obtained.
The set of all elementary outcomes of a random experiment
is called the sample space, which is denoted by (2. Sample

space may be discrete or continuous.

Discrete sample space:

* Firstly, the number of possible outcomes is finite.

* Secondly, if the number of possible outcomes is countably
infinite, which means that there is an infinite number of
possible outcomes, Then the outcomes can be put in a
one-to-one correspondence with the positive integers.

Example 27
If a die is rolled and the number that shows up is noted, then
Q={1,2,3,..,6}.
A die

Example 28

If a die is rolled until a “6” is obtained, and the number of rolls made

before getting first “6” is counted, then we have that 2 = {0, 12,3, }
Continuous sample space:

If the sample space contains one or more intervals, the
sample space is then uncountable infinite.
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Example 29

A die is rolled until a “6” is obtained and the time needed

to get this first “6” is recorded. In this case, we have that

Q={teR:t>0}=(0,»).

An event is a set of elementary outcomes. That is, it is a

subset of the sample space.

In particular, every elementary outcome is an event, and so

is the sample space itself.

Remarks:

* An elementary outcome is sometimes called a simple
event, whereas a compound event is made up of at least
two elementary outcomes.

* To be precise, we should distinguish between the

elementary outcome w, which is an element of ) and

the elementary event {w} cQ.
* The events are denoted by 4, B, C and so on.

Example 30

Consider the experiment that consists in rolling a die and
recording the number that shows up. Let A be the event “the
even number is shown” and B be the event “the odd number
less than 5 is shown”. Define the events A and B.

We have the sample space Q= {1,2,3,4, 5, 6} )

A={2,4,6} And B={1,3}
Definitions

* Two or more events which have an equal probability of
occurrence are said to be equally likely, i.e. If on taking
into account all the conditions, there should be no reason
to accept any one of the events in preference over the
others. Equally, likely events may be simple or compound
events.
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* Two events, A and B are said to be incompatible (or
mutually exclusive) if their intersection is empty. We

then write that ANB=0.
* Two events, A and B are said to be exhaustive if they

satisfy the condition AUB=Q.

* An event which is sure to occur at every performance of
an experiment is called a certain event connected with
the experiment. For example, “Head or Tail’ is a certain
event connected with tossing a coin. Face-1 or face-2,
face-3, ...... , face-6 is a certain event connected with
throwing a die.

* An event which cannot occur at any performance of the
experiment is called an impossible event. Following are
such examples

i. ‘Seven’ in case of throwing a die.
ii. ‘Sum=13’in case of throwing a pair of dice.

* Two events are said to be equivalent or identical if one of
them implies and implied by other. That is, the occurrence
of one event implies the occurrence of the other and vice
versa. For example, “even face” and “face-2” or “face-4” or
“face-6" are two identical events.

* The outcomes which make necessary the happening of an
event in a trial are called favourable events. For example;
if two dice are thrown, the number of favourable events
of getting a sum 5 is four, i.e., (1, 4), (2, 3), (3, 2) and (4, 1).

Example 31

Consider the experiment that consists in rolling a die and
recording the number that shows up.

We have that Q= {1,2,3,4,5, 6} )
We define the events

A={1,2,4}, B={2,4,6}, C={3,5}, D={1,2,3,4] And

E ={3,4,5,6}
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We have;

AUB={1,2,4,6}, AnB={2,4},
ANC=C and DUE=Q.

Therefore, 4 and C are incompatible events.
D and E are exhaustive events.

Moreover, we may write that 4'= {3, 5,6} , where the symbol
A" denotes the complement of the event 4.

This suggests the following definition:

If E is an event, then E' is the event which occurs when E

does not occur. Events Eand E' are said to be complementary
events.

