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FOREWORD

Dear Student,

Rwanda Education Board (REB) is honored to present Year Three Mathematics
book for Early Childhood and Lower Primary Education (ECLPE) Student Teachers.
This book will serve as a guide to competence-based teaching and learning to
ensure consistency and coherence in the learning of the Mathematics content.
The Rwandan educational philosophy is to ensure that you achieve full potential
at every level of education which will prepare you to be well integrated in society
and exploit employment opportunities.

The government of Rwanda emphasizes the importance of aligning teaching
and learning materials with the syllabus to facilitate your learning process. Many
factors influence what you learn, how well you learn and the competences you
acquire. Those factors include the relevance of the specific content, the quality of
teachers’pedagogical approaches, the assessment strategies and the instructional
materials available. In this book, we paid special attention to the activities that
facilitate the learning process in which you can develop your ideas and make new
discoveries during concrete activities carried out individually or with peers.

In competence-based curriculum, learning is considered as a process of active
building and developing knowledge and meanings by the student-teacher where
concepts are mainly introduced by an activity, situation or scenario that helps
the student-teacher to construct knowledge, develop skills and acquire positive
attitudes and values.

For efficiency use of this textbook, your role is to:
= Work on given activities which lead to the development of skills;

* Share relevant information with other student-teachers through
presentations, discussions, group work and other active learning techniques
such as role play, case studies, investigation and research in the library, on
internet or outside;

* Participate and take responsibility for your own learning;

= Draw conclusions based on the findings from the learning activities.

To facilitate you in doing activities, the content of this book is self explanatory so
that you can easily use it yourself, acquire and assess your competences. The
book is made of units as presented in the syllabus. Each unit has the following
structure: the key unit competence is given and it is followed by the introductory
activity before the development of mathematical concepts that are connected to
real world problems or to other sciences.

The development of each concept has the following points:



= |t starts by a learning activity: it is a hand on well set activity to be done by
student-teachers in order to generate the concept to be learnt;

* Main elements of the content to be emphasized;
= Worked examples; and

= Application activities: those are activities to be done by the userto consolidate
competences or to assess the achievement of objectives.

Even though the book has some worked examples, you will succeed on the
application activities depending on your ways of reading, questioning, thinking
and grappling ideas of calculus not by searching for similar-looking worked out
examples.

Furthermore, to succeed in Mathematics, you are asked to keep trying; sometimes
you will find concepts that need to be worked at before you completely understand.
The only way to really grasp such a concept is to think about it and work related
problems found in other reference books.

| wish to sincerely express my appreciation to the people who contributed towards
the development of this book, particularly, REB staff, UR-CE Lecturers, secondary
school teachers and TTC Tutors for their technical support. A word of gratitude
goes to Head Teachers and TTCs principals who availed their staff for various
activities.

Any comment or contribution would be welcome to the improvement of this text
book for the next edition.

Dr. NDAYAMBAIE Irénée

Director General, REB
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U N IT POLYNOMIAL, RATIONAL AND
IRRATIONAL FUNCTIONS

Key Unit Competence:

Evaluate correctly domain of definition and limit of a function and determine
asymptote to related function.

0 1.0. Introductory activity

1. Consider the following sentences:

i) The function of the heart is to pump blood.

i) Last Saturday, my sister got married; the arrangement of chairs in the
main hall was in function of the number of guests.

iii) The area of a square is function of the length of its side.

Explain what is meant by the word “function” in each of the three sentences
above.

2. Any function involves at least two variables. Identify the “independent
variable” and the “dependent variable’ in the following functions:

) y:(4x—;‘2 i) A= i) §=+/4
x—1
3. Classify the following functions as “polynomial’, ‘rational’ or
y g
“ijrrational”
x*+1
a f(x)=
x—2
x+1
b. f(x)=
x—5
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1.1. Types of functions

Activity 1.1

Differentiate rational from irrational numbers. Guess which of the following
functions is a polynomial, rational or irrational function

b f(x)=(x+1)

X +2x+1
B ey

4 f(x)=vx*+x-2

Content summary

Definition: a function is a relationship between the members of two sets (not
necessarily distinct), such that to each value of the independent variable there
corresponds at most one value of the dependent variable.

The familiar notation of a function is y = f'(x)which we read as *y equals f of
x". Here xis the independent variable and y is the dependent variable.

a. Polynomial

A function that is expressible as the sum of finitely many monomials in x is called
polynomial in x.

Example:

X +dx+7; 17—§x;y and x° are polynomials. Also (x—2)’ is a polynomial in x
because it is expressible as a sum of monomials.

In general, f is a polynomial in x if it is expressible in the form
f(x)=a,+ax+a,x* +.....+a,x" where nisapositive integer,and a,,4,,........ ,a
are real constants. The greatest positive integer n, for which a, # 0, /s called the

degree of the polynomial, and in this case, a, is called the leading coefficient
of the polynomial.

A polynomial is called linear if it is of degree 1, that is, if it can be expressed in



the form a, +a,x, where q, # 0 The polynomial is said to be quadratic if it is of

degree 2, which means it can be expressed in the form a, + a,x +a,x*, a, #0
The polynomial is cubie, or of degree 3, if it is possible to rewrite it as
a, +a,x+a,x’ +a,x’, a, #0
An n' degree polynomial has the forma, +a,x' +a,x* +a,x" +...+a,x";a, #0

b. Rational function

A function that is expressible as ratio of two polynomials is called rational

L@yt ax+ax +....tax
by +bx+b,x* +....+b x

function. It has the form f(x)

Example:
f(x)= x+4 . g(x)= are rational functions
x—1 3x-5

c. Irrational function
A function that can be expressed as{/ f(x), where £ (x) contains the variable x.

Example:

Observe the given functions and categorize them into polynomial, rational or
irrational functions.

3 2
fx)=x"+2x" -2 g(x)zLxs2 h(x)=~x"+2x" =2
x_



1.2. Injective, surjective and bijective functions

Activity 1.2

Consider the function fdefinedby f:R >R
X f(x)=x’

Is there any real number missing an image?

State whether fis a mapping or not

. Is there any real number that is image of more than one real number? If

yes, give an example. If not, explain.

. State whether fis one to one or not.

Is there any real number that is not image under function f? If yes, give
an example. If not, explain.

. State whether fis onto or not.

Consider now the function fdefined by f:R —> R"

x> f(x)=x’
Repeat questions iii, iv, v and vi of (a) with f:R — R* given.
Finally, consider the function fdefined by f:R"™ - R"

x= f(x)=x’
Repeat questions iii, iv, v and vi of (a)

. Consider the function fdefinedby f:R —>R

x> f(x)=—-x"+4x
Determine the greatest subsets A and B of R such that function

by f:A— B:x> f(x)=—x"+4x is bijective (that is, both one to one
and onto)



Content summary

Given sets A and B, a function f from A to B is a correspondence, or a rule that
associates to any element of A either one image in B, or no image in B.

A function such that no element of A is missing an image is called a mapping,
thus, under a mapping any element of A has exactly one image in B (not less than
one, and not more than one)

A mapping such that any element of B is image of either one element of A, or of
no element of A, is called a one- to- one mapping, or an injective mapping
or simply an injection; under a one-to-one mapping no two elements of A share
the common image in B.

Mathematically, (Vx, € 4)(Vx, € A);f(xz) =f(x)=x,=x

Or x, # x, we have f(x,) # f(x,)-

A mapping such that any element of B is image of at least one element of A
(image of one element of A, or image of more than one element of A), is called an
onto mapping, or a surjective mapping or simply a surjection

Mathematically, (Vy € B)(3x € 4);f(x)=y

A mapping both one-to-one and onto is said to be a bijective mapping, or simply,
a bijection

In particular, linear function f:R — R

x> f(x)=ax+b,where a#0,is bijective, there
is no restrictions on the variables (independent or dependent)

Quadratic function /:R >R
x> f(x)=ax’+bx+c, where a#0, is not bijective,
since some real numbers share images, or some real numbers are not images
under function £.
The function f'is bijective under the following restrictions:
i —b A
I
[—, o[> [-—,+
f [Za gl o [

x= f(x)=ax’+bx+c,a>0;

o P A
S0, 2a]—>[ 4a,+[



x> f(x)=ax’+bx+c,a>0;

L e O R

x f(x)=ax’+bx+c,a<0 and

. b A

iv. f:]-o00,——]—]—o0,—
Sl 2a] ] 4a]
x> f(x)=ax’+bx+c, a<0 are bijective

The homographic function f:R - R

ax+b is not bijective, since itis not a mapping (x = _4 has noimage
X C

x> f(x)=

cx +

under function f, or y = %is not image under function 1)
c

But the restriction f:R—{-%1 5> R4
C C

x> f(x)=

ax+b
X

is bijective
+d

C.

Example 1

Consider the set of pigeons and the set of pigeonholes on the diagram below to
answer the questions:

Determine whether it can be established or not between the two sets:
a. A mapping,
b. A one-to-one mapping,
c. An onto mapping,
d. A bijective mapping:

ﬁﬁlﬁﬁ




Solution:

Let the pigeons be numbered a, b, ¢, d and the pigeonholes be numbered 7,2,3.
a. It is possible to establish a mapping between the two sets. For example,
{(a,1);(b,2);(c,3);(d,3)}.This function is a mapping since each pigeon is
accommodated in exactly one pigeonhole, though pigeons ¢ and d are in
the same pigeonhole.

b. Itis not possible to establish a one-to-one mapping, since sharing images is
not allowed. A function from one finite set to a smaller finite set cannot be
one-to-one: there must be at least two elements that have the same image

c. The example givenin part (a) illustrates a mapping that is onto: no pigeonhole
is empty.

d. Itisimpossible to define a bijection, since it is already impossible to establish
a one-to-one mapping

Example 2
Determine whether function f:R — R

x> f(x)=3x-5is (oris not)

a. One-to-one
b. Onto
c. Bijective.

Solution:
a. Let x; and x,berealnumbers suchthat f(x,) = f(x,).Then 3x, —=5=3x, -5
This is equivalent, successively to3x, =3x, (by adding 5 on both sides);
x, = x, (Dividing both sides by 3)

Since the equality f(x,)= f(x,) impliesx, =x,, the function is one-to-
one.

b. Suppose y areal number. Let us look for real number x, if possible, such that

S(x)=y.

Then 3x—5=y.It follows that x:yTJrS; such x exists for any value of y;



y+5. y+5_:
f(3)—3(3j5y

Therefore, function f is onto.

c. Since, from points (a) and (b), fis one-to-one and onto, function fis bijective.

Example 3
Show that function fdefined by f:R >R
x> f(x)=x"+2x-3 is neither one-to-one,
nor onto
Solution
F(=2)=(-2)*+2(-2)—-3=-3and £(0)=(0)* +2(0)—3=-3
Since f(-2)= f(0) and -2 # 0, the function is not one-to-one.
On the other side, there is no x such that f(x) =-5;
in fact, f(x)=-5< x> +2x-3=-5
<X +2x+2=0
No such x since A=2>-4(1)(2)=-4<0
Therefore, the function is not onto
Example 4
Consider the function f defined by f:R —> R

x f(x)=—x"+4x
Determine the greatest subsets A and B of R such that function

f:A—>B

x> f(x)=—-x>+4x is bijective



Solution:

The maximum value of the function occurs for x=2 and f(2) =4 .Therefore,
A=[2,+0] and B =]-,4],0r A=]—o,2]and B =]—,4]

Example 5

Function f:R—{x,} > R—{x}

2275 4 bijective

xS0 =5

a. Find the values of x, and x,

b. Show that fis one-to-one
c¢. Find the real number whose image is 2

Solution:

a. fisbijectiveif x, =3 and x, = -2 (fromtherestriction f : R - {—i} —->R- {3}
c c

x> f(x)=

ax+b . . .
is bijective, for our case
X

cx +

X, :iand X, zﬁ;wherea=2,b=—5,c=—l,d:3,
c c

2x, =5 2x,-5

b. Let x, #3and x, #3be such that f(x,)= f(x,), thatis
- X 3-x,

Then 6x, —2x,x, =15+ 5x, = 6x, —2x,x, — 15+ 5x,,

which is equivalent to6(x, —x,) =5(x, —x,) =0 x, —x, =0 & x, =X,

Therefore, fis one- to- one

2x-5
3—x

c. Let xbe the number. Then f(x)=2< =2

Solving this equation, we get x =2
Horizontal Line Test

Horizontal Line Test states that a function is a one to one (injective) function if



there is no horizontal line that intersects the graph of the function at more than
one point.

Graph representation Interpretation Conclusion

You can see that for this Not injective
graph, there are horizontal
lines that intersect the graph
more than once.

You can see that for this Injective
graph any horizontal line function
intersects the graph only

once.

Application activity 1.2

1. Let A and B be two none-empty sets where A= {1 ,2, 3,4} and

B= {a,b,C} Consider each of the following relations:

1= {(La).(2.6).(2.).(3.¢).(4.)
U={(1a).(2.6).(4.0)}
v ={(La).(2:6).(3.0).(4.5)}

Which of these relations (T, U andV") qualify as functions?

2. i) Although the relation in Question 1 above is a function, it is not a
one-to-one (or injective) function. Why?

i) Is the relation V above defined an onto (surjective) function? Why?
(iii) Does the function f, defined by the relation V, have an inverse?

3. a)Find afunction / :N =N that is injective, but not surjective.

b) Find a function / N =N that s surjective, but not injective.



4. Discuss whether the following functions are bijective:
f(x)=3" and g(x) =x" ¢ no, which condition fails?
5. Let w and Z be sets; Wxz the Cartesian product of W and Z ;
C be the set of all correspondences (relations) from w to Z ;
F be the set of all functions from W to Z ;
M be the set of all mappings from w to Z ;
1 be the set of all one to one mapping from W to Z ;
S be the set of all onto mappings from W to Z ;
B be the set of all bijective mappings from W to Z ;

Then we have the following sequence of inclusion of sets

WxZ

Using examples, explain in your own words the relationship amongst these

sets and decide on the following inclusions:ScM c F < C = (W x Z)



1.3. Domain and range of a numerical function

1.3.1. Existence condition for a given function

Consider the following functions and calculate their numerical value at the
given value(s) of x . Discuss your findings

a. f(x)z% atx=0

b, f(x)= 2+x

atx=1,x=2, x=3
X —

O

. flx)= 2(x—11) atx=0, x=1
.

d. f(x)=x2;l1 atx=-lL,x=1and x=2
X —

2(x—1)
x2+1

D

atx=-l,x=1and x=2

- S =

Content summary

The conditions or restrictions on the independent variable can be formulated as
follow:

-Is there any denominator containing the independent variable? If yes, we set any
denominator containing the independent variable to be different from zero, and
we solve to find the restrictions on the independent variable.

-Is there any n™" root, with even index, greater or equal to two, where the radicand
is containing the independent variable? If yes, we set the radicand to be greater or
equal to zero, and we solve the inequality to find the restrictions on the independent
variable.

The goal to succeed in getting the restrictions on the independent variable is to
know to solve equations and inequalities.

Remember:ax+b¢0<:>x¢—2;a¢0
a



Forax*+bx+c:

~b+~/b* —4ac ~b—~/b* —4ac

If b*—4ac>0,then x, = ;X =
2a 2a

ax’ +bx+c#20< x#x and x # x,

If b* —4ac=0,then ax’ +bx+c;zr&0<:>x;«r&—2i
a

If b* —4ac <0, then ax® + bx + ¢ = 0for all real values of x.

To solve an inequality, first study the sign of the corresponding expression, then

choose the convenient interval(s).

In particular, if a0, then:

X

ax+b | Signof —a osignof a

If a=0 and b* —4ac >0, then:

a +bhe+c | Olgnof a osignof —a osignof a

Where x, and x,are the roots of the equation ax* +bx +c=0

If a#0and b* —4ac =0 then:

X

a +bhe+c | Olgnof a osignof a

Where x, and x,are the roots of the equation ax”* + bx +c¢=0



If b* —4ac <0, then:

X 00 +00

Sign of a

ax’ +bx+c

the equation ax” + bx + ¢ =0 has no real roots.

A radical function is a function that contains the independent variable under the

square root sign. For example, f(x) =+/7—x is a radical function

An irrational function is a function that contains the independent variable in the
radicand; the index may be any positive integer>2.Thus all radical functions are
irrational functions, but the converse is not true.

The following table gives examples of restrictions for irrational functions.

Function Restriction

f@)=x *=0

£ =710 x+1020
F)=vx ~x20;x<0
f) = -1 xo1=0

[ .2 x” +1>0(always true for all real values
= +1
S =Nx of x), therefore, there is no restriction

for this function.

Examples

For each of the following functions determine the restrictions on the independent
variable

EECENAEEE
X
5 S(x)=tanx

3. Letf(x)=x+2andg(x)=+vx+1, hence find the restrictions for the



8

function h(x) = .
f(x)
3x?
. k(x)=
4. k(x) P
Solution:

1. x’—1>0and x# 0.This is equivalent to x<-lor x>1

2. cosx#0thatis x # i%+2k7z;k e

For f(x):no restriction

@w

For g(x):x+12>0;thatis x>-1

For %: x+1>20 and x+2 # 0 result to then x>-1
gx

4. 5x—1¢0;x¢%

E Application activity 1.3.1

Find out the condition (s) or the restriction(s) for the existence of the image

x*-3 9

under the following functions: i) A(x) = a0 i) f(x)= —
i) £ =S ) f(a =
5x x +4

1.3.2. Domain and range of polynomial functions

1. Given the function f(x)=x-4. Plot the graph of f(x)and discuss
whether it continues endlessly or not.

2. Consider the functionf(x)zé(x—z)z—4.complete the following
table



and use it to plot the graph of £(x). Can you predict all values of x

which can make f (x)not defined.

X -5 -4 -3 -2 -1 0 1 2 3 4

3. Consider the function f(x)= X' =3x" +3x-2 .complete the following
table and use it to plot the graph of #(x). Can you predict all values

of x which can make f(x) defined?

X -8 -4 -2 0 1 2 3 4 5

4. For which value(s) of x is the function

fX)=ax"+a, x""+..+ax’ +ax+a,defined? a, ,a, ,..,a,,a,,q,

12

are real coefficients and n=0,1,2,3,4,...

Content summary

The domain of any linear functions is the set of all real numbers,

that is Domf =R or Domf =]—oo,+oo[ Similarly, the range of a linear function f,
denoted Imf, is the set of all real numbers, that is Im f =] — oo, +o0[

Depending on the sign of m in the equation y = mx + b, the trend of the graph is
as follows:

m>0 m<0




From the graphs, one can observe that each value of x has its corresponding y

value.

For quadratic functions y = ax* + bx + ¢, the main features are summarized on the

graph below:

| Vertex V
(maximum)

b A
20 4ag

Axis of symmetry

Not that v= _—b,f(_—bJ CM}:(__])’_AJ
2a 2a 2a  4da

Axis of symmetry

I
I
I
| 0
|
I

Vertex y
| (minimum)

If @>0,then the range of function y =ax” +bx+c is [—4A,+oo[
a

If a <0, then the range of function y = ax’ + bx+c is ]—o0,—

A

EI

a>0, minimum

a <0, maximum

y=ar +br+e 2

v

—h
Vertex | —
' 2a

—b

¥t

2a

—b —b

verex (5 fl5-)
2a 2a

)
y=az? +br+o




For cubic functions f(x)=ax’ +bx* +cx+d;a # 0,the trends of the graphs are

as shown below:

In each case, the domain is ]—o0,+00[ and the range is ]—o0,+oo[

| fx)
|

| f(x)

[ a=0

a>0

a<0

_44

-4

If for polynomials of odd degrees the range is the set of all real numbers, it is not
the case for polynomials of even degree, greater or equal to 4.The determination
of the range is not easy unless the function is given by its graph; in this case,
find by inspection, on the y-axis, the set of all points such that the horizontal lines

through those points cut the graph.