To represent a sample space and some events, we often use a
venn diagram as in figure below:

In general, for three events we have the following diagram

Q
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A
wlemBmC

B w,=ANBNC

w3=Ar\BhC

w& w,=ANBNC
w.=ANBNC

w=ANBNC

w,=ANBNC

C w=A NBNC
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Example 32

In the experiment of tossing a coin:
Where;
(i) A :the event of getting a “head” and
(ii) B :the event of getting a “tail”
Events “A” and “B” are said to be equally likely events. Both

the events have the same chance of occurrence.

Example 33

Consider the experiment that consists in choosing at random
from the list 2, 3, 5, 7, 11, 13, 17, 19. The event that the
chosen number is not prime number is impossible events
since all numbers are prime numbers.

Example 34

Consider the experiment that consists in rolling a die. The
event of rolling a number that is not 8 is a certain event.

Ixercise 9

1. Abox contains 5 red, 3 blue and 2 green pens. If a pen is chosen at random
from the box, then which of the following is an impossible event?
a) Choosing a red pen.
b) Choosing a blue pen.
c) Choosing a yellow pen.
d) None of the above.
2. A spinner has 9 equal sectors numbered 1 to 9. If you spin the spinner,
then which of the following is a certain event?
a) Landing on a number less than 9.
b) Landing on a number less than 12.
c) Landing on a number greater than 1.
d) None of the above.
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3. Which of the following are mutually exclusive events when a day of the
week is chosen at random?
a) Choosing a Monday or choosing a Wednesday:.
b) Choosing a Saturday or choosing a Sunday.
¢) Choosing a weekday or choosing a weekend day.
d) All of the above.
4. A die is tossed, tell whether the following events are exhaustive or not.
a) X = Get prime number ; Y = Get multiple of 2 ; Z = Get 1.
b) X = Get prime numbers; Y = Get composite numbers; Z = Get
1.
¢) X = an odd number; Y = an even number.

4. Properties and formulas

Activity 10

Consider the letters of the word “PROBABILITY”.
a) How many letters are in this word

b) How many vowels are in this word? What is the ratio of numbers

of vowels to the total number of letters?

c) How many consonants are in this word? what is the ratio of the
numbers of consonants to total number of letters

d) Let A be the set of all vowels and B the set of all consonants.
Find

(i) AnB (i) AUB  (iii) 4' (iv) B’

The probability of an event 4 C ), is a real number obtained
by applying to 4 the function P defined by

P ( A) _ number of favorable outcomes _ # A
number of possible outcomes — #Q

Theorem 1
Suppose that an experiment has only a finite number of

equally likely outcomes. If e is an event, then 0 < P(A) <I.
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Note that if 4=0Q, then P(A) =1 and P(Q) =1 (the event

is certain to occur), and if 4= then P (A) =0 (the event
cannot occur).

Example 35
A letter is chosen from the letters of the word “MATHEMATICS”.
What is the probability that the letter chosen is an “A”?
Since two of the eleven letters are a’s, we have two favorable
outcomes.

There are eleven letters, so we have 11 possible outcomes.

Thus, the probability of choosing a letter a is 2
11

Theorem 2
P( E ) =1- P( E ') Where Eand E' are complementary events.

Consider two different events, 4 and B, which may occur

when an experiment is performed.

* The event AUB is the event which occurs if 4 or B or
both 4 and B occur, i.e, at least one of 4 and B occurs.

e The event ANB is the event which occurs if 4 and B
occur.

e Theevent A—B is the event which occurs when 4 occurs
and B does not occur.

e Theevent 4' is the event which occurs when 4 does not

OCCUT.
Note that if A=40U4,U4,0..UA4, where 4,4,,4,,...,4,
are incompatible events, then we may write that

P(A4)= E":P(A,.) for n=2,3,...
i=1
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Example 36

An integer is chosen at random from the set

S= {x xeZ,x< 14} . Let A be the event of choosing a
multiple of 2 and let B be the event of choosing a multiple

of 3. Find P(4UB), P(ANB) and P(4-B).