Determine the domain and range of f(x)=x*-3x’-x—-3shown on the graph
below:

(1.3,-6.51)

Solution:

domf =]—oo,+00[ and Im f =[-6.51,400]
Example 2:

Find the range for the function f(x)=x*+2
Solution:

Let f:R— R be the function given by £(x) = x> +2. Then the range is [2,+o[
as shown on the graph below:




Application activity 1.3.2

Find the domain and range of the following functions.

a)f(x)=—x>+1
b)f(x)=2x"—x+1
c)f(x)=3x+1

1.3.3. Domain and range of rational functions

Activity 1.3.3

For which value(s) the following functions are not defined

o flx)=——
x—1
X
S = a3
¢ fO)=—

(x—l)(x+3)

Content summary

Given that f(x)z% where g(x) and & (x) are polynomials, then the domain
X

of definition is the set of real numbers excluding all values where the denominator

is zero. That is Domf ={xeR: h(x)# 0}

From activity 1.3.3, one can determine the intervals for which the given functions
are valid.



Example 1

Find the domain of each of the functions:

a fx)="
X
X
S = a3
x+1
AT
Solution:

a. The denominator should be different from zero (x # 0), domain of definition
is {xeR:x#0}or Ror R". The domain can be written as an interval as
1

follows: ]-o0,0[ W ]0,+00[ . Observing the graph of the function f(x)=—,
one can early realize that the function has no value only if x=0 *

u

X

(x—l)(x+3)

The denominator should be different from zero, (x—1)(x+3)#0.

f(x)=



Domain of definitionis {x € R:x # 1 and x # -3} orsimply |-o0,=3[ U ]-3,1[ U |1, +o0]

.Observing the graph of the function f(x) = ,one can early realize that

(x—l)(x+3)

the function has no value only if x=1and x=-3

c. Condition:3x+6%0

3x+6=0=>x=-2

Then, Domf =R\{-2} or Domf = ]-0,-2[ U]-2,+0[

Example 2:
Find the range for the function f(x)= ! 3
x—
Solution
1
1. Puty=f(x)=

x—2

5 = x:l+2. Note that x can be solved if and only
X= y

2. Solve forx, y=
if y=0.



The range of f(x)is {yeR:y#0}=R\{0}.

Alternatively, one can see on the graph that the range of f(x) is R\{0}.

I

1
L
o
2
O T — —
w
i
o
=1
-

—_._‘_:_‘_‘__‘-_-
-14
=
34
_4
Example 3:
. . 2x+1
Find the range for the function f(x)=—
X +2
Solution
Pt y= Sy =2
x +1

2. Solve forx, y= 2xt] <y’ +y=2x+1.

x*+1

yf+y:2x+hbywtdx+@—D=O



2+J4-4y(y-1

xX= o )ify;tO, x:—l if y=0
2y 2

_1i«/1—y2+y

if y#0
¥

Comparing the two, we see that x exists in the set of real numbers if and only if
1-y*+y>0 ,thatis »*—y-1<0

The range of f(x)is {yeR:yz—y—ISO}. Solving the inequality y> —y-1<0

1++/5

, we get y:T. Then studying the sign of the quadratic expression,

2y 1= _i _1+\/§
V=Y v
1-5 1-5 | 1-45 1445 | 1445 1+5
y< y= <y< y= y >
2 2 2 2 2 2
—-—-— |0 4+ ++++ ++ + ++ +
1-/5
2
1445 - - —-|0 ++ +
y-— ~
Yoyl | T < I e 0 ++ +

From the table, we see that the range of the function f(x)= 2x+l

is:
X +2

2 2 2

R(f):{yER#Sysl—'_\/g}:[l—\/g’l_}_\/g}
One can see on the graph that the range of f(x)is



2

{ﬂ

1+\/§

> } = [—0.61 8034;1 .61803]

154

Application activity 1.3.3

Find the domain and range of the following functions

2x+1 -6
V)= 05
2x-9 5
W)= s V=3
x> +1

Given the function f(x)= , Observe its graph and write down
x values where the functioff is ot defined.

y




1.3.4. Domain and range of irrational functions

G O

For each of the following functions, give the range of values of the variable x
for which the function is not defined

S () =2+ 2 f=T2 3 =
X

Content summary

Given that f(x)=%/g(x) where g(x) is a polynomial, there are two cases
a. If nis odd number, then the domain is the set of real numbers. That is

domf =R
b. If nis even number, then the domain is the set of all values of x such g(x)

is positive or zero. That is domf ={xeR: g(x) >0}

Example 1:

Given the function g(x)=+/x*>—1, determine the domain.

Solution

Condition of existence: x*-1> 0this implies that we need to determine the interval
where x*-1is positive.

The corresponding equation is x*-1=0, solving for the variable, we obtain:

x2-1=0<:>(x—1)(x+1)=0
x-1=0=>x=1
x+1=0=>x=-1

————— O+ + + + + 4+ + 4+ + + + + + +

—————————— O+ 4+ + + + + + + +




Therefore Domf" = |~o0,—1] U1, 0]
Example 2:

42
Find the domain of the function A(x) = I=x

Solution

Conditions of existencel—x* >0 and x # 0

= For the corresponding equation is1—x* =0and solving for the variable, we

I-x=0orx=1

1+x=0 or x=-1

* For x#0all real numbers are accepted except from zero. Combining the
two conditions we get:

get: (1—x)(1+x):O:>

+ + + o+

Undefined o — -— | + + © Undefined

—-1<x<1 and x = 0.Therefore,domf =[-1,0[ v ]0,1]
Example 3
Find domain of definition of f(x)=/x+1

Solution

Since the index in radical sign is odd number, then Domf =R



Example 4
Find the domain of definition of g(x) if g(x)=3x"+1

Solution
Condition: x*+1>0

Clearly x* +1 is always positive. Thus Domg =R

Example 5

X

\/x3 —4x*+x+6

Find domain of f'(x)=

Solution

Conditions: x> —4x*+x+6>0 and x’—4x*+x+6=0.The two conditions are
combined inone: x* —4x*+x+6>0

X —4x* +x+6=(x+1)(x—2)(x—3)

Then, Domf =]-1,2[ U ]3,+[

Example 6

Find the range for the function f(x)=+/1+5x



Solution

1+5x >0 (Restrictions on x );

V1+5x >0 (Taking the square roots);

But f(x) =1+ 5x;

Therefore, f(x) >0

The range of f(x)is Im f =[0,+oo[.

The graph below illustrates the range:

| w

Application activity 1.3.3

1. Find the domain of definition for each of the following functions

1) =B8 | g(x) =56
FITIR | R | (222
e 25
x-1
2 = =\/4__2
e e fW=— | f=Va=x
+

2. Find the range of each of the following functions

a)f(x)=~1-x
D) f(x)=~-x—



1.4. Composition and inverse of numerical functions

1.4.1. Composition of functions

Activity 1.4.1

Given two fonctions f(x)=2x"+2x-5 and g(x)=3x+2

a. Substitute the variable in f(x) by the value of g(x).Is the obtained
function a function of x ?

b. Substitute the variable in g(x) by the value of f(x). What do you
notice?

c. Name the obtained functions by A(x) and j(x) respectively. Compare
the two new functions and explain if they are the same or different.

Content summary

Given two functions f(x) and g(x), one can “combine” them by substituting one
function into the other as follow: f[g(x)]or g[f(x)].
Definition:

Let f(x)and g(x)be two functions of xsuch that the codomain of f(x)is a
subset of the domain of g(x). The composition of f(x)with g(x), denoted by

(fog)(x)is given by (fog)(x)= f(g(x)) Indicates that f(x)is a function from
A to B and g(x)is a function from C to D where B < C.The function given by

(fog)(x)= f(g(x)) is the composite of f(x) and g(x) . The domain of ( fog)(x)

is the set of all xin the domain of g (x) such thatg(x)is in the domain of f(x)as
shown by the figure below.

Domain of g R

ange of
g J ﬁ__f Domain of Rf_"?EP_f__f__
X gl - D

Domain of f= g Range of fo g

feg



Only the x's in the domain of g for which g(x)is in the domain of f, can be in
the domain of fog. The reason is that if g(x) is not in the domain of f then

f[g(®)] is not defined. Because of this, the domain of fog is a subset of the
domain of g;therange of fog is a subset of the range of f.

The domain of (fog)(x) is the set of all numbers x in the domain of g such
that g(x) is in the domain of f

Here, we note that (fog)(x)=(ge°/f)(x)

Examples

1, Letf(x)zx2 and g(x):2x+1.Find (fog)(x) and (gof)(x).

Solution

By the definition of composition, we have,

(fog)(x) = f(g(x)) = f@x+D
= (2x+1)2 =4x" +4x+1

(gof)(x) = g(f(x) =g(+*)
2x% +1.

Remark If the range of f(x)is not contained in the domain of g(x), then we
have to restrict f(x)to a smaller set so that for every x in that set, f (x) belongs

to the domain of g(x). The domain of (gof’)(x)is taken to be the following:
dom (gof)(x)={xedom (f(x)) : f(x)edom (g(x))}.

2. Let f(x)=x+land g(x)=+xfind (gof)(x)
Solution

Notethatthedomainof f(x)is R andthedomainof g(x) is [0,+o[ . Thus,the domain
of (gof)(x) is Dom (gof) = {x eR;x+1e [0,+oo[} = {x eR;x> —l} =[—1,+o0



Application activity 1.4.1

Given the two functions f(x) =x"+1 and g(x)=x+1.Find the following

a)fog(x)  b)gof(x)  ofog)  dgof()  e)fog(x’)  f)gof (Vx)

1.4.2 Inverse Functions

Activity 1.4.2

Given the function f(x)=4x+6
a. Substitute f'(x) by y and solve for x
b. After solving for x, replace x on (a) by £ (x) and y by x.

C. Findf[f_l(x)] and /' [ f(x)] and compare the results. What have you
noticed?

Content summary

Definition: Let f(x) and g(x) be two functions such that f[g(x)]=xfor each
x in the domain of g and g[ f(x)]=xfor each x in the domain of f.

Under these conditions, the function g is the inverse of f. The function g
is denoted by f~'(x), which is read as “f- inverse”. So f(f_l(x))=xand
SH(f(0)=x

Note:

= If f(x)isinverse of g(x),then g(x) isinverse of f(x).

» The domain of f must be equal to the range of f', and the range of f

must be equal to the domain of f'.

1 1
* The notati B —_—
e notation 7 (x)# IS



Example
Let the function 7(x) =+/2x—3 find the inverse function f™'(x).
Solution

f(x) =+/2x —3 Rewrite the original function

y=+2x-3 Replace f(x)with y

x=4/2y-3 Interchange xand y

x> =2y-3 Square each side to find y

2
x2+3=2y:>y=x +3
4 x°+3
Therefore, f(x)= >

Application activity 1.4.2

14.75
p= , x>0
1. The demand function for a commodity is 1+0.01x . Where,
Pis the price per unit and X is the number of units sold.
a. Find x as a function of p

b. Find the number of units sold if the unit price is 10$.

3. For each of the following pair of functions f(x) and g(x) show that they
are inverse to each other.

a f(x)=5c+land g(x)="—1

b. f(x)=9-x*,x>0and g(x)=v9—x,x<9

c S()= 1-x’and g(x)=1—x



1.5. Even functions and odd functions

1.5.1. Even functions and symmetry

Activity 1.5.1

Consider the function f(x)=x* -1

i. Complete the table below

X =3 -2 -1 (0] 1 2 '3

y=xt—1

ii. How are the images of any two opposite values of x? Express this
mathematically,

iii. Plot each pair of obtained points (x.7)

deduce the graph.

in the Cartesian plane and

iv. From the graph of /) =%" —1 Wwhat can you say about the line x=0
grap y Yy

Content summary
Let f(x) be a numerical function whose domain is Domf .

f(x) is said to be an even function if and only if:
i (VYx e Domf),—x € Domf

i f(=x)=f(x), thatis, any two opposif[e values of the independent variable
have the same image under the function.

The graph of an even function is symmetrical about the y-axis.
Example 1
Determine whether the function f (x)=7xis even or not.

Solution

The domain of function fis the set of all real numbers. For any real number x, the
opposite —xis also a real number and f(—x) =—-7x# Tx = f(x)



Since f(-x) # f(x), function fis not even.

Graphically,

fle)y = Tx

The graph is not symmetrical about the y-axis

Example 2

Determine whether the function f(x) =3x”> —4 is even or not.

Solution

f(=x)=3(=x)-4=3x"-4=f(x)

Since f(—x) = f(x), function fis even.

x",1f nis even

Remember that (—x)" :{
—x",if nis odd



The graph of the function is symmetrical about the y-axis as shown on the diagram
below:

Example 3

Determine whether the function g(x) = x° —x* + x> +9 is even or not.

Solution

g(=x)= (—x)6 —(—x)4 + (—x)2 +9
=x*—x"+x*+9

=g(x)

Therefore, the function is even.

Example 4
, . 3x+1
Determine whether the function f(x) = — 5 is even or not.
x —_—
Solution
f(=x)= 3(+)+1 < f(=x)= _SXH . Therefore, the function is not even since
(—x)" =25 x =25
f(x)# f(x)
Example 5

Given functions f(x)=+/x and g(x)=+vx—-4  findthe f(x).g (x)and determine

if the result is an even function or not.



Solution

Provided x>0and x—42>0,

f(x).g (x) =Jx Vxi-4o f(x).g(x)=Vx" —4x
[8(=x) = (%)’ —4(=x) & fg(=x) =¥’ +ax Therefore, the function is not

even since
fg(x)# f.g(=x)

Notice that the conclusion could have been drawn from the fact that X 24 does
not imply =X 24 thus function f is not even

Application activity 1.5.1

Determine whether the following functions are even or not.

) f(x)=xj+; o =2 (-4) 3 f)=xfox

X +

1.5.2. Odd functions and symmetry

Activity 1.5.2

Given the function f(x) = x’

i. Complete the table below

X =5 -4 3 |2 | 0 T 12 |3 4 5
y

How are the images of any two opposite values of x? Express this
mathematically ( f(x) and f(-x)),

ii. Plot each pair obtained in the Cartesian plane.

iii. How is the graph with respect to the origin O?

iv. Which name can you give to the origin (0,0) with respect to the graph
of f(x)?



Content summary
Let f(x) be anumerical function whose domain is Domf .

f(x) is said to be an odd function if and only if:
i (Vx e Domf’),—x € Domf

i Jf(=x)=-f(x),thatis, any two opposite values of the independent variable
have opposite images under the function.

The graph of an odd function is symmetrical about the origin.
Note: Some functions are neither even nor odd

Example 1:

Determine whether the function f(x)=x’ is odd or not

Solution

f(=x)=(-x)’ © f(=x)=—x"and — f(x)=—x". Therefore, f(-x)=-f(x)and
the function f(x)=x"is odd.

Graphically, the point (0,0) is the center of symmetry for the graph of the function
fx)=x.




Example 2:

Determine whether the function f(x) = x* +2x+1 is odd, even or neither

Solution

f(=x)=(=x)" +2(=x)+1 < f(=x)=x"—2x+land - f(x)=—x"-2x-1
f(=x)#—f(x) and f(=x) # f(x), therefore, the function f(x)=x*+2x+1 is not
odd neither even.

Graphically, point (0,0) is not the center of symmetry for the graph of the function
f(x),and the line x=0is not the axis of symmetry for the graph of function
f(x)=x"+2x+1.

i
4_
|
3_
2_
1
]
I T L4
4 -1 0 1 2 .
-1+
Example 3:

3

Determine if the function f(x)= al 1is even, odd, or neither and deduce the

symmetry of its graph.

2



Solution

B ) I &
fe0= = 2O

Therefore, the function is not even

But, f(—x) =—f(x) ;it follows that fis an odd function.

3

The graph of f(x)=— " is shown below. It can be seen that point (0,0) is the
2 —

center of symmetry for the graph




1. Consider the function f(x) defined in the set of real numbers R > R

by f(x)=

9—x

3

2

Application activity 1.5.2

i. Find the domain of definition of f(x)

ii. Determine if f(x)is even, or odd function and deduce the symmetry of

the graph of f(x)

2. For which value(s) ofxthe function f(x)=~/x"+5x+6is valid?

Determine if f(x)is an even or odd function

1.6 Introduction to limits of a function

1.6.1 Meaning of limit of a function

Activity 1.6.1

To find the value of a certain function f(x) when x approaches 2, a student
used a calculator and dressed a table as follows:

Jx)

e

A

857142857
985074627
998500750
3.999850007
3.999985000

-
2

(e

locate the point x =2

b. Write 2 possible open intervals of the number line such that their centre

is x=2

X
1.5

1.9
1.99
1.999
1.9999

Sx)
5.0
4157894737
4.015075377
4.001500750
4.000150008

1.99999 4.000015000

a. Is it possible to put the values of x on a number line? Try to do it and

c. Try to approximate the value of f(x) when x approaches 2.



Content summary

Neighborhood of a real number

Let x,be areal number. A 6 -neighborhood of x, is any open interval centered

at x, and with radius &, that is the interval 1x, — 8, x, + o[

A deleted ¢ -neighborhood of x, is the set x, — §,x, + S[—{x,}, thatisa &
-neighborhood of x,, excluding the center x,.

A neighborhood can be large or small; for example, the intervals]—-2,2[;

1—-100,100[ and_]—0.001,0,001[ are all neighborhoods of o, while the intervals

1-2,0[ and ]-1.01;—-0.99[ are uneighborhoods of -1.
X, — Xa

-4 -3 =2 =1 1] 1 2 3 4 5 -

]-2,2[ is a neighborhood of 0

Note that the values of x are on both sides of x=2 and that they become closer
and closer to x =2

Mathematically, a set N is called a neighborhood of point P if there exist an open

interval I such that xe/land I — N. The collection of all neighborhoods of a
point is called the neighborhood system at the point.

a+b b—a

The center and the radius of the interval Ja,b[ are and

, respectively.

A set Vin the plane is a neighborhood of a point p if there exists a small disk
around p is contained in V as illustrated below.



Example 1

a. Determine whether interval | is a neighborhood of x, in each of the following
cases”

. 1=]2,3[;% is any element of |
i. 1=[2,3]; x,=3

b. Determine whether a rectangle is a neighborhood of any of its corners.

Solution

a. i. l'is a neighborhood of any of its elements x, , since it is always possible to
center an open interval at x,, the interval being contained in |

ii. I is not a neighborhood of x,, since it is not possible to center an open
interval atx,, the interval being contained in |, that is any interval centered

at x,, no matter how small it is, will have some elements outside |
b. Arectangle is not a neighborhood of any of its corners.

.r"---""\\ V

——
L

\\‘ #)

L

In fact, it is not possible to center a disc at p so that the disc is entirely contained
in the rectangle, no matter how small is the disc.

Example 2

Determine the 1-neighborhood of x =0 and the deleted 1-neighborhood of x =0

Solution:

The interval |-1,1[ ={y: 1<y <1} is the 1-neighborhood of x =0 on the real line
]-1,0[ w]0,1[ = ]-1,1[\{0} is the 1-deleted neighborhood of o.



Example 3

Find the center and the radius of the interval ]-1,3[

Solution:

The center is =1 and the radius is

below:

=2, as shown on the diagram

~1+3 3-(=1)
2 2

In everyday language, people refer to “a speed limit’, “the limit of one’s endurance”
or “stretching a spring to its limit". All these phrases suggest that limit is a bound.
This on some occasions may not be reached but on the other occasions may be
reached or exceeded.

Consider a spring that will break if a weight of 10 newton or more is applied.
To determine how far the spring will be stretched without breaking you could
attach increasingly heavier weights, as long as they are less than 10 Newton,
and measure the spring length s for each weightw. If the length s of the spring
approaches a value L, then it is said that the limit of sas wapproaches 10isL.

If f(x)becomes arbitrarily close to a unique number L as x approaches ¢ from
either side, then the limit of f(x) as x approaches c is L.

This is written mathematically as lim f(x) =L

Example

You are given 24m of wire and asked to form a rectangle.

a. Express the length / of the rectangle as function of the width w of the
rectangle

b. Express the area A of the rectangle as function of w.
c. Complete the following table

Width (W) | 5.0 5.5 5.9 6.0 6.1 6.5 70
Area (A)

d. Predict, from the table, the maximum area of the rectangle and the value of
w for which it occurs.




Solution
a. Let wbe the width of the rectangle and Irepresent the length of the
rectangle.

Because 2w+ 2l =24 (perimeter is 24)

It follows that / =12 —-w as shown below.

I=12-w

b. Knowing that the area of the rectangle is 4=Iw, we have 4=(12—w)w

(Substitute (12—w)forl). 4=12w—w" After removing brackets.
c. Using this model for area, you can obtain the following:

widhw 50 55 59 60 61 65 | 70
Area,A 3500 3775 3599 3600 3599 3575 | 3500

d. From the table, it appears that the maximum area is 36 m* and it occurs when
w=6.

e. In limit terminology, we can say that “the limit of 4 as w approaches 6 is

36.” This is written and calculated as :

lin%A = lin%(12w —w)
=12(6)~(6)’
=72-36

=36



To estimate numerically the lim f(x) we have to construct a table that shows

values of f(x)for two sets of x-values: one set whose elements approach a

from the left and another whose elements approach a from the right.

E Application activity 1.6.1

1. Apart of The Kingdom of Lesotho, give two examples of countries or
Cities in the world that are surrounded by a single country or city.

2. Give three examples of intervals that are neighborhoods of -5

Is a circle a neighborhood of each of its points? Why

4. Draw any plane and show three points on that plane for which the

plane is their neighborhood.

5. Use atable to estimate limits numerically.

a. £1£121(3x—2)
X 1.9 1.99 1.999 | 2.00 2.001 | 2.01 21
f(x) ?
b. lim—t
=0 Jx+1 -1
X -0.1 -0.01 | -0.001 | _9gpo1 © | 0.0001 0.001 0.01 |1
f(x) ?
. x*—4
c. lim
x—2 x_z
X 1.9 1.99 1.999 | 2.00 2.001 | 2.01 21
f(x) ?
lim(2x2+x—4)- e. lim i
d. xoi ool x? —x =2



1.6.2. Graphical interpretation and one-sided limits of a
function

Activity 1.6.2

Consider the graphs of two functions f(x) and g(x) represented below:

%)

1.

B B ¥ogls)
03k i
06
3 —
N4+ )
02
1
L ] ' | L a | ] L, X
=3 -2 -1 0 1 2 3 x

a. Complete the following:

f(x)={

...forx<0 ...forx<1
()=

..... forx >0 and forx>1

b. If we stay to the left side, as x approaches o, f(x)gets closer to ....;
c. If we stay to the right side, as x approaches o, f(x)gets closer to.....
d. If we stay to the left side, as x approaches 1, g(x)gets closer to ....;

e. If we stay to the right side, as x approaches 1, g(x)gets closer to ...,

Content summary

Right-handed limit

We say that lim f(x) = L provided that we can make f(x) as close to L, as we

want, for all x sufficiently close to a and x > a,without actually letting x be a.



Left-handed limit

We say lim f(x) =L provided that we can make f(x)as close to L, as we want,

for all x sufficiently close to a and x <a without actually letting x be a.

For the right-handed limit, we now have x — a* (note the “+”) which means that
we will only look at x>a.

u_n

Likewise, for the left-handed limit, we have x — a~ (note the “-") which means that

we will only be looking at x<a.

So, when we are calculating limits, it's important to pay attention to whether we
are dealing with one-sided limit or not.

Condition of existence for a limit

If the value of f(x) approaches L, as x approaches x, from the right side we

write lim f(x)=L and we read “the limit of f(x) as x approaches x,

)C*)XO

from the right equals , .

If the value of f(x) approaches L, as x approaches x, from the left side we

write lim f (x)=L, and we read ‘the limit of f(x) as x approaches x, from

X‘)XO

the left equals L,

If the limit from the left side is the same as the limit from the right side,

that is, lim f(x)=lim f(x)=L, then we write lim f(x) and we read ‘the

XXy X—>Xo

limit of ' (x) as x approaches x, equals L.

Note that lim f(x)exists if and only if lim f(x) = lim f(x)

Always recall that the value of a limit does not actually depend upon the value
of the function at the point into consideration. The value of a limit depends only
on the behavior of the values of the function around the point into consideration.
Therefore, even if the function doesn't exist at this point the limit can still have a
value. To find graphically the limit lim f(x), we must consider the behavior of the
values of the independent variablé_))ac in the neighborhood of a, and analyze the



corresponding behavior of f(x), and then draw conclusion about the limit of the
function.

Example 1:
. . |x—2|
Calculate the limit of function f'(x) =————as x approaches 2
X +x-6
Solution
) |x—2|
lim

x—=2,if x>2
-2|= Applying the properties of absolute value
x-2| {—(x—2),ifx<2 pplying the prop
) x—2
lim 5
[ X—>2+x +X—6
. x—2 . .
= lim ———————Factorizing the denominator

x2" (x - 2)(x + 3)

= lim ! Simplifying like terms.
2" x+3
1

= _1! Replacing x by 2 and evaluating.
(2)+3 5

Factorizing the denominator

~ fim —" Simplifying like terms.
=2 x+3

_ 1 —_—1 Replacing x by 2 and evaluatin
(2)+3 5 pracing x by g



Note: 27 # -2
Conclusion lirr21f(x) does not exist since lim f(x)# lim f(x)
x—> x—>27 x—2"
Example 2

Lety = f(x), y=f,(x)and y = f,(x) be the functions whose graphs are shown
below
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a. Determine:

L)

i £2)

i, £,(2)

b. Determine the limit of each function as:
I. xapproaches 2 from left side

ii. x approaches 2 from right side
c. Determine whether the limit of function f, as x approaches 2 exist or not.

Solution:
a. We have:
. f(2)=1.5
i £(2)=1
iii. £,(2)=3

b. i. As x approaches 2 from the left, f(x) approaches 1, so }anl f(x)=1.
As x approaches 2 from the left, f,(x) approaches 1, so }Lrgl fi(x)=1
As x approaches 2 from the left, £, (x) approaches 1, so }Lrg]@(x) =1
ii. As x approaches 2 from the right, f(x) approaches 3, so }ann f(x)=3

As x approaches 2 from the right, f,(x) approaches 3, so lim f,(x) =3
x—2"



As x approaches 2 from the right, £, (x) approaches 3, so lim f,(x) =3
x—2*

c. Since the left hand and right-hand limits at 2 are different, the limit of
function f at x=2 does not exist, though the function f is defined at 2;

f(2)=15

Notice

Let f be the function whose graph is shown below:

y axis

N4

X axis

As x approaches o from the right side, f(x) gets larger and larger without bound
and consequently approaches no fixed value. Thus, lim f(x) does not exist.
x—0"

In this case, we would write lim f(x)=+o0 to indicate that the limit fails to exist
x—0*
because f(x) is increasing without bound.

As x approaches 0 from the left side, f(x) becomes more and more negative
without bound and consequently approaches no fixed value. Thus, lim f(x) does
x—>0"

not exist. In this case, we write lim f(x) =—o0 to indicate that the limit fails to
x—>0"

exist because f(x) is decreasing without bound. As x gets larger and larger,

f(x) gets close to zero. Also, as x becomes more and more negative, f(x) is

close to zero. Thus, lim f(x)and lim f(x)



@ Application activity 1.6.2

1. Given the graph of the function illustrated below,

3 A
N J
4 J
J i
2 g
/ J -
. 1 !
\ /
-3 2 -1 0 1 2 3 4
-4
2

From the graph

lim f(x) and lim f(x)and conclude about limlf(x).
a, x—>-1" x—>—1" X—>—

b, )}1_21 f(x) and }lgl f(x) and conclude about %Cl_l’)l’zlf(x)

+1
2. Evaluate lim |x |
x—-1 X _1

3. Find lim (x),lim 2(x), lim A(x), lim A(x) using the following graph

of h(x)

B

Y

W axis



4. In the same Cartesian plane sketch the curves of
f(x)=x"+5,g(x) ==x"+5,h(x) =5, What can you say about the
three curves referring to their curves and limits at point zero?

1.6.3. Properties of limits

Activity 1.6.3

Evaluate the following limits and make a comparison of the answers of each
sub-question.

a. tim[3(3x-1)],3[ lim(3x-1)]

x—0 x—0

b. lim(x*),lim(3x—1),lim (x* +3x 1)

x—0 x—0 x—0

2
. 3 . . X" +3x-6
c. Him(x* +3x-6), m(x+4).lip =5 —

O lim(x=1), lim(x+4), lim(x’ +3x-4)

x—2 x—2 x—2
e. }Ln_}‘[(xz 1+ 1)1,[}1}@4(% + 1)}2

Content summary

Assume that lim f(x)and lim g (x)exist and that cis any constant. Then,

o limef (v)]=clim £ (x)

2. }Ci_rill[f(x)ig(x)] =lim f(x) 1lim g(x), the limit of a sum or difference is

equal to the sum or difference of the limits of the terms. This is also true for
more than two functions.

3. lm[f(x)g()]=1lim f(x)lim g(x)

The limit of a product is the same as the product of limits of the factors. This
property applies for more than two factors.



4. lim

lim f(x)
{f(x)} _ xa ! , provided that limg(x) # 0

g(x) ] limg(x)

5. lim[ /(0] =|lim ()]
In this property # can be any real number (positive or negative, integer, fraction,

irrational, zero, etc.). In the case that n is an integer this rule can be thought of as

an extended case of 3.
6 lim{ /() ] = glim 7

provided f(x)>0 in a & —neighborhood of a for some & >0 ,if nis an

even positive integer.

i [709] = timl 0]

1

im0} =i/

7. limc=c In other words, the limit of a constant is just the constant.

xX—a

8. limx=a

xX—a
9. limx"=4"
xX—a

It can be observed that the calculation of the limit of a function is equivalent to the

calculation of the numerical value of the function, that is lim f'(x) = f(a) provided
f(a) is meaningful.

Example:
Evaluate the following limits
a. lim(4x’ =3x” +2x-1)
x—1
Solution

lirn(4x3 —3x7 +2x —l)

x—l1



= 4(1)° —=3(1)* +2(1) -1
Direct substitution of x by 1
—4342-1 =2

2
b, limﬂ
=0 x+6

Solution

. x*=2x-3
lim————
=0 x+6

2
:W Direct substitution of x by 0

. Ax+3
c. lim
x—1 ‘,3)6—2

Solution

2
"1 1 Direct substitution and evaluating

Application activity 1.6.3

if lim f(x) =3 and lim g(x) =3 fq
a. lim[f(x)+g(x)]

b. lim[f(xg)]

c. lim5/(x)



1.6.4. Finite and infinite limits

Activity 1.6.3

1. Consider the function f(x)=x_+1.Find
1

a) £(0.97) b) f(0.98) ) f(0.99) d) f(1.01) e)f(1.02) f) f(1.03)

2. Observe the following graph of f(x):land hence complete the
following table under it. X

X -100 -10 -1 -0.1 0 O 1 10 100

VACY)
a. What can you say about Y -values as X increases without bound or
decreases without bound?

b. What can you say about Y -values as Xapproaches to zero from the
right and left?

3. Evaluate the following:

a) D40 b) 3400 C) oo d) i e) +00-00 f) -OOX(+OO) g) =z
—00 o0 _2



Content summary

Finite and Infinity limits

A function whose values grow arbitrarily large are said to have an infinite limit.
Infinity is not a real number, infinite limits provide a way of describing the behaviour
of functions that grow arbitrarily large, in absolute value, positive or negative.

Example 1

Describe the behaviour of the function f(x)zi2 nearx=0.
X

Solution
As x approaches o from either side, the values of f(x)=i2 are positive and grow
X

larger and larger, so the limit of f(x) as x approaches 0 is+w. It is, nevertheless,

convenient to describe the behaviour of f near 0 by saying that f(x) increases
without bound as x approaches zero. We write

lim f(x)=lim——=+c0 And lim f(x)= 1in(}i2:+oo

x—0" x—0 x2 x—0" x—0 x
Example 2

Describe the behaviour of the function f(x)=l nearx=0.
X

Solution

LL thenl: 1,10,100,...
10 100 X

Let x successively assumesx- values=1,

successively. As x approaches o0 from the right the value of lgets larger and
X

larger without bound, then lim 1 +00
x—0" x

Let x successively assumes value3x=-1,_—l,_—l,..., then l=—1,—10,—100,...
10 100 X

successively. As x approaches o from the left the value of 1 decreases and
X

becomes more and more negative without bound, then lim 1 =—0
x—=0" x

Another way to see this is to construct the sign table:



+ 4+ 4+ + + + + + + + + +

———————————— + + + + +

——————— I + + + + +

Considering the last row, we see that for x =0 the value of 1 does not exist (o0).
X

At the left there is a negative sign, thus lim LI . At the right there is a positive
x—=0" x

sign, thus lim 1 +00.
x—0" x

It follows that lirrgl does not exist because the one-sided limits as x approaches
x—=>0 x

zero do not exist.

Example 3: Evaluate

1 1
If we use direct substitution, we will get m 0
To determine whether this infinity is positive or negative, this will depend on the
signs of the denominator.

Sign table of the denominator.

0O+ + + + + 4+ + + + + +

We can see that the signs of the denominator at the left of Zero is negative this
means at the left of zero we would be dividing 1 by a negative number while at the
right we would be dividing 1 by a positive.

Therefore limin_z—oo and limin:Jroo

=rx—1 0 w1 x—1 0"



See on the graph

Example 4

Evaluate a) lim_—l2 b) lim
x—1" (x_l) x—1" (x_l)

The foremost key is to find the dividing signs. That is simply studying the signs of
the denominator.

O+ + + + ++ + + + + +

Because (x—1)is always positive either at the left or right, then we will be dividing
-1 by a positive number.

-1 -1

That is lim_—12=_—+=—oo and lim———=—=
X1~ (x—l) 0 x—1* (x—l) 0



o [
-
[}
= L
=
1
o =]

From the graph you can see that as x approaches to 1 from left or right is always

—00
The squeeze theorem (or Sandwich theorem or Pinching theorem)
Suppose that £(x) < h(x) < g(x). Iflim £(x) = lim g(x) = L, then lim&(x) =L

The following figure illustrates what is happening in this theorem




From the figure we can see that if the limits of f(x) and g(x) are equal at
x=c! then the function values must also be equal atx =c. However, because

h(x) is “squeezed” between f(x) and g(x) at this point then A(x) must have

the same value. Therefore, the limit of A(x) at this point must also be the same.
Similar statements hold for left and right limits.

Examples: , ,

1. Given that 1—% <u(x)< 1+x7 Find lim u(x).

Solution

2
Sincelingl—x?ﬂ and lin(}1+%=1, then according to Sandwich theorem
lh%u(x)=1

2. Show that if lim

X—a

f(x)|=0 then lim /(x)=0
Solution

Since —|f(x)|< f(x)<|f(x)|, and both —|f(x)| and |f(x)| have limit 0 as x
approaches a, so does f(x) by the Sandwich theorem.

Application activity 1.6.4

1. Evaluate the following limits by using direct replacement.

a. i lim ii. lim iii. lim
x—2" x—z x—2" x—2 x—2" x_2
. =D _5
i lim i m —— i
b i A S i S i xl_lle -
) 5 . 4x-5 . Nx+4-2 . Nx+1-1
hm(—3x +7x) d. lim lim— lim———
C 5 a1t 3—x €. s X ' X3 X

g. £i£§41\/3x+4 h, limiz

X—>+00 X



2. The cost function for a new supermarket to recycle * tons of organic
material is given by € =60x+1650 \where Cis the cost in dollars

a. Write a model for the average cost per ton of organic material recycled

b. Find the average cost of recycling 100tons and 1000tons of organic
material.

c. Determine the limits of the average cost function as Xapproaches to
infinity. Explain the meaning of this limit in the context of the problem.

1.6.5.Infinite limits and rational functions.

Activity 1.6.5

Evaluate the following limits

a. lim b. lim> ¢ lim—= d. lim—

x—0 x4 D x—10 D x—0 x x>0 X

Content summary

We can evaluate limits by direct replacement method. But in some cases we
need, to factorise and simplify the common factor in the case we have a rational

function.

Examples

.ox=2
1. Evaluate the following limits 11rr212—
xX—> x -

Solution

Factorising the denominator.



Direct replacement.

2. FEvaluate:

lim X =2

X0 7 —

lim

X0 4
<)
x2

Dividing through by the term with greatest power on both numerator and

denominator and simplyifying

Note: £=0 ifceR

o0

l. Evaluate the following limits and say whether they are finite or infinite.

1. lim —
> x°+3x+1

. S5x+2
2. lim 5
e 3x” +1

3. lim (—6)

X—>—00

Application activity 1.6.5

45 +5x-3



[l. Factorize the numerator and evaluate the limits.

. 49— 2
1. lim
x—7 X — 7
. X +5x*+6x
2, lim——M—
=2 x42
. X —4x*+5x-6
3. lim

x—3 x—3

IIl. Simplify the following expressions and evaluate the limits.

) hm( 1 2(2x-3) J

=2 x=2  x*=3x%+2x
1 1

o hmw
ool X

1.6.6. Limits of functions with indeterminate cases

Activity 1.6.6

1. Isitpossible to evaluate the following limits by using direct substitution?
If yes evaluate them. If no, what can be done before?

2
a fjm¥ 1
x—1 x_l
X +x'=5x-2
b' !c—)Z x2_4

2. What is the conjugate of the irrational expression in each of the
following functions?

a f(x)=vx"-2+3
Vx—=2-1
— W

x—3

b, f(x)=

Content summary

A limit is said to be in an indeterminate form if it cannot be evaluated using
properties of elementary operations (addition, subtraction, multiplication and
division). An indeterminate case, or form, hides the true value, if any, towards which
the function is approaching. There are several types of indeterminate forms such



as:%,z,o.oo,oo—oo, 0°,1” and " . In this section we shall study the indeterminate
(e 0]

0 «©
forms: Oxo0, — — 00 —00
0

To determine the true value towards which the function is approaching, it is
necessary to remove the indetermination.

The indeterminate forms may be produced in the following ways:
= Suppose thatlim f(x) =0 and lim g(x)=.

The limit of the product f(x)g(x) has the indeterminate form, Ox oo at x =a.
To evaluate this limit, we change the limit into one of the forms 0 or Zin

this way: 0 -
@z =L2 - 80
gx)  f(x)

= Iflim f(x) =lim g(x) = +o0, then lim[f(x) —g(x)] =0 —oo([F) . To evaluate

this limit, we perform the algebraic manipulations by converting the limit

into a form of 9 or f.
o0

f f(¥) org(X) s expressed as a fraction, let first reduce them on the
common denominator and evaluate the limit after.