13

From the diagram, #S =13
AUB={2,3,4,6,8,9,10,12} = #( AU B) =8, thus P(A4U B) =%

ANB={612} = #(ANB)=2, thusP(AmB):%

A-B={2,4,8,10} = #(4-B)=4, thusP(A—B):%

'rcise 10

1. A letter is chosen from the letters of the word
“MATHEMATICS”. What is the probability that the letter
chosen is
a) M? b) T?

2. An integer is chosen at random from the set

S = {allpositive integers less than 20} . Let A be the event of
choosing a multiple of 3 and let B be the event of choosing an
odd number. Find;

a) P(AUB) b) P(AnB) ¢  P(4-B)
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Sum law

Activity 11

An integer is chosen at random from the set
S ={allpositive integers less than 10} . Let A be the event of choosing

a multiple of 3 and let B be the event of choosing an odd number.
Find

a) P(AUB) b) P(4)+P(B)-P(ANB)

What can you say about result in a and result in b?

Theorem 3

If A and B are events from a sample space Q, then

P(AUB)=P(A)+P(B)-P(ANB)"
This is known as the addition law of probability.

Example 37

A card is drawn from a deck of 52 playing cards. If 4 is an event

of drawing an ace and B is an event of drawing a spade. Find;
P(A),P(B),P(AmB),P(AuB)

There are 4 aces, then P(A) = 4 = 1
52 13
There are 13 spades, then P(B) _B_1
52 4
Thereis 1 ace of spades, then #(A NB)=1and P(ANB)= 5%

P(AUB)=P(4)+P(B)-P(ANB)
11
134 52
16
52
4

13
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On the other hand, there are 4 aces and 13 spades but also 1
ace of spades. Then

AUB=16 And p( 4, p) 16 _4
13

Example38

In a group of 20 adults, 4 out of the 7 women and 2 out of the
13 men wear glasses. What is the probability that a person
chosen at random from the group is a woman or someone

who wears glasses?

Let A be the event: “the person chosen is a woman”.
B be the event: “the person chosen wears glasses”.
Now,
7
20
6

There are 6 persons who wear glasses, then P (B) =20

There are 7 women, then P( A) =

4
There are 4 women who wear glasses, then P(4NB)= 20

The probability that a person chosen at random from the
group is a woman or someone who wears glasses is given by
P(Aor B) which is

P(AUB)=P(A)+P(B)-P(ANB)

7 6 4
T20 20 20
9
20

On the other hand:

There are 7 women and 6 persons who wear glasses but also
4 women who wear glasses. Then

9
AvuB=9 And P(4UB)=—
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Exercise 11

1. A fair die is rolled, what is the probability of getting a even
number or prime number?

2. Two fair dice are rolled, what is the probability of getting a sum
that is divisible by 2 or 4?

Mutually exclusive events

Activity 12

A book is drawn from a bookshelf containing 15 books of which
5 are Mathematics books and 10 are English books. If A is the
event: “a book is a Mathematics book” and B is the event: “a
book is an English book”, find:

a) P(4) b) P(B) ¢) P(AnB)

d) P(4)+P(B) ¢) P(4UB)
Compare your results from d to e

Events 4 and B are said to be mutually exclusive (or
incompatible) events if they are disjoint, i.e, they cannot
occur at the same time. In this case 4N B = and the law of
addition reduces to P(AUB)=P(A)+P(B).

Example 39

A pen is drawn from a basket containing 10 pens of which 5 are red

and 3 are black. If a is the event: “a pen is red” and b is the event:

“a pen is black”, find P(A),P(B),P(AUB).
There are 5 red pens, then P(4)= % =%
There are 3 black pens, then P(B)=

Since the pen cannot be red and blacll< at the same time, then

AN B = and two events are mutually exclusive so
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P(AUB)=P(4)+P(B)
I 3

=—4+—
10

Example 40

A card is drawn at random from an ordinary pack of 52
playing cards. Find the probability that the card drawn is a
club or a diamond.