Examples of indeterminate cases of rational functions

. X' -4
1. Evaluate lim
X2 x_z

Solution:

2

1i31);_2 , this is the indeterminate form

By factoring the numerator and cancelling, we obtain

2 —
fim =4 _ jiy (FF2) (6 22)
x—2 x_2 x—2 x_2

=£1£r21(x+2)
~4



2
2 11mx _1:E=91.F
-l x—1 -1 0
2 —
fim %! D=
x—1 x_l x—1 x_l
=1x1£111(x+1)
=2

2
3 lim S %y p
oo 4x” +7x+9 o

Factor out x?, we have

x2(1+4+52j 1+ﬂ+i
lim T X L fjm —X X
x>t 7 9 x>+ 7 9
4+—+— 44 —+—
X X X X
_1+0+0
4+0+0
_1
4
Or

Since we have a rational function and degree of numerator is equal to the
degree of denominator, to find the limit as x tends to infinity we need to divide
the coefficients of the highest degree for numerator and denominator. That is the

limit is given by %

When we are computing the limits of irrational functions, in case of
indeterminate form, we need to know the conjugate of the irrational expression in
that function. We may need to find the domain of the given function.

Examples of indeterminate cases of irrational functions

Vvx-=3-1

1. Evaluatelim
x—4 X — 4

Solution

Let us first substitute the independent variable for 4:



poVE=3-1_V4-3-1_0

1 = = —, which is an indeterminate form.
=4 x—4 4-4 0

To evaluate this limit, we multiply the numerator and denominator by the conjugate

of v/x—3 -1 which is/x—3 +1, then we get

hmm_lzlim( x—3—1)(m+1)
x4 ot (x-4)(Vr-3-1)

2, Evaluate lim(x/4x2 +2 —2x)

X—>0

Solution

lim (V4x” +2 ~2x) = 00— 20 (IF)

X—0

To evaluate this limit we multiply and divide by the conjugate of lim( 4x* +2 —2x) :

X—0

(e (Var ez e
=lim

Multiplying the conjugate on both numerator
o (Var' +2+2x)

and denominator



4x* +2—4x? 2

=lim =lim After multiplying and simplifying.
T (Varezeax) Ut (Var a2+ 2x)
o0
2 —_— —_—
3. FEvaluate limM
X—>00 X

Solution

2
lim 4x —11x-3 :\/oo—oo(IF)

X—>0 x o0

To evaluate this limit, we try the algebraic manipulations such that the denominator
will be cancelled.

Be careful!

J}=|x|{

—x,if x>0

x, 1f x<0

Now, let us consider separately the limit at -0 and at+o

We have: lim l-——— = lim —— l-———=-
xo—o X 4dx 4x X x 4x 4x
And 1 l-———=1 l——
X—>+0 x—>+o  y

lim f(x)=-2and lim f(x)=2



Application activity 1.6.6

1. Evaluate the following limits (if they exist).

1-x

a. lim\/x2+2x—1—\/x2—x+2 b. lim

X—>0 e |
. N4+u-2 ) \/2v+1—\/§

C. lln(}— d. hrrll—l
Uu—>! u v—> V-

2. Simplify the following expressions and evaluate the limits.

hm( 1 2(2x-3) J

=2 x=2  x*=3x%+2x

1.6.7 Graphs and limits of function

Activity 1.6.7

Observe the following graph and answers about it.

6
~ \ )

*4%\2% 1\2345
"1

. How many parts does the graph of the function have?

. What is the limit of the function as x approaches 2 from left?
. What is the limit of the function as x approaches 2 from right?
What is the limit of the function as x approaches 47

- 0 O O T ©

. What is the limit of the function as x approaches o from the left?
. What is the limit of the function as x approaches o from the right?



Content summary

We can determine the limits by using the graph of a function. A graph which has

a jump at a given point is said to be discontinuous at that point. On the other
hand, if the graph has no jump is said to be continuous at that point.

Example: Observe the function whose graph is shown below:

Evaluate the following limits by using the graph

a. h{rll, f(x) b lir_l}+ f(x) . linl] f(x) d. lir{} f(x) e xlirgo f(x) f. 1i1}1 f(x)
Solution

As x approaches to -1 at the left, the function decreases to =% this implies that
lim
x—>-1"

S(x)=—x. lim f(x) =+, lim 1 (x) = +o0, lim f(x)=0 and lim f(x)=0.

Find lil’l’zlf(x) using the following graph of f(x)

Application activity 1.6.7
1,




2. Given the functions:

a) f(x)=x"—x ,use graph to find i) lim f(x) i) lim f/(x)

) f()=— find D lim /G i) lim /() i) lim /() ) lim /(o)

1.6.8. Limit and continuity of a function

Activity 1.6.8

x’—4

L2 x%2
Given the function Jf(¥) =17 x-2 , find

4, Xx=2

a. f(2)

b. lin21f(x)
¢. What can you say about f(2) and linzlf(x) ?

Content summary

1. Continuity of a function at a point or on interval /

A function f(x) is said to be continuous at point c if the following conditions
are satisfied:

a f(c) is defined

o lim £(x) exists

* X—>C

c. limf(x)=f(c)
If one or more conditions in this definition fails to hold, then f(x) is said to be
discontinuous at point ¢, and c is called a point of discontinuity of f(x)
. If fis continuous at all point of an open interval |a,b[, then f(x)is said to be

continuous on]a,b| .



A function that is continuous on ]—oo,+oo[ is said to be continuous everywhere
or simply continuous.

Examples:

2 —
1. Thefunction f(x) = X -3

is discontinuous at 2 because f(2) isundefined,

see the graph below.

10

x> =9
2. The function g(x)=< x-3 X3 is continuous at 3 because g(3)
6, x=3

(r=3)(x+3) lim(x+3)=6 so that

and lim g(x) = lim g(x) = lim
x—3" x—3 x—3 x—3 x—3

lim g(x) =g(3) =6.
2. Continuity at the left and continuity at the right of a point

A function f(x)is continuous at the left of point c if the following conditions are
satisfied:

a. f(c) is defined

b. lim f(x) exists



C. ling f(x)=1(c)

A function fis continuous at the right at of point c if the following conditions are
satisfied:

a f(c) is defined

N lirq £(x) exists

c. lim f(x) =1f(c)

Example

Find the value of the constant a such that the function f(x) = is

continuous on the entire line.

—x+1, x<3.
2x+a, x>3

Solution
The function will be continuous if and only if lim f(x)=lim f(x)= f(3)
x—3 x—>3"

lim(2x+a)=6+a

x—3"

}Ll’gl( x+1) 3+1
Equating the two limits we get, 6+a=-2=a=-8
Therefore, the function is continuous if a =-8

Continuity on an interval

We say that f(x) is continuous on the interval 7 if it is continuous at each

point of 7. in particular, we will say that f(x) is a continuous function if f(x) is
continuous at every point of its domain.

Examples

1. Thefunction f(x)= Jx is a continuous function on its domain. Its domain is

[0,+90[ . Itis continuous at the left endpoint 0 because it is right continuous



there. Also, f is continuous at every numberc >0 Since limv/x =+/c.

-1
2. Discuss the continuity of the function f(x)= Qa’t x=1
X

Solution

| 1| {x—l,le
X — =
—(

x—l),x<1

-(x-1) -1 (x-1) 1

im—o ) Ly ==
S 2 e (e )(x-1) 2

It can be seen that the limits at * =1does not exist, since the left limit is different
from right limit. Hence, the function is discontinuous atX =1,

On the other hand, the function is continuous at the right of 1.

Theorem 1
a. Polynomials are continuous functions
b. If the functions fand g are continuous at c, then

i. f(x)+g(x) is continuous at ¢
ii. f(x)—g(x) is continuous at c

ii. f(x)g(x) is continuous at ¢

iV, J(¥) is continuous at ¢ if g(c)# 0, and is discontinuous at c if g(c)=0.
g(x)

c. A rational function is continuous everywhere except at the point where the
denominator is zero.

d. Piecewise functions (functions that are defined on a sequence of intervals
by different formulas) are continuous if every function is in its interval of
definition, and if the functions match their side limits at the boundary’s
points of their component intervals.



Application activity 1.6.8

1,x<1
<x<
1. Discussthecontinuity ofthe functiondefiedby f(x) = Hlsx<3
—-x+6,3<x<6
0,x>6
2. Determine the points at which the function below is not continuous.
4x+10
A e =" =9 3
3. For which value of k is the function: f(x)=< x-3° continuous
atx = 3. k,x=3

1.6.9. Asymptotes to curve of a function

Activity 1.6.9

1. Consider the following curve of function y

a. What is the position of the line 4 ?

b. What is the position of line B ?

c. What is the other type of line that you know?

d. Do the lines 4 and B cross the curve of the function?



X

2. Let the function f(x)be given by f(x)=
a. Find the domain of f(x)
b. Find the limits at the endpoints of the domain.

2
X —

c. Discuss on the values obtained.

Content summary

@ is
O(x)

called a rational function of x. The discontinuity occurs at points where O(x) =0.

Recall that if P(x) and Q(x) are polynomials, then their ratio f(x) =

An asymptote on the curve is a straight line that is closely approached by that
curve so that the perpendicular distance between them decreases to zero.

To find any asymptote of the function first we need to determine its domain of
definition and evaluate the limits at the boundaries of the domain.

e Types of asymptotes: Vertical asymptote, horizontal and oblique
asymptotes.

A function f(x)admits a vertical asymptote at a given pointx=a,aeR, if

f(x)is undefined at x=a thatis lim f(x) =0 and lim f(x)=+c. The vertical

xX—a

asymptote is denoted by V' =x=a

A function f(x)admits an horizontal asymptotes at a given pointy =b,be R, if

lim f(x)=bitis denoted by H. A=y =b.

x—>*oo

A function f(x)admits an oblique asymptotes O.4=y=ax+bwhere a

is the gradient and bis the y-axis intercept if a= lim S

X—>*o0 X

,aeR"and

b=1lim f(x)—ax,aecR"andbeR

x—too



Examples

1. Given the function f(x)= !

a. Find the domain of definition —*

2

b. Find the limits at the endpoints of the domain and deduce all possible
asymptotes.

Solution

a’omfz{xe]R/4—x2 ;éO}

2—x#0orx#2
2+x#0orx #-2

(z_xxz+x)¢o:>{

domf = {x € R\{—2, —2}}

lim_f(x) =—o0 lim £ (x)=—o0

= =V.A=X=-2and {*” =>V.A=X=2
lim f(x)=-o lim f(x)=—o0

x—>-2" x—2"

= H.A=y=0Thereisno 0.4

lirgof(x) =0
liIEof(x) =0

3

2. Find the oblique(Slant) asymptote for the following function f(x)= 2x 1
x f—
Solution.
Slant asymptote has for equation y =ax+5
. f(x) . x’ . . x
a =lim =lim————==1, b=lim f(x) - ax = lim-————(1)x
X—>®0 X X—>00 X(x _1) X—>0 X—>0 (x _1)
X —x+x x
b =lim— T lim — [T 0, hence the oblique asymptote has for equation
X—>0 x — X—>0 x J—

y=x.



Application activity 1.6.9

For each of the following functions find

a. The domain
b. Limits at the endpoints of the domain and deduce all possible
asymptotes.

x2+1

i f(x)=

2
X —X

3
X

1—x?

)=

i, f)=—

X

1.6.10. Solving problems involving limits in real life

Activity 1.6.10

The total cost evolution of a small business is modeled by the function
C =ax+b where Cis the costand xis the units sold. If @ =0.5 and 5 =5000
a. Find the model function for the evolution of the business

b. Find the average cost functionE, it ¥units are sold.

c. Using the function on (b) find the average if 100 units are sold, if 1000
units are sold and if 100000 units are sold.

d. Using the values obtained at (c), find the average cost as ¥ approaches
to infinity.
e. Discuss the meaning of the limit obtained at (d).

Content summary

Limits can be applied in different fields in real life. In economics the average cost
per unit sold is calculated using limits.

1. Instantaneous rate of change of a function in physics

The instantaneous rate of change of f(x)at a, also called the rate of
change of f(x)at a, is defined to be the limit of the average rate of change of



f(x) over shorter and shorter intervals around a.

Since the average rate of change is a difference quotient of the formg, the
instantaneous rate of change is a limit of difference quotient. In practice, W¥ often
approximate a rate of change by one of these difference quotients.

Example:

1. The quantity (in mg) of a drug in the blood at time t (in minutes) is given
by 0 =25(0.8)". Estimate the rate of change of the quantity at t = 3 and
interpret your answer.

Solution:

We estimate the rate of change at t = 3 by computing the average rate of change
over intervals near t = 3. We can make our estimate as accurate as we like by
choosing our intervals small enough.

Let's look at the average rate of change over the interval 3 <t < 3.01:

AQ _25(0.8)" -25(0.8)’

Average rate of change = =-2.85
At 3.01-3.00
A reasonable estimate for the rate of change of the quantity at t=3 is —2.85
AQ

Since Qis in mg and t in minutes, the units of N are mg/minute. Since the rate

of change is negative, the quantity of the drug is decreasing. After 3 minutes, the
quantity of the drug in the body is decreasing at 2.85mg / minute

2. Instantaneous velocity

Instantaneous velocity of a moving body is the limit of average velocity over an
infinitesimal interval of time.


https://en.wikipedia.org/wiki/Limit_of_a_function
https://en.wikipedia.org/wiki/Infinitesimal

3. Instantaneous acceleration
Instantaneous acceleration for a moving body is the limit of average acceleration

e . . . Av
over an infinitesimal interval of time @ = lim —

At—0 At
(Here and elsewhere, if motion is in a straight line, vector quantities can be
substituted by scalars in the equations.)

Examples

1. The cost of removing p%in a given place is given by the model

80000 p

100-p
a. What is the vertical asymptote for this function?

Cx)=

,0< p<100

b. What does this vertical asymptote mean in the context of the problem?

Solution

Vertical asymptote is found at p =100

To assess the behavior of the model, let us choose some values

Example: the cost of removing 85% of pollutants is

C(85%) = % ~ 453333

But the cost of removing 90%is
C90%) = 300000 _ 4,
100-90

We can see that the higher and higher percentage of pollutants is removed, the
cost increases dramatically.


https://en.wikipedia.org/wiki/Limit_of_a_function
https://en.wikipedia.org/wiki/Infinitesimal
https://en.wikipedia.org/wiki/Rectilinear_motion
https://en.wikipedia.org/wiki/Euclidean_vector
https://en.wikipedia.org/wiki/Scalar_%28physics%29

1,

E Application activity 1.6.10

The cost C (in millions dollars) for the federal government to seize
p % of a type of illegal drug as it enters the country is modeled by the

=8P o< p<100
100— p

. Find the cost of seizing (stopping) 25%,50% and 75% .
. Find the limit as p —1007, interpret this limit in the context of the

problem.

A business has a cost in dollars of C =0.5x+500for producing x
units.

. Find the average cost function C.
. Find C when x=250and when x=1250

. What is the limit of C as xapproaches to infinity? Interpret the results

in the context of the problem.



1. Use limits to find the slope of the tangent line to the graph of s =¢
at the point (1,1).

2. Given the function f(x) —Lx46
x —

Find the :

a. domain of f(x)
b. Limits at the endpoints of the domain and deduce all possible
asymptotes.
3. The cost and revenue functions for a product are
C =25.5x+1000 and R=75.5x
P R-C
a. Find the average profit function X
b. Find the average profits when x is 100,500 and 1000.

c. What is the limit of the average profit as X*approaches to infinity?
Explain your reasoning.

4. You are given 24m of wire and are asked to form a rectangle whose
area is as large as possible. What dimensions should the rectangle
have? (Hint: use numerical approach).

. . —2x,x<2 .
5. given afunction f(x)=7 , find
x —4x+1,x>2

) lim £() ) lim f(x) i) lim /(%)

iv) Discuss the continuity of f(x) at the point where x =2.



U N IT DIFFERENTIATIATION

Key Unit Competence:

Differentiate a real function and apply derivatives to sketch the graphs of the

given functions
0 2.0. Introductory activity

i Consider the function /) =%"+Lijustrated on the following graph;

It is defined that the slope m, of the tangent of the curve of f(x)at a point

: )=
P(x,,,)is obtained by%l_r)r(}f(x" 2 f(xo),




a. Determine the slope of f(X)at the point for which %, =1,

f(x+h)—f(x)
h

for

b. Deduce the value of the function f'(x)=1lim
h—0

f(x)=x*+1 and compare the slope m,and f'(x,) for X, =1,

2. Goinlibrary or computerlab, do research and make a short presentation
on the following:

a. Derivative of a function
b. Find 2 examples of applications of derivatives.

2.1 Concepts of derivative of a function
2.1.1 Definition and graphical interpretation

Activity 2.1.1

1. Consider the figure below, analyse it and answer the questions that
follows

a. If P(xo,yo) and Q(xl,yl) are two points on the graph of a function f',
refer to what you learned in S3 and find the slope of secant line (m,)

passing through Pand¥. Since ¥, =/(%)and y, = f(x,), express
the slope in terms of f (¥%)and f (%),



b. If we let x, approach X,, how can you conclude about position of € to
P?

— 1 , , , X,
c. LetMun = xlll_{{}() M., write down expression of " in terms of I 0)and

f(x)

d. After letting 4 = x, — x,,, rewrite m,,, in terms of f(xo)and f(xo +h).

Content summary

Slope of a function at a point
To define the slope of the curve C at P, take a point Q on the curve different from
P. The line PQ is called a secant line at P. Its slope, denoted by m,,,, can be found

using the coordinates of P and Q. If we let Q move along the curve, the slope m,,,
changes.

Suppose that as Q approaches P, the number m,, approaches a fixed value and

the increment & =x, —x, of x approaches o. This value, denoted simply by m,,

is called the slope of C at P; and the line with slope m, and passing through P is
called the tangent line to the curve C at P.

In view of the concept “limit of a function at a point’, the slope m,, of the secant
line PQis,, -JGotM=flx) _[fOo+h)-f(x)
. (x, +h)—x, h




Note that as Q approaches P, the number h approaches 0. From these, we see
f(xo +h)—f(x0)

h
If this limit exists, the number m, is called slope of tangent line to the graph

of f atP orat* =%

that the slope of C at P (denoted by m,) ism,, = lim

Definition of derivative of a function

S +h) = f(x)
h

The slope m, has a special notation, we denote it by f(x,) = %inol

and f"(x,) isread f prime ofx,.

Dropping the subscript on x, in notation ofm,, we get one of the most important

concept in mathematics, the derivative of function f at x = x,
The derivative of a function f(x) with respect to x is denoted by f'(x) or

f(x+h)—f(x)
h

provided that the limit exists.

d | , .
Ef(x) and definedas f'(x)= lim

Examples:
1. Let f(x)=x2 +1

The derivative of f(x) is

()= i L )= T (%)
f(x)—hm P

h—0

_hm(x+h)2+1—x2 -1

h—0 h

. 2hx+h?
=1lim

h—0 h

=lim(2x+h)

h—0

=2x

Thus, f'(x) =2x



2. By using definition, calculate the first derivative for y =x* -3

Solution:

| y'=lim(x+h)2 —3—(x2 —3)

h—0 h

S(xy+h)— f(x,)
h

£ = lim

x>+ 2xh+h* = x*

y'=lim =lim2x+h =2x
h—>0 h h—0
Remarks

= If t— f(¢) represents the law of a moving object, then the derivative
number of f represents the instantaneous speed of that moving object at
instant t.

= The process of finding derivative of a function is called differentiation of
that function.

Graphical interpretation of derivative and the slope of a function using
differentiation

The graph shows the average rate of change of a function represented by
the slope of the secant line joining points A and B.



B/

'::,_-_I"- -
:-'-_".-\.'-_'_,_L*—- -

T

e

I Siope = Instan@necus rate ol change
I
1

I

o

The derivative is found by taking the average rate of change over smaller and
smaller intervals. In the figure above, as point B moves toward point A, the secant
line becomes the tangent line at point A. Thus, the derivative is represented
by the slope of the tangent line to the graph at the point.

The derivative of a function at the point A is equal to:
* The slope of the graph of the function at A.

* The slope of the line tangent to the curve at A.

_ n)—
Then 4B has slope of Sfxo+h)=f (%) = Sxoth)=f (%) When h approaches
(x, +7)—x, h

to zero, the point B approaches the point 4.

Then by definition f"(x,) =1im S, +h2_f(xo) fory = f(x) atpoint(x,, /(%))

Alternative notations

The derivative: f’(x):y’:ﬂzizif(x) where Qandi are called
dx dx dx dx dx

differentiation operators but % should not be regarded as a ratio.
x

If x = tis time and y = s(?) is the displacement function of a moving object then

is the rate of change of displacement with respect to time when ¢

ds
s'(t,)or —
tor

= t, that is, the (instantaneous) velocity at ¢ = ¢,



Application activity 2.1.1

1. Find the slope of the curve given by F®)=%" gt the point P(3, 9).

2. By the use of definition, find the derivative of:

a. f(x)=x"+1b. f(x)=x"+2x-1
3. Observe the graph and answer the questions that follow:

Vi
Qx, fix))

.-

- flx)— fla)
Pla, fia))

a. From your observation, interpret the graph by indicating the rate of
change given that the variable x changes from @ to X

b. Deduce the formula of derivative;
c. Use your interpretation and the formula deduced to find out the
derivative of f(x)=x+1,

4. Find the derivative of the function f(x)=x>-8x+9 at (the number)
a.

2.2 Rules of differentiation

1. Find the derivative of
a) f(x)=x"b) h(x)=3x-1c) g(x)=x>+3x—1

Deduce the derivative of S(*) = g(x)+h(x)

1
2. Calculate the derivative of f(¥) =7 t#0



Content summary

Suppose that £ is a function differentiable at every point belonging to an open

interval Ja,b[ or (a, b). Then we say that f is differentiable on ]a,b[ or (a, b).

1) Derivative of a constant function

If fis a constant function, f(x) =c¢, for allx then g = di(c) =0
x dx

Example: Calculate the derivative of f(x)=8

Solution: /A = i(8) =0
dx dx

X
2) Derivative of identity function
The derivative of the identity function is the constant function 1, that is
. df dx
[ X)=x,—=—=1
it f(x) PR
3) Multiplication by a scalar

If f is a differentiable function of x, and c is a constant, then

d d
a(cf(x)) = Caf(x)

Example: find the derivative of f(x)=3x

Solution: f'(x)=3(x)'=3x"" =3x" =3 , knowing that x” =1,provided x #0

4) Derivative of a power

Ifn is any real number,

thendix” =nx"" for all x where the powers x" and x"" are defined.
X

This holds for any function with power. Let D(/,R)be the set of functions
differentiable on interval 7. Thus, if f e D(I,R) for positive and negative, and

fractional value of n, then [f” (x)]’ =nf""(x)f'(x).

Example:



Differentiate f(x) = (2x +1)* respecting the value of x.

Solution:

10 =(@x+1)° ) =4(2x+1)'2x+ 1"
() =4(2)(2x+1)°
f'(x) =8(8x +12x7 +6x+1)

f'(x)=64x> +96x” +48x +8

5) Sum rule
i(u+v)=ﬂ+ﬂ
dx dx dx

Example: Calculate the derivative of y = x* +12x with respect tox
Solution: y’ =4x*" +12x""

Y =4x> +12
6) The Difference Rule

d du dv
L (y—y)=_ &
dx dx dx

Example

d
y=x"-2x>+2 d—y:4x3—4x
X

7) Product rule

Notice that this is not just the product of two derivatives

Example

%[(xz +3)(20° +5x) | = (" +3) (65 +5) +(2¢ +5x) (2x)



6x* +5x° +18x* +15+4x* +10x°

10x* +33x* +15

8) Quotient rule

Jdu_ dv
i(ﬁj - M or can be written as d(zj = Vdu—_zudv
dx\ v % v v
Examples:
3
1. Find out the derivative for f(x)= 2x2 o
x°+3
Solution:
iy D +50) =2+ 50)(x" +3)
(x> +3)°
iy = 7 H6x £5) = 2%+ 50)(2¥)
(x* +3)?
2x* +3x
2. Find the derivative of =
f(x) 45 +x+1
' 2x% +3x ,
S = (4)63 +x+J

(237 +3x) (4% + x+ 1) — (2x7 +3x)(4x7 + x+1)
(4x’ +x+1)°

(4x+3) (42 +x+1)—( 227 +3x)(12x° +1)

(42 +x+ 1:]:
C16x7 47 +4x+12x +3x+3-24x" - 227 —36x" —3x
(4 +.\'+1:]:

_ —8x 243" +2x" +4x+3
(4x° +x+1)




Derivative of polynomial

Let y=ax"+a,x""+..+a,x" +ax +a, be a polynomial.

d _ _
Then, we have & = ng x" "+(n-1)a, x" 7 +..+2a,x' +a
dx n n—1 2 1

9) Derivative of the reciprocal function

Let D(Z,R) be the set of functions differentiable on I. If f e D(I,R), then

b ,
ieD(I,IR) f(x)#0.Moreover i[lJ:—d—’g or i[i]:—fz
/ dx\ f f dx\ f f

Example

Calculate the derivative of f(x)= 1 respecting the value of x
X

Solution: (lJ =_(x) :_Lz

X

10) Derivative of a composite function: Chain rule

If fandgare both differentiable and Fis the composite function defined
by F(x)= f(g(x)), then Fis differentiable andF'is given by the product

F'(x) = f"(g(x))-g'(x)

In Leibniz notation, if y= f(u) and u=g(x)are both differentiable functions,

then d—y:d—yﬂ
dx du dx
Example:
. N . ) 2x+1
Find the derivative of fog if f(x)=x>+3x+3 and g(x)=
x



Solution:

(fog)'(x)=f'[g<x)]g'(x){2(2“1}3}(22“)

X
([ 4x+2+3x ) 2x-2x-1) (Tx+2)( -1
(=R
_—Ix=2

x3

11) Differentiation of radical functions

i) If we take any function in the square root function, then

_ L T
y=rx=-- 2f(x)dxf(X) 2mf(ﬂ

Example1: y:\/}:Q:L

dx  2Jx

dy_ 4 _ 2
dx 2x  Jx

Example3: Find the derivative of y=+/2x"+5

Example2: y=+/4x =

We have the given function asy =+/2x* +5 and Differentiating with respect to

variable x, we get & :i\/2x2 +5.

dx dx

Nowusingtheformuladerivativeofasquareroot,wehave Y ;i@xz +5)

dx  22x*+5 dx

Q_ 4x _ 2x
dx  2J2x*+5 J2x%+5

d
oy Las )
( f( )) n nf”’l(x)

4
: -2
Example:y=3/x"-2x=y = o

73 (x* —2x)°

o~ d
ii
) dx



12) Implicit differentiation

X

y=f(x) =

. is explicit function when it is expressed directly in terms of
X+

x, and when this example y= is in the form x*y+y—x=0 it becomes
an implicit function and y is said tb Bd defined implicitly as a function of x . The

derivative of y respect to x may be found by considering y as a function of x
and differentiating term by term:

i(x2y+y—x)=0
dx

d  , d d
g(x J’)+E(J’)—E(X) =0

d 2 d dy
—(x)y+x —(()+—-1=0
dx( )y dx(y) e
2xy+x2ﬂ+ﬂ—l:0

dx dx

(x? +1)%:1—2xy

dy _1-2xy
dx  x*+1

13. Differentiation of function of function

Let y=f(v) withv=¥(x) and derivative of y respect to X is given by

& _dy dv
dx dv dx
> . 2 g Ay
Example: Let y =3v" —v withv=x", find o
X
Answer: d—y=6v—1=6x2—1
dv
ﬂ:2x
dx
Y :ﬂﬂ =(6x" —1).(2x) =12x" - 2x
dx dv dx
d—y=12x3—2x
dx



Application activity 2.2

1. Given the function f(x)=x*+3x-4 andg(x)=x+1.Find
a(fle®])  bf[e@] e fe@]g®

2. Differentiate y :(x3 —1)100

3. A body is moving along the *~axis such that its displacement is

given by
x(0) =17 =37 What will the acceleration ) of the body be given that
dv dx
at)=— d t)=—
=" and V()= |

4. Find %given that x> =2y’ +4x =2
X

2.3 Differentiation of trigonometric functions

Activity 2.3

Consider ¥ =/ (x)=sinx

Based on definition of derivative and trigonometric formula of transformation

of sum to product 3sina—sinb=2sin(a;bjcos(a;bj,

Establish the formula of -4
dx

. (7
e. Knowing that cosx = sm(z_xj 1

sin x 1
tanx = ,SECX = sooseex =, deduce the derivative of

COS X COS X

cosx, tan x, secx and cscx.



Content summary

1. Derivative of of function y = f(x) =sinx

f.(x)sz(ﬂhz—f(x)

£ ()= lim sin(x+ /) —sin(x)
25in{x+h_xjcos{x+h+x)

£(x) = lim 2 . 2
2sin(hjcos[2x+hj

£(x) =tim 2 : 2

[
Sin E i
f(x)= kl_r)r&—.%lirgcos(x+5j

2

N h
f'lx)= I'H%COS(XJFE)

f'(x)=cosx
In general:
. C . : : dy du
[sinu(x)]'=u'(x)cosu(x) i.e if y=sinu with u =y /(x)then——=—.cosu
dx dx
@
Example: given that y =sin(2x* + x) find dx
dy

Answer: dx = (2x* +x) cos(2x* +x) = @ ¥ +1)cos(2x* +x)

Derivative of Y = €0SX

cos(x)=sin(%—x] = ﬂ:—sinx

We know that dx

In general, (cosu(x))'=-u'(x) sin u(x)



[cos u(x)]'=—u'(x)sin(u(x)) i.e if y=cos(u(x)) with u=w(x) then% = —%.sin (u(x))

Example:

y=c082x = y'=—(2x)'sin 2x

y'=-2sin2x
Derivative of function ¥ = tanx
) sin x
y =tanx can be written as y=
CoS X
then
dy _ d sinx _(sinx)'cosx—sinx(cosx)' cosxcosx+sinxsinx _cos’x+sin’x I
dx  dx cosx (cosx)? (cosx)? (cosx)? (cosx)’
1 d
d_y:_2 or & _gec’x
dx  (cosx) dx ,
’ Ux '
In general, [tanu(x)] = +Z) or [tanu(x)] =u'(x)sec” u(x)
s*u(x

1. Derivative of function y =cotx

. R d -1
In the same way with derivative of tangent —cotx=—— or
dx (sin x)
—cotx=—csc’ x
dx
=—csc’ x
u'(x) ' ' 2
In general, [cotu(x)]' = ————— or [cotu(x)]' = —u'(x) cosec” u(x)
sin” u(x)
2. Derivative of y=secx
1 ., sinx o 2
y=secx= = y=—>— or y'=sinxsec’x
cos x cos” X
In general,
sinu(x)

or (secu(x))'=u'(x)sinu(x)sec’ u(x)

(secu(x))' =u'(x)

cos” u(x)



3.

Derivative of y=cscx

. —COSXx
. = y=— P
Sin x sin” x

y=cscx = Or y'= —cosx csc’x
In general,

cosu(x)

sin® u(x)

Application activity 2.3

1. Find the derivative of the following functions

(cscu(x))'=—u'(x)

or (cscu(x))'=—u'(x)cosu(x)cse’ u(x)

a. f(x) =sin’ (x2 +4)

b. f(x)=cos3x?

2. Find the derivative of the following functions
a f(x)=sin’ (x2 +4)

b, f(x)=cos3x?

3. Find the derivative of the following functions
a f(x)=xtanx

b. f(x)=tan(3x+2)

C f(x)=cot(x’-5)

d. f(x)=sinxcot4x

4. Find the derivative of the following functions
a f(x)=sec(3x+2)

b. f(0)=6’csc26



2.4 Derivative and the variation of a function

1. Observe the graph below and answer the questions that follow:

a. Is the given function y = x* —12x — 5 differentiable? Justify your answer.

b. Find y' by respecting x

c. Show the interval on which the function is increasing ,and decreasing if
y=x—-12x-5

2. Find where the function f(x)=x’—3x is concave up or down.

Content summary
Increasing and decreasing function

Theorem:

Let f be a function differentiable on an interval |a,b]

a) If f'(x)>0 on each pointxof|a,b[, then fis increasing on ]a, b[
b) If f’(x)<0 on each pointxof|a,b[, then £ is decreasing on |a,b[

o) If f'(x)=0 for all xela,b[, then f is constant on this interval, that is
f(x)=f(x,)forall x,x, €]a,b[, or equivalently, there exists a real ¢ such that

f(x)=c forall xe]a,b[.

Given x, and x,from an interval Iwith x <x, if f(x)<f(x,) then f(x)is
increasing on/



Given any x, and x, from an interval I with x, <x, if f(x,)> f(x,)then f(x)is
decreasing on/.

NS

INncreasing

- .
E R 2z 3] a s
—al
=331 INncreasing
~16+
201
I
f{b} = f(a) f(b) < f(a) f(b) = F(a)
where b = a where b >'a  whereb > a
- —f— — P —

If the derivative of a function is positive at a point then the function is increasing at
that point and if the derivative is negative at a point then the function is decreasing
at that point. Also, the fact that the derivative of a function is zero at a point
then the function is not changing at that point. These ideas used previously to
identify the intervals in which a function is increasing and decreasing. This can be
summarized as follows:

= If f'(x)>0 for every x on some intervall, then f(x) is increasing on that
interval

= If f'(x)<0 for every x on some interval I, then f(x) is decreasing on the
interval.

= If f'(x)=0 for every x on some intervall , then f(x) is constant on the
interval.

Example:

1. Let us determine all intervals where the following function is increasing or

3

decreasing. f(x):—x5+§x4+?x +5



To determine if the function is increasing or decreasing we will need the derivative.
f'(x)=-5x" +10x" + 40x°

=-5x" (x2 —2x —8)

=-5x" (x—4)(x+2)

From the factored form of the derivative we see that there are three critical
points:x=-2, x=0, and x=4. We now need to determine where the derivative

is positive and where it is negative by drawing a sign table off'(x), graphing the
critical points and picking test points from each region to see if the derivative is
positive or negative in each region.

x —0 2 0 4 oo

£(x) - 0 + 0 + 0

= £1(0) 1)
£(5) \‘f(—z)/ / \‘—r

Increase is symbolized by the arrow /" on -2<x<0 and 0<x<4

Decrease is symbolized by the arrow \y on =0 < x<-2 and 4 < x < 400
First derivative test for local extrema

Knowing where a function increases and decreases also tells us how to test for
the nature of local extrema values.

Theorem

Suppose that c is a critical point of a continuous function £, and that f is
differentiable at every point in some interval containing cexcept possibly at ¢
itself. Moving across ¢ from left to right,

1. If f"changes from negative to positive atc, then f has alocal minimum
ate

2. It f'changes from positive to negative at ¢ ,then f has alocal maximum
at c

3. If £’ does not change sign at ¢ (thatis, f’ is positive on both sides of ¢
or negative on both sides), then f has no local extremum.

[t means that, the relative extrema of a continuous function occur at those critical



points where the first derivative changes sign.

Definition: Let /' be a function and let x, be a real number such that f is

defined on an open interval containing x,.

= If f'(x,)=0,thenwe saythat x, is astationary number of f.Forexample:
If x is the time and y = f(¢) is the displacement (function) of a moving

object, then % = f'(¢t)is the velocity (function). Thus f'(¢,) =0 means that
the velocity at time ¢, is 0, that is, the object is stationary at that moment.

Definition:

Let f be a function and let x, be a real number such that f is defined on an

open interval containing x,. We say that :

. fhas a relative maximum at x=x, if f(x,)= f(x)for all x sufficiently

close to x,.
. fhas a relative minimum at x=x, if f(x,) < f(x)for all x sufficiently

close to x,.

Example

5 2
Locate the relative extreme points of f(x)=3x*—-15x°

Solution:

1 1

2 A !
f'(x)=5x3=10x 3 =5x 3(x-2)
= If x=0 then, f'(x)does not exist at x =0 but f(O) exists and f(0)=0

= if x=2, the critical points are(0,0) and (2,-14.28)



Sign table of f'(x)

X 0 2
x—2 - - - - - - 0++ + + + +
\.%1 T [+ ++ + + + + o+ o+ + + +
f'(x) o+t --- - - 0 + ++ [+ + +

oo
7 / 0\ \ /' /
-14.28

There is a relative maximum at 0 and a relative minimum at 2.

3 2
Graph of the function f(x) =3x3 —15x3 is as follows:

180+

1001 J(w)= 3zt ~ 5t

S04

504

-100+4

-1504

-2004

Application activity 2.4

Find the intervals where the following functions are increasing or decreasing,
and locate the relative extreme points for each function;

1. f(x):27x—x3

2. f(x)=x4—4x3+5.



2.5 Derivative and Concavity of a function

GRS O

Observe the graph bellow and answer the questions that follow

Y y=x"—12x — §
20 — |
-2 1 .'
N L |
1 L 1 |..'\ 1 1 1 1 x
—4 13 _2 _1 9§ 1 2 3 /4
I
| —-10
|I —20 -t
(2. =21

a. Give the intervals where the curve of the function opens up or down?

b. Find second derivative of y=x’-12x-5 with respect tox and study
2
the sign of d )2/

c. Whatis your)(c:onclusion from the intervals obtained in a) and positive or
negative second derivative in b)

Content summary

The second derivative of a function can give us information about the graph of a
function such as concave up or concave down. The following figure gives us the
idea of concavity

Concave Up, Decreasimg Concave Up, Increasing
\ /
s
\ P
\\.\_\_\_\___ _ -
Concave Down, Decreasing Concave Down, Increasmg
\ ///
]
/

Function is turned up (concavity up) if it “opens” up and the function is turned
down (concavity down) if it “opens” down. Notice as well that concavity has
nothing to do with increasing or decreasing. A function can be concave up and



either increasing or decreasing. Similarly, a function can be concave down and
either increasing or decreasing.

Given the function f(x) then

f(x) is concave up on an interval / if all of the tangents to the curve on /

are below the graph of f(x).

f(x) is concave down on an interval / if all of the tangents to the curve

on / are above the graph of f(x)
Theorem:

Let f be a function that is defined and is twice differentiable on an open interval

]a,b[.
1.1f £"(x)>0for allx € Ja,b[, then f'is convex or concave up on [a,b[

2.1f f"(x)<O0forallxe]a,b[,then fisconcave down on Ja,b

Notice that this fact tells us that a list of possible inflection points will be those
points where the second derivative is zero or doesn't exist. Be careful however
to not make the assumption that just because the second derivative is zero or
doesn't exist that the point will be an inflection point.

We will only know that it is an inflection point once we determine the concavity
on both sides of it. It will only be an inflection point if the concavity is different on
both sides of the point.

Example:

1. Letus find where the function f(x)=x’-3x" is concave up or down.

We need the second derivative so that we will find where concave is up or
down

f'(x):3x2 —6x,

f"(x) =6x-6

f"(x)=0,x=1

Make a table of sign for second derivative



Sign of f"(x)

x 1

/(%)

gAY

Thus, f(x) is concave up if x>1 orin interval ]1,+o0[

f(x) is concave down if x <1 orin interval ]—oo,1]

The graph of the function f(x)=x’—3x?is as follows:

2. Findthe dimensions of the rectangle that has maximum area if its perimeter
is 20 cm.

Solution:
Let x be the length, the width w is such that 2(x + w) = 20

e, W =10-x

10-x




we will consider where the area A is increasing or decreasing where 4 = x(10—x)
, 0<X<10.