13

There are 13 clubs, then P(club) =5

There are 13 diamonds, then P(diamond) = g

Since a card cannot be both a club and a diamond,
P(club ndiamond) =0

Therefore,

P(acluboradiamond) = P(club)+ P (diamond)
13 13
= —+4—
52 52
%
52

322




Elementary Probability

Exercise 12
1. If A and B are mutually exclusive events, given the probability of

1
A and B as 5 and 1 respectively, find the probability of at least
3
any one event occurring at a time.

2. If X and Y are two events, the probability of the happening of X

7
orY is 10 and the probability of X is 1 . If X and Y are mutually
exclusive find the probability of Y?

Exhaustive events

Activity 13

An integer is chosen at random from the set
S ={allpositive integers less than 15}. Let A be the event of choosing
an odd number and let B be the event of choosing an even number.
Find:

a) P(4UB) b) P(5)

What can you say about result in a. and result in b.?

If two events 4 and B are such that AUB=Q then

P(A uB) =1 and then these two events are said to be
exhaustive.

Generally, given a finite sample space, say

Q={A A, A,.....A }we can find a finite probability by
assigning to each point A, e Q a real number p,, called the
probability of A, satisfying the following:

a) p, >0 for all integers i, |<j<n b) ZP,:I.
If £ is an event, then the probability P(E) is defined to be
the sum of the probabilities of the sample points in E.
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Example 41

A coin is weighted so
that heads are three

times as likely to appear

Let P(T)=p,,then P(H)=3p,.
But P(H)+P(T)=1

Therefore
as tails. Find P(H ) and 1
( ) 3p1+p1:1<:>4p1:1:>p122
P(T).
Thus, P(H) =% and P(T) =%.
Example 42 m
A die is thrown once.
Here 4={1,2,3,4} and
Let A be the event:
“the number obtained B={4,5,6}, then
is less than 5” and AUB={1,2,3,4,5,6} And then
B be the event: “the P(AUB)= p(Q) =1
number obtained is Or
greater than 3”. Find P(A) =i, P(4) :3’ ANB = {1} ’
probability of AUB. 6 16
Then P(4NB) =5
Therefore,
P(AUB)=P(4)+P(B)-P(ANB)
_4,3.1
6 6 6

=1

Example 43

Events A and B are such that they are both mutually exclusive

and exhaustive. Find the relation between these two events.
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If A and B are mutually exclusive, then
P(AUB)=P(4)+P(B)

If 4 and B are exhaustive, then
P(AUB)=1

Therefore,

P(4)+P(B)=1
P(B)=1-P(4)

But, P(4')=1-P(4)
Therefore, P(B)=P(A4")

ie, B=4'

Similarly, 4=B'

Thus, if events 4 and B are such that they are both mutually

exclusive and exhaustive, then they are complementary.

F—

In a class of a certain school, there are 12 girls and 20 boys.
If a teacher wants to choose one learner to answer the asked
question

a) What is the probability that the chosen learner is a girl?
b) What is the probability that the chosen learner is a boy?

c) If teacher doesn’t care on the gender, what is the probability of

choosing any learners?
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Unit summary
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1.
2.

Combinatorial analysis is a mathematical theory of counting.

Experiment: any human activity.
Trial: small experiment contained in a large experiment.

Outcome called event: a result of an experiment.

“If Experiments 1 through k have », through n, outcomes,
respectively, then the experiment 1, 2, 3 ... and k has

n,xn, x...xn, outcomes.”

The number of different permutations of n different objects

(unlike objects) in a row is

nx(n-1)x(n-2)x(n-3)x..x2x1

The number of different permutations of n objects with n,
n!
alike, n, alike, ..., is ————.
nl'n,!..

The number of arrangements of n unlike things in a circle

will therefore be (n—l)!. In those cases where clockwise

and anticlockwise arrangements are not considered to be

different, this reduces to l( n—1)!
2

“If Experiments 1 through k have respectively n, through
n, outcomes, then the experiment 1 or 2 or ... or k has

n, +n, +...+n, outcomes.