We want to find the value of xat which 4 attains its maximum. Differentiating
A(x), we get A'(x)=di(10x—x2) =10-2x (0<x<10)
X

Solving 4 (x) =0, we obtain the critical number of 4:x, =5.

Since Ais increasing on (0,5) and decreasing on (5,10) , it follows that A4

attains its absolute maximum at x, =5.The dimensions of the largest rectangle is
Scmx5cm.

(0.3) (3.10)

s
*

A

E Application activity 2.5

1. Let fbe the function f(x)=x"-12x+1

a. Calculate extreme points

b. Show the interval of increasing and decreasing
c. Show where the function is concave up or down

2.6 Derivative and the table of variation for a function

Activity 2.6

Let 7 be the function f(x)=x’-12x-5
a. Calculate the first and second derivative of f(x)

b. In one table, present the sign table of f'(x) and f"(x) showing also

the intervals where f(x)is increasing or decreasing and the sense of
concavity.

c. Try to analyse the function according to the above table



Content summary

Variation table or synthetic table summarize all information about the function:
domain of definition, limits at the boundaries of domain, asymptotes to the curve,
extrema points, variation of function (increasing or decreasing) , inflection points
and the sense of concavity( opens up or down).

x*+1

Example: Establish the variation table and sketch of the function 7 (x)=

Condition of existence: x # 0
. Domf =R\{0} =]~o0,0[U]0,+[

2. Limits at the boundaries of Domf

lim == (IF)
) X—>—0 X o0
a
A (1+ / )
T.V: lim = lim ———~=—= lim x = -0 = There is no Horizontal asymptote
Xo-o  x X—>—0 X—>=0
. x4l 1
li =—
x—0 X O
X+l
lim =—=—00 . .
-0 X 0 = There is a vertical asymptote : x =0
X+l 1
lim =—=+4©
x—0" X 0+
X +1 o
lim =— (IF)
X—>+0 X
) 1
b) Pl 1+ )
T.V: lim = lim X — lim x =+
x40y X—>+o0 X X—>+00

= There is no Horizontal asymptote

Let find the oblique asymptote (0O4)

OA=y=ax+b witha= lim ——= f( ) and b = lirP [f(x)—ax]

X—>F0



x*+1 x?

=lim —=1
2 x—>to0 x2

a=lim
xX—>xoo X

2 2 2
b= lim (x *l —xj: lim (M} lim (1]:0
x>t X x—>+o0 X xoxo|

a=1,b=0= there is no OA

3. Parity of f(x)
. f(x) is even function if f(x)=1f(-x)

(—x)’+1_ x x*+1

f(-x) = S f) sof () =

—X X X

1S not even

. f(x) is odd function if —f(x)=f(—x)

2

pran (=x)* +1 _ X+l
—X X
—f(x)=— x +1 S0 —f(x)=1f(-x) and f(x) is odd function

4. Parity of f(x)
The given function is not periodic

5. First derivative of f(x)

2 2

241} 2xx—L( 4D 260 —x -1
X X

f'<x>=(x
X
Fi =

x2
Critical points:
= Condition of existence of f'(x)

X0 x20

2_
fix)=0e 21=0<:>x2—1=0
X

=x=—1lorx=1



, . x=-1= y=-2 (function has a maximum point (-1,-2)
Extrema points: if

x=1 = y=2,function has a minimum point (1,2)
Sign table of f'(x)

X —i -1 0 1 x
Fx) + + 4+ o- - I 0 ++ + +
Jx) 2

+r

—x l

6. Second derivative of f(x)

" 1) 2xt—2x(xt-1) 2x°-2x+2x 2x
S (%) :[ 2 = 3 ( ) = 3 =
X X X X
" 2
f'(x)=—
X
Critical points:
e Existence condition of f"(x):x’ #0=x#0

e f'(x)=0 % =0 It doesn't exist inR

Sign table of f"(x)

X —xX =0

J(x) -- - -
Jx)




7. Variation table or synthetic table
= x 1 0 1 +x
Jx) + +0 II- - 0 o+ = +
J(x) - +
Jx) -2 |+ o
I
—x —x 2
8. Supplementary points
X 2 -2 -3 3 -4 4
fO 2626 100 01117
3 3 4 4

9. Graph of function f(x)=

x +1

Application activity 2.6

1. Study completely y = x+i
4x

2. Study completely y =

1
x—2




2.7 Derivative and limit with indeterminate cases:
Hospital’s rule

Evaluate the following limits:

5tY — 47 —1
im—————
=1 10—¢-9¢

2
b. limx I
x—4 x_4

. Al+x -1
lim——

x>0 X

What happen if you calculate the limits of derivative of numerator over
derivative of denominator for above limits?

a.

Content summary

Hospital’s rule states that, if lim%with g(x)=0and x,a finite number
X—>Xg g X

or infinity is indeterminate form of9 or = then, it can be calculated by
o0

lim%wim g'(x) #0. If this result is indeterminate form, the procedure can
XX, g' X

be repeated.

Examples

By using Hospital's rule , evaluate the following limits

a. hm—\,7+x—3 _0 (LF)
x—2 X — O




Application activity 2.7

By using Hospital rule , evaluate the following limits

. 2sinx—sin2x
1, Ilm—mMM
x=0 X—SsInx

lim 2x+7
2. x50 3x? -5

x> -1

“xow x4 3x—4

. x—4
4. lim

PV \/;_2

2.8 Derivative, tangent line equation and Normal line
equation

Activity 2.8

Consider the function f(x)=-x+3x and the line y=3x passing through
point (0,0).
1. Show that (0,0) is the intersection of f(x)=—-x’+3x and y=3x

2. Find f'(0)

3. Compare the result in 2. and the gradient of the given line.



Content summary

Tangent line

Recall that the equation of a straight line passing through a given point (x,, v, )

having finite slope m is given by y—y, =m(x—x,). Note that the slope of the

tangent to the curve y = f(x)at the point (x,,y, )is given by f'(x,) e

dx
(
Replacing mby f'(x,)in the equation y—y, =m(x—x,)we get the equation of

Xo sYO)

a the tangent line defined by T =y —y, = 1"(x, ) (x—x,)

Remember that the function f(x) can have distinct right-hand and left- hand
derivatives at x, ; that is, f'(xg);tf'(xg).

In this case we say that the point x, is a sharp. The curve has no tangent line at

x, - Centrally, it has a half tangent at the left and another at the right with different
slopes (see the following figure).

140 A

y-axis

1204

tan o, = lim M and tana, = lim
x=x5 X=X, ) X=X,



Normal line

We call normal line to the curve at point (x,,y, ), the perpendicular line to the

tangent line of the curve at point (x,,,). The slope of the normal line to the

curve y = f(x) at (x,,,)is , if f'(x,)#0. Therefore, the equation of

-1
f’(xo)

the normal line is givenby N=y—-y, =-

1
FEETA

Example
Given the parabola f'(x)=x’
a. Find the point where the tangent line is parallel to the bisector of the first

quadrant.

b. Find the tangent line to the curve of this function at point (2,4)

Solution

a. The bisector of the first quadrant has the equation y =X so its slope is m=1

. Since the two lines are parallel they have the same slope. So f'(xo)zl.
Since the slope of the tangent line to the curve is equal to the derivative at

X=X,

fv(xo):ﬁmw

h—0 h

2 2 2
i 0 +2x,h+h" —x;

h—0 h
2
im 2x,h+h
h—0 h

= lim (2x, + )

h—0

=2x,

1 1y (1Y
But f'(xo):1:>2x0:1:>x0:§ and yO:f(EJZ(EJ —_—
Thus, the needed point is (l,lj
2’4

b. The given pointis (2,4),then x, =2, y,=4. f'(x,)=2x,= f'(2)=4



The tangent line is

sz—4:4(x—2)
T=y-4=4x-8
T=y=4x-4
sz:4(x—1)

Example
Let us determine the equation of the normal line to the curve with equation

— 2 =
y=x"-5x+6 . point with abscissa * = 0,

f'(x):2x—5’ f‘(O):—S’f(O):6
1
The equation of normal line is NEy—6=—_—5(x—0) or Nsy:%x+6

Application activity 2.8

1. Determine the equation of the tangent and normal line to the curve
of function

a  f(x)=+/x>+3 at the point (—1,2)

b. f(x)=x>—x+35 at the point (1,5)

C f(x)=x" at the point where x =2

2. Let f(x)=x"—x .Findthe equation of tangent line with slope m =-3



2.9 Applications of differentiation in Economics and
finance

Activity 2.9

1. Goinlibrary orcomputerlab,doresearch onapplication of differentiation
in economics and finance.

2. The marginal cost (MC) is the rate of change of the total cost (TC)
function. In fact, in situations where one is dealing with the concept of a
marginal increase, the marginal function is equal to the rate of change

of the original function. This means that MC=dT—C. Determine the

d.
function MC when TC = 6+44”. 1

Content summary

Marginal cost

Suppose a manufacturer produces and sells a product. Denote C(g) to be the
total cost for producing and marketing q units of the product. Thus C is a function
of g and it is called the (total) cost function. The rate of change of C with respect
to g is called the marginal cost, that is,

Marginal Cost _dc

dq
Marginal cost, marginal revenue, and marginal profit all involve how much a
function goes up (or down) go through unit to the right — this is very similar to the

way linear approximation works.

Say that you have a cost function that gives you the total cost, C(x), of
producing x items (shown in the figure below).

///ﬂx’]]ry
Extra cost of
producing one
mare item

1




Example
A widget manufacturer determines that the demand function for her widgets is
1000

Jx

The cost of producing x widgets is given by the following cost function:
C(x):10x+100\/;+10,000

where x is the demand for widgets at a given price, p.

Determine the marginal cost at x = 100 widgets

Solution

Marginal cost is the derivative of the cost function, so take the derivative and
evaluate it at X =100

C(x) =10x +100x +10,000

C(x)=10+ 0 (power rule)
X

NS

C100)=10+—2_ 10+
J100 10

C(100) =15

Thus, the marginal cost at x = 100 is $15 — this is the approximate cost of producing
the 101 widget.

Marginal revenue

Denote R(q) to be the total amount received for selling g units of the product.
Thus Ris a function of g and it is called the revenue function. The rate of change
of R with respect to q is called the marginal revenue, that is,

Marginal Revenue = dr

q
Denote P(g) to be the profit of producing and selling q units of the product, that
is,

P(q)=R(9)-C(q)
Thus P is a function of g and it is called the profit function.

In introductory economics texts, marginal revenue (MR) is sometimes defined as
the increase in total revenue (TR) received from sales caused by an increase in
output by 1 unit.



This only gives an approximate value for marginal revenue and it will vary if the
units that outputis measured in are changed. A more precise definition of marginal
revenue is that it is the rate of change of total revenue relative to increases in output.

Denote ¢, to be the largest number of units of the product that the manufacturer
can produce. Assuming that g can take any value between o0 and ¢, . Then for
each of the functions C, R and P, the domain is [0; ¢___ . Suppose that the cost

function and the revenue function are differentiable on 10,4, . [and suppose that

producing 0 or ¢, units of the product will not give maximum profit. Then in
order to have maximum profit, we need

P

= -0
dq

Or eventually,

dc _dr
dq dq

that is, marginal cost = marginal revenue.

To have a maximum profit, marginal cost = marginal revenue

Example 1:

1. Given that TR(q) =80g —2¢°,

a. Find the function of the marginal revenue MR, and P(q), given that
TR(q)=P.q

b. Find the exact value of the output at which TR is a maximum.

Solution:

MR =R _g0_4q

a. dq
We have TR(gq) =Pq < 80q—2q° = Pq
Therefore, the price function is P(q) =80-2¢

dTR(q)
dq

b. When TR is at its maximum, =MR=0

Thus,



MR =80-4g=0
80=4q
20=gq

800 f - — — — —

P(g)

MR

o 0 40 a ! 20 40 a

Example 2: For the total revenue function TR = 500g — 24°, find the value of MR
when ¢ =80.

Solution

_dTR
dq

MR =500—4¢g . Thus, when ¢ =80, MR =500—-4(80)=180

Example 3:

A widget manufacturer determines that the demand function for her widgets is

1000
p= Np where x is the demand for widgets at a given price, p.
X

The cost of producing x widgets is given by the following cost function:
C(x) =10x +100+/x +10,000

Determine the marginal revenue at x = 100 widgets

Solution

Revenue, R(x), equals the number of items sold, x, times the price, p:
000

Jx

1000x Vx _ 1000xx _, 00

R(x)=x.p :x.1

(using the above demand function)

R(X) = \/; ﬁ .



Marginal revenue is the derivative of the revenue function, so take the derivative
of R(x) and evaluate it at x = 100:

R(x) = 1000f
R'(x)= \/_ (power rule)
500
R'(100 =50
(100) = 7100

Thus, the approximate revenue from selling the 101st widget is $50.
Example 4: Profit maximization

A monopoly faces the demand schedule p = 460 2q and the cost schedule TC =
20 + 0.592

How much should it sell to maximize profit and what will this maximum profit be?
(All costs and prices are in $.)

Solution

To maximize profits, the rule MC = MR must be realized.

To find the output where MC = MR we first need to differentiate the MC and MR
functions.

Given TC =20+0.5¢%, then MC = are _ q

dg
As TR = pg = (460—-2q).q =460q—2q°

Then MR = ddTR =460-4q

q
To maximize profit MR = MC . Therefore, equating the two quantities, we find:
460—4g = g which implies that ¢ =92
The actual maximum profit when the output is 92 will be:

TR —TC = (460q —4q°)—(20+0.5¢%)

= 460q —2.5¢* —20 = 460.(92) —2.5(8,464) — 20 = 21,140

The actual maximum profit when the output is 92 will be $21,140



Example 5: A firm faces the demand schedule p =184 —4¢ and the TC function
TC = ¢* —21¢° +160q +40.
What output will maximize profit?

Solution

dTR

Given that TR = pg = (184 —4q)q =184q —4q>, we have MR =
q

=184 -8q
And MC=dd£=3q2 —42g+160.
q
To maximize the profit, MC=MR. Therefore,
3¢° —42¢+160=184—-8¢g

(q—12)(3q+2):0
q—12=00r3¢g+2=0

2
=120rqg=——
q q 3

As one cannot produce a negative quantity, the firm must produce 12 units of
output in order to maximize profits.

Example 6: Suppose that a company has estimated that the cost (in Rwandan

francs) of producingxitems is C(x) =10000+5x+0.01x*> . What is the marginal
cost at the production level of 500 items?

Solution: Then the marginal cost function is ¢'(x)=5+0.02x

The marginal costat the production level of 500 items is ¢'(500) =5+0.02(500) =15
Rwandan Francs per item.

Example 7. The demand equationforacertainproductis 4 =20 +2p =0, 0<¢<90
where g is the number of units and p is the price per unit, and the average cost

Cav=q2—8q+57+g, 0<¢g<90
function is q . At what value of g will there be
maximum profit? What is the maximum profit?

Solution:

Although the average cost function is undefined at g = o, we may include 0 in
the domain of the cost function. The cost function and the revenue function are
differentiable on ]0,90[. However, we do not know whether maximum profit would
be attained in 10,90[ or at an endpoint. So we use the method for finding absolute



extrema for functions on closed and bounded intervals.
The cost function C is given by

C(q)=qC, =q’ -8q¢" +57q+2, 0<q<90)
given by

and the total revenue function R is

90 —
R(q)=pyg =Tq-q; 0<¢<90)

Therefore the profit function P is given by
2
P(9)=R(@)~Clq) =(450-")~(¢" =8¢ +57q +2)
5, 15 5
=—q +?q -12g-2, (0£¢<90)
Differentiating P(q), we get
d(—q3 +125q2 —12q—2j

dq
Solving P'(q) =0, that is,

r'(q)= =3¢ +15q-12, (0<¢<90)

-3¢> +15q-12=0
=3(g-D(g-4=0; (0<g<90)
We get the critical number of P where ¢, =1 and ¢, =4.

Comparing the values of P at the critical numbers as well as that at the endpoints:

q 0 1 4 90
P(g) -2 15 6 -669332
2

We see that maximum profit is attained at ¢, =4 and the maximum profit is 6
(units of money).

Remarks:

If we know that maximum profit is not attained at the end points, we can simply
compare the values of P at ¢, =1 and ¢, =4.



P
10

1 5 3 \I
g1 —1dqg—|2

=10

-15

Example 8: A store has been selling 200 DVD burners a week at330dollars
each. A market survey indicates that for each 10 dollars rebate offered to buyers,
the number of units sold will increase by 20 a week. Find the demand function
and the revenue function. How large a rebate should the store offer to maximize
its revenue?

Solution

If x is the number of DVD burners sold per week, then the weekly increase in
sales is x—200. For each increase of 20 units sold, the price is decreased by 10

dollars. So for each additional unit sold, the decrease in price will be%xlo

The demand function is p(x) = 350—%@—200) = 450—§x
The revenue function is R(x) = xp(x) = 450x—%x2

Since R'(x) =450 —x, we see that R'(x) =0 whenx =450

This value of xgives an absolute maximum by the First Derivative Test



p(450) = 450—%(450) =225

The rebate is 350-225=125, Therefore, to maximize revenue, the store should
offer a rebate of 125 Rwandan francs.

Tax yield

Elementary supply and demand analysis tells us that the effect of a per-unit tax t
on a good sold in a competitive market will effectively shift up the supply schedule
vertically by the amount of the tax. This will cause the price paid by consumers
to rise and the quantity bought to fall. The change in total revenue spent by
consumers will depend on the price elasticity of demand.

Example 9:

A market has the demand schedule p = 92 2q and the supply schedule p =
12+30. What per-unit tax will raise the maximum tax revenue for the government?
(All prices are in $.).

Solution:

Let the per-unit tax be t. This changes the supply schedule to p =12+¢+3¢
i.e the intercept on the price axis shifts vertically upwards by the amount t.

we now need to derive a function for g in terms of the tax t. In equilibrium, supply
price equals demand price. Therefore,

12+3g+1=92-2¢
q=16-0.2¢

The tax yield is (amount sold) x(per unit tax). Therefore,

TY =qt=(16-02¢t)t=16t—0.2¢

And so the rate of change of TY with respectto tis

dﬂ: 16—-0.4¢
dt
dTYy
if 4IY > (0, an increase in t will increase TY. However, from the formula for =~ 7
dt
derived above, one can see that as the amount of tax t is increased the value of
dTYy dTY

Wfalls. Therefore in order to maximize TY, t should be increased until —dt =0



dTY
Any further increases in t would cause Tto become negative and cause TY
to start to fall. !

dd£=16—0.4t:0
t
Th

US40

Therefore a per-unit tax of $40 will maximize the tax yield.

Example 10:

A widget manufacturer determines that the demand function for her widgets is

1000
p= NS where x is the demand for widgets at a given price, p.

The cost of producing x widgets is given by the following cost function:
C(x) =10x +100x +10,000
Determine the marginal profit at x = 100 widgets
Solution
Profit, P(x), equals revenue minus costs. So,
P(x)=R(x)-C(x)
=1000+/x ~(10x+100vx +10,000)
= —10x+900v/x —10,000

Marginal profit is the derivative of the profit function, so take the derivative of P(x)
and evaluate it at x = 100.

P(x) = —10x+900~/x —10,000

P'(x)=-10+ 49 (power rule)
X

7

P'(100) =10+ 2%

V100

=—10+45
=35

So, selling the 101st widget brings in an approximate profit of $35.

Once you know the marginal cost and the marginal revenue, you can get marginal
profit with the following simple formula: Marginal Profit = Marginal Revenue —
Marginal Cost.



Application activity 2.9

A market faces the demand schedule P = 58—% and the cost schedule

3

2
7C=97¢-17L + 4

2 3
How much should it sell to maximize profit and what will be this maximum
profit?

(All costs and prices are in Rwandan Francs)

2.10 Applications of differentiation: rate of change
problems, optimization problems

Given the function y = f(x) = x*, find

the ratio of the variation of y over the variation of x in each of the following
intervals:

a. [2;4]

b. [-3;—1]

Content summary

Rate of Change

The purpose here is to remind us of one of the most important applications of
derivatives. Recall that by the derivativecé—f, we mean the rate of change of
distance S with respect to time f. In similar fashion, whenever one quantity Y
varies with another quantity *, satisfying some rule =7 then %or S (x)

dy ,
represents the rate of change of ¥ with respectto ¥ and | or f'(%)

represents the change of rate of ¥ with respectto ¥ at x=1x,



_ NN
If (anyo) is a point on the graph of ¥ =f(x),then we define "'~ x,—x, tobe

the average rate at which y changes with respect to x over the interval [x0,%].

Ity Zf(x) and f(x) is differentiable at X, then we define p :j_y|m to be the
x 0

instantaneous rate at which y changes.

dy
dx IS positive if Y increases as ¥ increases and is negative if V' is decreases

as ¥increases.

Further, if two variables ¥and Y are varying with respect to another variable?, i.e

dy dy /dx .. dx
ifx= = i — == — =0,
ifx=f(@) and y=g(t),then by Chain Rule Y if 7 Thus,

the rate of change of ¥ with respect to x can be calculated using the rate of
change of ¥ and that of * both with respect to x

Examples

1. For the curve y =x” +1. Let us find the average rate of change of y with x over
the interval [3,5] and the instantaneous rate of change of y with x at point x=3.

Here x,=3 and x; =5
v =(3) +1=10,y, =(5) +1=26

~26-10 16 ,
So average rate of y over [3,5] s 53 =7:8.Thus,ontheaverageylncreases

8 units for each unit increase in x over the interval [3’5]

d Q| =2x|,_,=6

d_y = f'(x) =2x,soinstantaneous rate of change ofy at * = 3is gy 3T TN T
X

Thus, at point x =3,y is increasing 6 times as fast as x.

A stone is dropped into a quit lake and waves move in circles at a speed of 4¢m

per second. At the instant, when the radius of the circular wave is 100’", how fast
is the enclosed area increasing?

Solution:

The area A of a circle with radius 7is given by 4 _ ,.2. Therefore, the rate of



change of area A with respect to ! is

d4 d

~ . d 5 dr_ dr
E_E(”r )—E(m’ )XE_MFE (By chain Rule)

dr
Itis given that " = 4cmfs

r=10cm, % =27(10)(4)=80r

Therefore, when

Thus, the enclosed area is increasing at the rate of 807, when r=10cm

Rolle’s Theorem
Suppose that /(%) is a function that satisfies all of the following.

f(x) is continuous on the closed interval [a,b]'

= f(x) is differentiable on the open interval (a.b),

Then, there is a number ¢ such that a<c<b and f'(c) =0,

Or, in other words () has a critical point on the open interval 19-8L.

Example

Consider the function f(x)=x"~-1 on [-11]

This function is continuous on [-1,1] and differentiable on ]- 11

Moreover f(-1)=f(1)=0 .

Then from Rolle’s theorem we must get a number ¢ such that —=1<c¢<1 and
f'(c) =0.

The firstderivativeis f'(x)=2xand f'(x)=0 for x=0 and we see that -1<0<1



Mean Value Theorem

Suppose that f(x) is a function that satisfies both of the following.
f(x) is continuous on the closed interval [a,b].
f(x) is differentiable on the open interval Ja, 5[ .

f(b)~/(a)

Then, there is a number ¢ such that a<c <b and f'(c)= .
—d

Or, £ (b)~f (@)= '(€)(b-a)

Note that the Mean Value Theorem doesn't tell us what c is. It only tells us that
there is at least one number c that will satisfy the conclusion of the theorem.

Also note that if f(a)= f(b) we can think of Rolle’s Theorem as a particular
case of the Mean Value Theorem.

Geometrical interpretation of the Mean Value Theorem.

First define 4 :(a,f(a)) and B:(b,f(b)) and then we know from the Mean

Value theorem that there is a ¢ such that a <¢ <b and that f'(c)= M.
—a
Now, if we draw in the secant line connecting A and B then we can know that the

£(b)1(a)

slope of the secant line is,
b-a

Likewise, if we draw the secant line to f(x) at x=c we know that its slope is
/'(e).

What the Mean Value Theorem tells us is that these two slopes must be equal
or in other words the secant line connecting A and B and the tangent line at
x =c must be parallel.



We can see this in the following sketch.

¥

Tangent Line

Example

Let us determine all the numbers c which satisfy the conclusions of the Mean Value
Theorem for the function f(x)=x’+2x*—x on [-1,2]

There isn't really a lot with this problem other than to notice that since f"'(x) is
a polynomial; it is both continuous and differentiable (i.e, the derivative exists) on
the given interval.

First derivative, f'(x)=3x+4x-1

Now, to find the numbers that satisfy the conclusions of the Mean Value Theorem
all we need to do is plug this into the formula given by the Mean Value Theorem.

i 1)

<:>3cz+4c—1=%=4 &3¢ +4c-1=4 & 3¢* +4c-5=0

A=16+60=76
C:—4i2\/ﬁ :—zi\/ﬁ
6 3

Thus, the values of ¢ which satisfy the conclusions of the Mean Value Theorem



—2+\/§

3 . The value

for the function f'(x)=x*+2x’—x on [-1,2] is

219
3

is excluded since it is not an element of the given interval.
Let us see a couple of facts.

Fact 1

If £'(x)=0 for all x in an interval Ja,b[ then /(¥) is constant on Ja,#[.

Fact 2

[ f'(x):g'(x) for all x in an interval la, B[ then in this interval we have
f(x)=g(x)+cwhere c is some constant.

Note that in both of these facts we are assuming the functions are continuous
and differentiable on the interval [a,b]

Application activity 2.10

The length xof a rectangle is decreasing at the rate of 3cm/min and the

width is increasing at the rate of 2 cm/min. When x=10cm and y=6cm,
find the rates of change of :

a. The perimeter
b. The area of the rectangle



ik

By definition calculate the derivative of f(x)=x-2

A baseball team plays in a stadium that holds 55,000 spectators. With

ticket prices at10 dollars, the average attendance had been 27,000.
When ticket prices were lowered to 8 dollars, the average attendance
rose to 33,000.

a. Find the demand function, assuming that it is linear.
b. How should ticket prices be set to maximize revenue?

The given f(x)=2x"—5x" +4x+2
a. Calculate extreme points
b. Calculate first and second derivative

c. Show the interval of increasing and decreasing of the given
function

d. Show where the concavity is up or down
Find the quantity ¢ which willmaximize profitifthe total revenue andtotal

cost(indollars) are given by R(q) =5¢—0.003¢> , C(q)=300+1.1q
where 0<¢ <1000 units.



U N IT MATRICES AND SYSTEM OF
LINER EQUATIONS

Key Unit Competence:

Solve problem involving the system of linear equations using matrices

Q 3.0. Introductory activity

A Farmer Kalisa bought 5 Cocks and 4 Rabbits and he paid 35,000 FRW in
Ruhango Market, and the following day, he bought 3 Cocks and 6 Rabbits
and he paid 30,000 FRW. in the same Market

a. Arrange what Kalisa bought according to their types in a simple table
as follows

Cocks Rabits Prics

b. Discuss and explain in your own words how you can determine the cost
of 1 Cocks and 1 Rabbit.

3.1. Definition, size and types of matrices

1. A shop sold 20 cell phones and 31 computers in a particular month.
Another shop sold 45 cell phones and 23 computers in the same
month. Present this information as an array of rows and columns.

2. a) Observe and complete the number of present students in the year
three classes by Monday .

Boys girls Total

ECLPE
SSE




b) If every class gets new students on Tuesday such that in ECLPE
they have 2 boys and 1 girl, in SSE they receive 1 girl and 1 boy,
Complete the table for new students.

c) Complete the table for all students in an array of rows and columns.

Content summary

1. A matrix is a rectangular arrangement of numbers, expressions, algebraic
symbols which are arranged in rows and columns. A matrix is denoted with
a capital letter: A, B, C,...and the elements are enclosed by parenthesis

( )or square brackets[ ] :

Example 1

. . a, a, da; 1 3 4 a, ... a,
A:[a“ a”} B=|a, a, a,| C=|5 12 13| M=

o ;) Ay dg 7 6 0 a,, a,,

From matrix B, ¢y, is element of third row and second column
From matrix C, 4 is element of first row and third column

2. The dimension or size or order of matrix

Matrix B is of order 3x3 (“read three by three”) because there are 3 rows and 3
columns

Matrix M is of ordermx 1, (“read m by n”) because there are M rows and I columns
A square matrix is a matrix formed by the same number of rows and columns.
The elements of the form (%)’ where the two subscripts i and jare equal,

constitute the principal diagonal (or leading diagonal or main diagonal
or major diagonal or primary diagonal).

The secondary diagonal (or minor diagonal or anti-diagonal or counter
diagonal) is formed by the elements withi+ j = n+1.

(all al2j
Square matrix of order 2 has the form dn G



Secondary diagonal

example of Matrix of order two: leading diagonal

Square matrix of order three has the form

a, 4, 4y
ayp Gy Ay

ay Gy A

Example of Matrix of order three:

econdary diagonal

6_1' I _1L&ading diagonal

3. Types of matrices
There are several types of matrices, but the most commonly used are

1) Row matrix: A matrix is said to be a row matrix if it has only one row.

Example: (2 4 7)

2) Column matrix or Vector matrix: A matrix is said to be a column matrix if
it has only one column.

1
Example:| 3
6

3) Zero matrix or null matrix: A matrix is said to be zero matrix or null matrix
if all its elements are zero

00

0 0 O
Example: [0 0], [0 0|, [0 O O/ areall zero matrices. We denote zero
00 0 0 O

matrix by O.



4) Triangular Matrix: A matrix is said to be a triangular matrix if its elements
located below or above the leading diagonal are zeros.

a) Upper Triangular Matrix

In an upper triangular matrix, the elements located below the leading diagonal are
zeros.

1 -2 4

1 2
Examples: 1) 0 _s 2)|0 3 2
0 0 4

b) Lower Triangular Matrix

In a lower triangular matrix, the elements above the leading diagonal are zeros.

1 0 0
Examples: 1) b0 2)2 3 0
s =5 -

5) Diagonal Matrix

In a diagonal matrix, all the elements above and below the leading diagonal are
zeros.

0 0
10 O

Examples: 1) 0 -5 2)|0 3 0

0 0 4

6) Scalar Matrix

A scalar matrix is a diagonal matrix in which the leading diagonal elements are
equal.

5 0 300
Examples:1)[0 _5j 2)|0 3 0

0 0 3
7) Identity Matrix or Unity matrix

An identity matrix by multiplication of matrices (noted by I) is a diagonal matrix in
which the leading diagonal elements are equal to 1.



1 0
1) Identity matrix of order two | _ [O
1 00
: . 10 1.0
2) ldentity matrix of order three 13=
0 0 1

8) Rectangular matrix: A matrix is said to be rectangular if the number of rows
is not equal to the number of columns

Example: A 5x2 matrix

1 2-345

2067—l
3

9) Singular matrix: a square matrix that is not invertible

10) Nilpotent matrix: A square matrix A4 satisfying 4" =0 for some positive
integer k

11) Invertible matrix: A square matrix having a multiplicative inverse, that is, a
matrix B such that AB=BA=1

12) ldempotent matrix or projection matrix: A matrix that is equal to its
square ie 4A>=AxA=A4

13) Involuntary matrix: A square matrix which is its own inverse i. e 4=4""
and 44=1

14) Transpose matrix of A: Transpose of matrix is a matrix obtained by
changing rows to columns and columns to rows. (Transpose of 4 is denoted

T
by A" or 4 ).
15) Orthogonal matrix: a matrix whose inverse is equal fo its transpose 4~ = 4'

16) Equality of matrices

Two matrices are equal if the elements of the two matrices that occupy the same
position are equal.



ay, =b,,
a, 4, 4 b, b, b a,=b,, a,=b,, a,=>b;
[f| @y Gy |=| Dy by ay ,then 921 = by, Ay, =byy, ayy = by,
a3 4y Ay by by, by ay, = by, ay, =byy, az; = by,

Example: | ; and 0 1| are equal matrices but {0 l}md{o 1}arenot

equal matrices. Symbolically, if two matrices 4and B are equal, we write 4=8

Application activity 3.1

1. Find the dimension of each matrix

555

00026 11
o1 we maw o0202% o )
333

2. Name the following matrices

S
1N}
o
—

a a
00

a)(a b ¢ b)(o 0]c)bc)ObOd)Oba’e)O

c 0 0 ¢ 0 0 e 0

S = O
- o O

2x+1 6



3.2. Operations on matrices

3.2.1. Addition and subtraction of matrices

Activity 3.2.1

1. In asurvey of 9goo people, the following information was obtained:
200 males thought federal defense spending was too high
150 males thought federal defense spending was too low
45 males had no opinion
315 females thought federal defense spending was too high
125 females thought federal defense spending was too low
65 females had no opinion

Discuss and arrange these data in a rectangular array as follows:

Too high Too Low No opinion

Male

Female

Then, form a matrix from the data of this table.

2. Consider the matrix A formed by present students in two classes
where

students of one class make one row such that 4 = Bg ﬂ and B the matrix
formed by students who gotabsent for they wentto participate in acompetition

2 1
B= (3 ZJ' Form one matrix C representing the total number of students.

Content summary

Given two matrices of the same dimension, 4 = (aij) andB = (b,.j), the matrix

sum is definedas: 4 + B = (aij + bl.j) The sum of two matrices is a matrix



obtained by adding the corresponding elements of the given matrices. Furthermore,
the two matrices have to be of the same order; it means that the addition of two
matrices requires both matrices to have the same number of rows and the same
number of column.

Again, notice that the subtraction of two matrices requires both matrices to have
the same number of rows and the same number of columns.

a, a b, b
) A — 11 IZJ B — ( 11 12)
i) If [aﬂ a, and b, b, . then
A+B:(a” a12j+[b1] b12 =(all+bll a12+b12j
a21 a22 b21 b22 a21 +b21 a22 +b22 And

A_B:(an al2)_(bll b, :[an_bn alz_bn]
a, Ay b, by, ay —b, ay,—b, W

S~

b, b, b
a, a, a, i O O
B=|b, b, b
N = b1 D Dy
i) If A= @ @n @ | gng - , then
a, a, a; 51 O Os3
a, 4, 4 b, b, b; a,+b, a,+b, a;+b;
A+B=|a, ay, a;|+| b, by, by |=|a,+b, ay+b, ay+by
a3 4y Ay by by, by a3 +by  ay,+by,  ay;+by
a, 4, 4 b, b, b; a,—b, a,-b, a;-b;
A-B=|a, ay ay|-|by by by|=|ay,=b, ay—b, ay—by,
Ay Gy Ay by, by, by ay —by,  ay—by, a;—by

3 2 1 2
Example: 1) If A:(_l lj andB=[4 6j,find the sum 4+ B and the

difference A—B

Solution



2 0 1 1 01
2) Consider the matrices 4=|3 0 0|and B=|1 2 1], find A+B and
A—B 51 1 1 10
Solution
2+1 0+0 1+1 3 0 2
A+B=|3+1 0+2 O0+1|={4 2 1
541 1+1 1+0 6 2 1
2-1 0-0 1-1 1 0 O
A-B={3-1 0-2 0-1|=|2 -2 -1
5-1 1-1 1-0 4 0 1

Properties

Note: The properties are the same for matrices of order two or three

1. Closure

The sum of two matrices of order two or three is another matrix of order two
or three

2. Associative

A+ (B+C)=(4+B)+C
3. Additive identity

A + 0 = A, where 0 is the zero-matrix of the same dimension.
4. Additive inverse

A+ (-4) =0

The opposite matrix of 4 is —4.

5. Commutative

A+ B =B+ 4



6. Scalar multiplication

Given amatrix, 4 = (%)’ and a real number, k € IR, the product of a real number
by a matrix is a matrix of the same dimension as A, and each element is multiplied
by k.

k-A=(ka,)
a, 4, 4y ka, ka, ka,
A=|a, a, ay, kA=|ka, ka,, ka,,
If a3 4y Ay , then ka,,  kay, kas,

2
A:
Example 1: If 5 2 ,find 24

Solution

-3 6 -6 12
24=2 =

5 2 10 4

2 0 1
Example 2: Consider the matrix 4=13 00  find 24
5 1 1

AN
S
N

Solution: 24 =

- o O
—_— O =
I
= o
NN O
NN O

Properties:

L a(pA)=(aB)A, AeM,,  a,BelR

mxn 2

2 a(A+B)=ad+aB, A,BeM, ,aclR

mxn 2

3 (a+p)A=ad+pA, AeM,  a,BelR

mxn

4 14=A, AeM,,



Application activity 3.2.1

7 10
1. Consi der the matrices 4 = 134 and B = , find
6 10 3 4

a) A+3Bb)24-B

1 2 6 0 8 9 13 2 0
o0 If  4=|2 2 -5/,B=|14 4 6| andC=|10 0 3
Evaluate |9 4 g 0 6 7 9 1 -5
b) A-B
¢ A+B-2C
d) 24-B+C

3.2.2. Multiplication of matrices

Activity 3.2.2

1. Aclothing store sells men'’s shirt for $40, silk tie for $20, and wool suit
for $400. Firstly, the store had sales consisting of 150 shirts, 120 ties,
and 25 suits. Secondly, the store had sales consisting of 100 shirts, 200
ties, and 50 suits.

1.1 Determine the total revenue due to these sales.
1.2 a) Write down the selling price for items as row matrix
b) Write down the first sales as column matrix

c) Multiply the matrix in (a) with the matrix in (b) in the following order:
bll

a.,a,a.) b
( [ 13) b21 to get a, by, + apby, + a13by
31



d) Find the total revenue due to the sales firstly.

e) Use the same process to find the total revenue due to the sales

secondary

) Compare the solution in (1.2) with the solution in (1.1)

2. Considering that

a, 4dp 4y by,
AxB=|ay, a, ay;|X|by
a; 4z 4y by,

a,,b,, +a,,0,, +a;;by,

=| ayby, +ayb, +ayb;,

ay,by, +ayb,, +ayb;y)

bl 2 bl 3
b22 b23
b32 33

ay,by, +a,by, +ag;by
@by, +a5,b,, + b,

ayby, +ay,b,, +a5by,

ayby; + apby; +apsby,
ayby; + ayby, + aysbs,

a3,by5 +ayb,, +agby,

-1 1 1 2 1 -1
Evaluate AxB,giventhat A=| 2 2 5|and B=| 3 2 3 |find
0 3 4 -1 6 4

Content summary

Two matrices A and B can be multiplied together if and only if the number of
columns of A is equal to the number of rows of B.