The number of different permutations of r unlike objects
n!
or we can

!
(n r)n!
|
P(nr)=——
IR (n.r) (n—r)!
The number of different groups of r items that could be

selected from n different objects is "P. =

, n!
use the denotation £ =

formed from a set of n distinct objects with the order of

|
selections being ignored is "C = .
(n—r)!r!
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10. For every integer 721, (a+b)" =Y "C.a""b’

11. Probability is the chance that sc;;lolething will happen-how
likely it is that some event will happen.

12. A random experiment is an experiment that, at least
theoretically, may be repeated as often as we want and whose
outcome cannot be predicted, the roll of a die.

13. Each time experiment is repeated, an elementary outcome is
obtained.

14. The set of all elementary outcomes of a random experiment
is called the sample space, which is denoted by €.

15. Discrete sample space: Firstly is the number of possible
outcomes is finite.

16. Continuous sample space: If the sample space contains one
or more intervals, the sample space is then uncountable
infinite.

17. An event is a set of elementary outcomes. That is, it is a
subset of the sample space.

18. Two or more events which have an equal probability of
occurrence are said to be equally likely, i.e. if on taking
into account all the conditions, there should be no reason to
except any one of the events in preference over the others.
Equally likely events may be simple or compound events.

19. Two events, A and B are said to be incompatible (or mutually
exclusive) if their intersection is empty. We then write that

ANB=3.
20. Two events, A and B are said to be exhaustive if they satisfy
the condition AUB=0Q.

21. An event which is sure to occur at every performance of
an experiment is called a certain event connected with the
experiment.

22. An event which cannot occur at any performance of the

experiment is called an impossible event.
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Revision exercise

23. Two events are said to be equivalent or identical if one of
them implies and implied by other. That is, the occurrence of
one event implies the occurrence of the other and vice versa.

24. The outcomes which make necessary the happening of an
event in a trial are called favourable events.

25.1f E is an event, then E' is the event which occurs when E
does not occur. Events Eand E' are said to be complementary

events.

26. The probability of an event 4 € (), is a real number obtained
by applying to A the function P defined by

number of favourable outcomes # A
p(d) = /S -

number of possible outcomes  #B

27.1f A and B are events from a sample space E, then
P(AUB)=P(4)+P(B)-P(ANB).

1. If there are three different roads joining town A to town B and four

328

different roads joining town B to town C, in how many different ways
can I travel from A to C via B and return if:

a) there are no restrictions,
b) Iam not able toreturn on any road I used on the outwards journey?

How many 3-digits numbers can be formed using only the digits 1,
2, 3, 5, 7 and 8?7 How many of these numbers are even? How many
are less than 5007

There are three roads joining town X to town Y; three more roads join
Y to z and two roads join Z to A. How many different routes are there
from X to A passing through Y and Z?
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10.

11.

12.

13.

14.

In how many ways can a group of ten children be arranged in a line?

In how many ways can eight different books be arranged on a
bookshelf?

The letters a, b, ¢ and d are to be arranged in a row with each letter
being used once and once only. In how many ways can this be done?

Evaluate:
15! 9! 10!-9!
— b) == 1— 51 d
a) 13! ) .t c) 65! ) T
Simplify:
(n—1)! (n+2)! (n+2)-n!

V2t P T 9 e

There are ten teams in the local football competition. In how many
ways can the first four places in the premiership table be filled?

In how many different ways can five identical blue balls, two identical
red balls and a yellow ball be arranged in a row?

Find the number of arrangements of four different letters chosen
from the word PROBLEM which:

a) begin with a vowel.

b) end with a consonant.

With his breakfast, a man sometimes has tea, sometimes coffee and
sometimes fruit juice, but never more than one of these on any one
day. Find the number of possible arrangements he can have in a
period of 4 days if:

a) he always has a drink of some sort,

b) he may choose not to have a drink on certain days.

How many numbers greater than 300 can be formed from the figures

4, 3, 2 and 1 if each figure can be used not more than once in each
number and all the figures need not be used each time?

A box contains 14 colored discs which are identical except for their
color. There are 5 red discs, 4 green discs, 4 blue discs and 2 yellow.

In how many ways can the 14 discs be arranged in a row?

329




Subsidiary Mathematics for Rwanda Secondary Schools Learner’s Book 4

330

15.

16.

17.

18.

19.

20.

Find the number of different three-letter arrangements that can be
made from the letters of the word ISOSCELES.

How many of these arrangements will contain:

a) no E’s at all, b) atleast one E,
¢) no vowels at all, d) atleast one vowel?
A basketball team of 6 is to be chosen from 11 available players. In

how many ways can this be done if:

a) there no restrictions,

b) 3 of the players are automatically selected,

c) 3 of the players are automatic in selections and 2 other players
are injured and cannot play?

In how many ways can 9 people be placed in cars which can

take 2, 3 and 4 passengers respectively, assuming that the seating

arrangements inside the cars are not important?

A group consists of 5 boys and 8 girls. In how many ways can a team

of four be chosen, if the team contains:

a) no girl.

b) not more than one girl.

c) atleast two boys?

Find the number of ways that 9 children can be divided into:

a) agroup of 5 and a group of 4 children,

b) three groups of 3 children.

a) A small holiday hotel advertises for a manager and 7 other
members of staff. There are 4 applicants for the position of
manager and 10 other people apply for the other jobs at the hotel.
Find the number of different ways of selecting a group of people
for the 8 jobs.

b) The hotel has 4 single rooms, 6 double rooms and 5 family rooms.
For a particular week, 4 individuals book single rooms, 3 couples
book double rooms and 3 families book family rooms. Given that
all the rooms are available for that week, find the number of
different possible arrangements of booking amongst the rooms.




21.

22.

23

24.

25.

26.

27.

28.

29.

Elementary Probability

¢) One afternoon, 12 guests organize a game requiring 2 teams of 6.
Find the number of different ways of selecting the teams.

d) Given that the 12 guests consist of 6 adults and 6 children and
that each team must contain atleast 2 adults, find the number of
different ways of selecting the teams.

Expand the following using binomial theorem:

) (3+x) b (5+2x) o (2+x)' ) (2-x)

e) (2y+x)5 f) (2x—3y)5 g) (x—%) h) (x_gJ

x
Use the binomial theorem to expand (1+ x)12 in ascending powers of

x up to and including the term in x’.

1y 1Y
Expand and simplify (2x+x—2) +(2x_?j .

Find the value of n if the coefficient of x* in the expansion of (2 +3x)"

is twice the coefficient of x?.

The coefficient of x° in the expansion of (1+5x)" is equal to the

coefficient of x* in the expansion of (a+ Sx)7 . Find the value of a.

Use the expansion of (2 - x)5 to evaluate (1.98)5 ; correct to 5 decimal
places.
Find the first four terms in the series expansion of (a—3x)1° in

ascending powers of x.

If x is such that terms involving x° and higher powers can be

20
neglected, find an approximate expansion of (1 +£j .
When (1+ax)" is expanded in ascending powers of x, the series

15x°

expansion is 14+2x+ +...; find the values of n and a.

331




Subsidiary Mathematics for Rwanda Secondary Schools Learner’s Book 4

332

30.

31.

32.

33.

34.

858

Find the term independent of x in the expansion of each of the
following:

1 10 4 12 3 6 1 10
a) |3x+—| b) (2x2+—) c) | =——2x d) (1+x2) 2x+—
X X x2 X

Use binomial expansion to evaluate the following to the stated degree

of accuracy:

a) (1.01)9 correct to four decimal places,

b) (0.998)7 correct to seven decimal places,
c) (0.99)10 correct to four decimal places,

d) (1.99)10 correct to four significant figures.

Use binomial expansion to evaluate the following to the stated degree
of accuracy:

a) M correct to five decimal places,
b) V104 correct to six significant figures,
c) M correct to four decimal places,
d) 41.08 correct to five decimal places,
e) /8.72 correct to five decimal places.

1—x
1+2x

Expand in ascending power of x, up to and including the

term in x’. State the values of x for which the expansion is valid.

When the terms in x* and higher powers of x are neglected, the

24+3x—x°

series expansion of 5~ in ascending powers of x gives

(1 + 2x)
a+bx+cx? +dx’. Find the values of 4, b, ¢ and d.

Find the coefficient of x’ in the expansion of;

a) (5+3x) b) (7-2x)




36.

37.

38.

39.

40.

41.

42,

43.

Elementary Probability

In the expansion of each of the following, find the coefficient of the
specified power of x:

a (1+2x), x* b (5x-3), % ¢ (3x-20) "

8 10 9
d) (x_Z) , x’ e) [x2+i) , x! f) (f_éj , x
X x 6 x

Find the possible values of the constant & if the coefficient of x~ in

9
the expansion of (kx+lj is 16.
X

Find the term involving x* in the expansion of (4+ x)12

The first four terms in the expansion of (1-x)" are 1-6x+ px* +gx’.

Show that p =15 and obtain the value of q.
Find the values of the constants ¢ and b for which the expansions,
1+ax

1+bx
up to and including term in x°, are the same. With these values of a

1
in ascending powers of x, of the two expressions (1 + 2x)5 and

1
1+ax’ with X =——— to obtain an
1+bx 100

approximate value for V2 in the form 3, where p and ¢ are positive

1
and b, use the result (1+2x)5 ~

integers.

Which of the following is an experiment?

a) Tossing a coin, b) Rolling a single die,

¢) Choosing a marble from a jar, d) All of the above.

Which of the following is an outcome?

a) Rolling a pair of dice, b) Landing on red,

¢) Choosing 2 marbles from a jar, d) None of the above.

Which of the following experiments does not have equally likely

outcomes?

a) Choose a number at random between 1 and 7,

b) Toss a coin,

¢) Choose a letter at random from the word SCHOOL,
d) None of the above.
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44,

45.

46.

47.

48.

49.

50.

51.

52.

53.

A glass jar contains 5 red, 3 blue and 2 green jelly beans. If a jelly
bean is chosen at random from the jar, then which of the following
is an impossible event?

a) Choosing a red jelly bean,

b) Choosing a blue jelly bean,

¢) Choosing a yellow jelly bean,

d) None of the above.

A spinner has 7 equal sectors numbered 1 to 7. If you spin the spinner,
then which of the following is a certain event?

a) Landing on a number less than 7,

b) Landing on a number less than 8,

¢) Landing on a number greater than 1,

d) None of the above.

Tickets numbered 1 to 20 are mixed up and then a ticket is drawn at
random. What is the probability that the ticket drawn has a number
which is a multiple of 3 or 57

A bag contains 2 red, 3 green and 2 blue balls. Two balls are drawn at
random. What is the probability that none of the balls drawn is blue?
In a box, there are 8 red, 7 blue and 6 green balls. One ball is picked
up randomly. What is the probability that it is neither red nor green?
In a class, there are 15 boys and 10 girls. Three students are selected
at random. What is the probability that 1 girl and 2 boys are selected?
From a pack of 52 cards, two cards are drawn together at random.
What is the probability of both the cards being kings?

One card is drawn at random from a pack of 52 cards. What is the
probability that the card drawn is a face card (Jack, Queen and King
only)?

An integer is chosen at random from the first 200 positive integers.
Find the probability that the number is:

a) divisible by 2

b) divisible by 7

¢) divisible by 2 and 7

d) divisible by neither 2 nor 7

The letters of the word FACETIOUS are arranged in a row. Find the
probability that:

a) the first 2 letters are consonants,

b) all the vowels are together.
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