Amxn XBmxp = mep

The element,c;;, of the product matrix is obtained by multiplying every element in

row i of matrix A by each element of column j of matrix B and then adding them
together. This multiplication is called ROCO (row, column).

a, G a; b, b, b,
i Ad=|a, ay ay q B=|b, b, 23 h
an en
a3 Ay Oy b31 b32 b33 ’



a4y a4y b, b, b;
AxB=|a, ay, ay |X|b, by, by
a3 Gy 4y by, by, by

ayby, +apby, +asby  aby,+ayby, +apsby,  ab; +a,by +agsb

=| ay b, +ayb, +ayb;, b, +ayby, +ayb,  ayb;+ayb,s+ayby

a3 by, + ay,by, +aybyy  ag by, +apby, +ayby,  ayby +ay,by +ayh

33

Example 1

1 3 (20
If A= w andB = | 1] find the product 4-B

Solution
1 3Y(2 O
A-B= .
G0
1-2+3-1 1-0+3-1
22451 2-0+5-1

(3

Example 2
0 1 I 0 1
Consider matrices 4=|3 0 0 andZ=|1 2 1 find AxB
1 1 10
Solution
2 01 1 0 1
AxB=13 0 O|x|1 2 1
5 1 1 1 1 0

2x14+0x1+1x1 2x040x2+1x1 2x14+0x1+1x0
=|3x1+0x1+0x1 3x0+0x2+0x1 3x1+0x1+0x0
Sx14+1x1+1x1  5x04+1x2+1x1 Sx1+1x1+1x0



3 1 2
=3 O 3
7 3 o6
Application activity 3.2.2
1 -2 6 0 8 9 13 =2 0
fA=|2 2 B4 4 6 4C=110 0 3| Eyauate

0 4 8 0 6 7 9 1 -5

1. AxB

2. AXC

3_ BXC

3.2.3. Properties of Multiplication of Matrices

Activity 3.2.3

0 1 -1 11 -1
1 1 =2 andC:l = 1

3 0 1
Consider the matrices 4=| 0 -1 1| B=
2 -10 1 110

-2 3
Find
4. AxBand Bx A
Ax(BxC)and (AxB)xC

Ax(B+C)and AxB+ AxC

4. Comment on your results

Content summary

Let 4, B,C be matrices of order two or three



1. Associative
Ax(BxC)=(A4xB)xC
2. Multiplicative Identity

Ax I = A, where I'is the identity matrix with the same order as matrix A

3. Not Commutative
AxB#Bx A
4. Distributive

AX(B+C):(A><B)+(A><C)
Example 1: Given the matrices

2 01 10 1
A=3 0 0 g B=[1 200
501 1)

1 10
Find

a. The product 4xB
b. The product Bx 4

c. Conclude about the commutatively of matrices

Solution
a.
2 0 1Y1 0 1
AxB={3 0 0|1 2 1
5 1 1)1 1 0

2x14+0x1+1x1 2x0+0x2+1x1 2x1+0x1+1x0
=[3x1+0x1+0x1 3x0+0x2+0x1 3xI1+0x1+0x0
SxI+1x1+1x1  5x0+1x2+1x1  5x1+1x1+1x0
31 2
=3 0 3
7 3 6




I 0 1Y}2 0 1
BxA4=|1 2 1]|3 0 0
I T OAS 1 1

Ix240x3+1x5 1x0+0x0+1x1 Ix1+0x0+1x1
=[1x2+2x3+1x5 1x0+2x0+1x1 1x1+2x0+1x1
Ix24+1x3+0x5 1x0+1x0+0x1 1x1+1x0+0x1
7 1 2
=113 1 2
5 0 1

a. Since BxA# AxB , then commutativity of multiplication of matrices is not
verified.

I -1 1 1 2 3
Example 2: Given matrices A=|-3 2 -1|andB=|2 4 6/|.Findthe
-2 1 0 1 2 3

product AB . What is your observation?

Solution
1 -1 1 1 2 3
AB=|-3 2 -11(|2 4 6
-2 1 oN1r 2 3

1-2+1 2-4+42 3-6+43
=| 3+4-1 —-6+8-2 -9+12-3
-242+0 -44+44+40 —-6+6+0
0 00
=0 0 O
0 00

Observation: If AB =0, it does not necessarily follow that 4=0orB=0.



— O O

Example 3: Given matrices .Find the product

S = O
N O O
(S
I
w

1
A=|0
1

AB and B4 . What is your observation?

Solution
1 0 0y2 4 O 2 4 0
AB={0 1 0|3 1 0(=[3 1 O
1 0 2){-1 -4 1 0 4 2
2 4 01 0 O 2 4 0
BA=|3 1 0|0 I 0|=|3 1 0
-1 4 1){1 0 2 0 4 2
= AB=BA

Observation: The given matrices commute in multiplication.

Notice
= I[fAB =0, it does not necessarily follow that A=00r B=0.

* Commuting matrices in multiplication: In general, the multiplication
of matrices is not commutative, i.e, 4B # BA, but we can have the case
where two matrices A and B satisfy 4B = BA.In this case A and/ B are said
to be commuting.

Trace of matrix

The sum of the entries on the leading diagonal of a square matrix, A, is known as

the trace of that matrix, noted r(4).

Example
1 -2 4
1. Traceof |2 3 2 |=1+3+2=6
5 7 2
1 2
o Trace of =1+1=2
' 3 1



Properties of trace of matrix
tr(A+B) = tr(A)+lr(B)

1.

tr(aA) = tr(A)

tr(AB) = tr(BA)

tr(ABC) =tr(BCA)=tr(CAB), cyclic property.

tr(ABC) # tr(ACB), arbitrary permutations are not allowed.

1,

o o

o

Application activity 3.2.3

1 0
Consider the matrices A= 1 -1
0 O
1 0 -1
C=(-2 2 0
-1 1 find
. AxBand Bx A

Ax(BxC)and (AxB)xC
. Ax(B+C)and AxB+ AxC
tr(AB)




3.3. Transpose of Matrix

GEEETTEED O

1 3 1 12 3 -1
Consider the matrices 4=|{1 -2 2|and B=| 3 -2 0
3 20 -4 -1 0

—_

Interchange the rows and columns of matrix 4 and B
Add two matrices obtained in 1

Add 4 and B

Interchange the rows and columns of matrix obtained in 3

What can you say about result in 2 and 4?

o o b~ W N

Interchange the rows and columns of matrix 4 twice. What can you
conclude?

Content summary

Given matrix A, the transpose of matrix A, noted 4', is another matrix where
the elements in the columns and rows have interchanged. In other words, the
rows become the columns and the columns become the rows.

a, 4 4 a4y 4y

If A=|a, a, ay A= a, dy d;
a3 4y Ay , then a3 dy Ay

1 3 6 1 0 3

Example ,_1g 5 ¢ A=3 2 5
3 58 6 0 8



Properties of transpose of matrices

Let 4, B be matrices of order two or three
1 (AyzA
2. (A+B)=4+B8
3. (axA)tzaxA’,aeR

4. (AxB) =B'xA'

Application activity 3.3

x+30 2 6x+5 2 ,
1. If A= and B= .f A= B, find the value
of x, y 4z+x 3y+4 1 1
and z and hence find
a. A
b. 4
0 4 2 1 2 1
2. Consider matrices 4=|1 3 6|and B=|-4 0 3]|.Evaluate
3 -2 8 6 2 5
o (4+B)
b. 34'+B
1 2 x2 1 4 1
M=/4 1 o] M=2191
c. Find the value of ¥ in it
1 x+3 8 4 0 8
1 3 1 12 3 -1
‘ _ A= -2 2 B=|3 -2 0
d. Consider the matrices 3 0 0 and 4 1 o0

Find (4xB) and B x 4'



3.4 Determinants and inverse of matrices of order two and
three

3.4.1. Determinant of order two or three

a, dp

1. Given that

=040y, —ay4,

31 (|12 3
d)
6 8 |2 9

ay dy

1o -2 -4
b)
2 1 7|3 6

Evaluate the following operations by considering the direction of
arrows (sum of the blue products minus sum of the red products)

Determine: a)

c)




Content summary

Consider two matrices, one of order two and another one of order three:
a a all alZ a13

M:( M 12) and4 =|a, a, a, |.The determinantof A is calculated by
a

2 Gy
3 Gy Ay

SARRUS rule:

The terms with a positive sign are formed by the elements of the principal
diagonal and those of the parallel diagonals with its corresponding opposite
vertex.

The terms with a negative sign are formed by the elements of the secondary
diagonal and those of the parallel diagonals with its corresponding opposite
vertex.

a,, ap ay G|
|M| | | = a4y — a4y,
detM — = 921 9n| 4, — |91 Aap
[} a. \
11 12 71 \
a, a, a A A X / +
1 12 13 las] agp ay S
[ S E T = \ .
a a a s >4 -
21 Up  dy ' /‘-.\ af ay ag)| \

det 4= | A| = |ay Ay, a4y _ '::-.\\ " _ -

det = a,,a,,a5; + @y, A3, )5 + A3, Ay30,, — Q130003 — Ay30ay 0y — A3y G

Or we can work as follow:

To calculate the 3x3 determinant we rewrite the first two rows below the
determinant (or first two columns to the right of the determinant).

det = a,,a,,a5; + a,,A3, )5 + 03,Q,, 0y — A3, Gyy Ay — Gy Ay oy — Ay GG



Or

det = Ay Ay sy + 41,0305, + A1305,05) — 305,013 — A3, 0304, — 33054,
As multiplication of real numbers is commutative, the three are the same.

Remarks:

- For matrix 4, |4] is read as determinant of 4 and not modulus of 4

* Only square matrices have determinants

Example 1

12 6
Given that N:[ s 4} determine det V.

Solution

12 6

detN=|N|=‘5 4‘:12x4—5><6=48—30=18
Example 2

x  x+l1
Evaluate

x—-1 x
Solution
x  x+l1 ) ) s

| =x(xX)-(x+D(x-D=x"-(x"-1)=x"—-x"+1=1

x_




Example 3

3 02 1
Determine detQ ifQ=| 0 2 -5
-2 1 4
Solution
3.2 1
detO=|0 2 —5=3x2x4+0x1x1+(-2)x(=5)x2-1x2x(-2)—(-5)x1x3-4x0x2
-2 1 4

=24+0+20+4+15-0
=63

Determinant of nxn matrices by method of minors and cofactors
General method of finding the determinant of matrix with nxn dimension
(2x2, 3x3, 4x4, 5x5,...)is the use of cofactors,

Minor

An element, a;, to the value of the determinant of order n—1, obtained by deleting
the row i and the column j in the matrix is called a minor.

1 2 1

1 1
2 [5] 4-

3 2
3 6 2
Cofactor

For an nby » determinant A, the cofactor of entry ¢, , denoted by 4,
, is given

4; = (-1 M,
where M is the minor of entry %;.
The exponent of (—I)Hj is the sum of the row and column of the entry a; so if

i+ jis even, (—l)i” will equal 1, and if i+ jis odd, will equal -1

To find the value of a determinant, multiply each entry in any row or column by its
cofactor and sum the results.



This process is referred to as expanding across a row or column.

For example, the value of the 3 by 3 determinant; if we choose to expand down
column 2, we obtain

dn e @y da a a ay a
ay an an| = (—1) a7 B+ (=1 a4 TR 4 (1) a1
- - ‘ B T Ay ax ' Iy dp
y dp dp
If we choose to expand across row 3, we obtain
din a; da ay, a a, a
”2| {{22 ﬁ'::'.. = l:_I;I_'lfl::. 12 12 + {_]\I__':u . 11 13 + [f_ J“‘ 1‘,- 11 12
(pn dn (I axn ) iy dxn

(155 iz

It can be shown that the value of a determinant does not depend on the choice
of the row or column used in the expansion. However, expanding across a row
or column that has an entry equal to 0 reduces the amount of work needed to
compute the value of the determinant.

Example
3 2 1
2 -5 0 -5 0 2
0 2 -5/=3 -2 +1
1 4 -2 4 -2 1
-2 1 4
=3(8+5)—2(0—10)+1(0+4)
=39+20+4
=63

Note that we choose only one line (row or column).

13 1
. A=|-4 5 =2
31 3
1 4 2
5, B=|0 1 2
1 2 4



3.4.2. Properties of the determinant

Activity 3.4.2

10 1 -2 1 -l 1o -1
_ _ B=|1 3 4 =
Consider the matrices A=1 -11 , ,C vz
and 0 0 0 -1 4 3 00 3
1 3 -1
D=|-1 2 2|
0 1 -1 find
. |4| and |B]
) |C-D| and |C|-|D|. What can you conclude?

3. Find the product of the leading diagonal elements of the matrix C

4. Compare the solution in (3) with the determinant|C|. What can you
conclude on the triangular matrix C?

Content summary

1. Matrix A and its transpose 4’ have the same determinant.

At

= |4



Example

— N W
[© MR i
Ry
I
S W N
=N N W
N = N

2. The determinant |4|= 0

a. If matrix A has two equal lines

Example
2 3 2
|4=3 2 3]=0
2 3 2

b. All elements of a row or column are zero.

Example
2 32
|4|=3 2 3=0
000

c. The elements of a line are a linear combination of the others. (say line means

row or column)

Example

2 32
l4|=]1 2 4=0
356

r3=r1+r2



3. A triangular matrix determinant is the product of its leading diagonal

elements.

Example
2 00

|4|=]1 2 0|=2x2x6=24
3 506

4. If a determinant switches two parallel lines its determinant changes sign.

Example
212 120
4= 2 0=—2 1 2
356 356

5. If the elements of a line are added to the elements of another parallel
line previously multiplied by a real number, the value of the determinant is

unchanged.
Example
2.1 2 7
1 2 0[=16 c¢;=2¢c+c,+¢c; (1 2 4|=16
3 56 3 5 17

6. If adeterminantis multiplied by a real number, any line can be multiplied by
the above-mentioned number, but only one.

Example

2 1 2] 2x2 1 21 4 1 2
2x|1 2 0f=[2x1 2 0O|=2 2 0[=32
3 5 6] [2x3 5 6] |6 5 6



21 2
2x(1 2 0[=2x16=32
3 5 6

7. Ifallthe elements of aline are formed by two addends, the above-mentioned
determinant decomposes in the sum of two determinants.

Example

2 1 2 21 20 21 2
a+b a+c a+d|=la a al+b ¢ d
3 5 6 3 56/ 13 5 6

8. The determinant of a product equals the product of the determinants.

|A><B|:|A|><|B|
Example
121 3 -1 1 6 9 s
et 5|2 B BS0 4 T axB=]30 30 2
320 32 18 11 11
6 9 5
|AxB|=30 30 22/=72
18 11 11
121 3 -1 1
|4=2 4 8=24,|B|=0 4 1/=3
323 3.2 2

|4]x| B|=24x3="72



Application activity 3.4.2

12 0 1 1 45
— B=|2 6 8
Consider the following  matrices 30 2, 3 2 5]
6 7 6 -3 0 3
C=|2 4 8
1 3 9)
-3 5 1
D=2 10 1
Find
1 8 1
|4, |B|,|C| and |D|
2 |

3.4.3 Inverse of matrices of order two or three

Activity 3.4.3

1 1 1
Consider the matrix 4=[2 1 -1
3 2 1

1. Calculate the determinant of A, ie. |4|.

2. Replace every element in matrix A by its cofactor (the quantity
obtained from a determinant of a square matrix by removal of the row
and column containing a specified element) to find a new matrix called
cofactor matrix. (Be careful on the signs of the cofactors).

Find the transpose of the cofactor matrix.

Multiply the inverse value of determinant obtained in 1 by the matrix
obtained in 3

5. Multiply matrix 4 by matrix obtained in 4. Discuss your result.



Content summary

Calculating matrix inverse of matrix, A, is to find matrix A 'such that,
Ad-A'=4a"4a=1
Where [ is identity matrix

The inverse of matrix A is equal to the inverse value of its determinant multiplied
by the adjoint or adjugate matrix.

1
A :M.adj(/l)

Where adj(A) is the adjoint (also called adjugate) matrix which is the transpose
of the cofactor matrix. The cofactor matrix is found by replacing every element in
matrix A by its cofactor.

Consider the matrix B=|a, b, ¢, |;if we delete the row and column that
a; by ¢
contains @,and find the determinant of the 2 by 2 matrix we are left with, we

obtain the minor of g,

- b, ¢
Thus, the minor of g, =
by ¢

, the minor of b, = ¢

The cofactor of each element is obtained by multiplying the minor by £ 1 according

+ - +

to the pattern — + - i.e. the cofactor is the minor with an appropriate sign
+ - +

attached to it.

Thus ,cofactors of a, b, and c are




Example

Find the inverse of the following matrix

2 0 1
A=|3 0 0

5 1 1
Solution

We find its inverse as follow: |A| =3

Cofactor of each element:

0 0 30 30
2)= = =— =3 ¢(1)= =
o fro 0 o 1o
0 1 2 1 2 0
N=—| |=1 ¢(0)= =— 0)=-— =2
<3) ‘1 1‘ «(0) ‘5 1‘ «(0) ‘5 1‘
0 0 2 1 2 0
5)= = 1)=- = = =0
(6)=ly J=0 c=—f) =2 - o
The cofactor matrix is
0 -3 3 0 1 0
I =3 -2 and then adj(4)=| -3 -3 3
0 3 0 320 0 1o
S B 1
Therefore, the matrixinverseofAisAlzmadj(A)zg -3 -3 3
3 20
0 1 0
3
A'=|-1 -1 1
1 2

3
NB: Let A be a matrix of order two, 4 = (a“ alz) the inverse of A is given by
a

21 Ay



S = 1 ay —4p
det A\ —a,, a,
. . 1 0
Find the inverse of 4= [2 J

Solution

detA=1-0=1

. 11 0y (1 0

T1l-2 1) =201
Notice: If det 4 = 0 (i.e. the determinant is zero), the matrix has no inverse and is
said to be a singular matrix.

Example

1
Find the inverse of 4= 3
2 6

Solution
detA=6-6=0

Since the determinant is zero, the given matrix has no inverse.

E Application activity 3.4.3

Find the inverse of the following matrices

1 45

. A=|2 6 8
325
11 -8 1

, B=|0 -6 2
302



6 7 6
3 C=|2 4 38
1 3 9
-3 5 1
D=|2 10 1
4 1 8 1

3.4.4. Properties of the Inverse Matrix

1 0 1 2 1 1
Consider the matrices 4=|1 =1 1|and B=| 1 1 1 |fing
0 0 1 -1 1 0

1. (AB)_1 and B4

2 ()

= (4A)_1 and 47
4

4 (4 )71 and (A‘l)t

What can you conclude for each result?

Content summary

For two invertible matrices 4 and B

" (4-B)'=B"4"



3 (a-A4)'= a4 with ais

“ (@)= ()

Example 1
1 1 =2 0 1
Consider matrix A={0 1 -1|and B=|2 -2
300 1 1
a. A" and B!
-1
b (AB)
-1
c (3B)
t—l
g (B)
Solution
0 0 l
0 01 3
a |4=3 A4dj(4)=|-3 6 1|, 4'=|-1 2 %
-3 31 X
-1 1 =
3

01, find



2.

Consider
2
B=|3

of

the

1
ol © 0 3| |-
oll-1 2 L{=] o

3
Mo Lye

3

11
- =0
0] | 3 6
ol=l L 0 o
3
.2 11
36 3

t
0 1 1 2
ol =lL o _1L
2 2
1] (o o 1

following  matrices

G

A

S = W

W= N~

e e N |

— NN

and



. If Cisamatrix column made by the money paid by Kalisa,ie C = (

. Discuss and explain in your own words how you can determine (x} the

Find:
a A'and B™
b. (4)"
(104)"

()

O

o

3.5 Applications of matrices and determinants

3.5.1. Solving System of linear equations using inverse

matrix

Activity 3.5.1

A Farmer Kalisa bought in Ruhango Market 5 Cocks and 4 Rabbits
and he paid 35,000Frw, on the following day, he bought in the same
Market 3 Cocks and 6 Rabbits and he paid 30,000Frw.

. Considering x as the cost for one cock and y the cost of one Rabbit,

formulate equations that illustrate the activity of Kalisa;

. Make a matrix A indicating the number of cocks and rabbits

35,000
30,000

, write the equation A(X] =C
y

cost of 1 Cocks and 1 Rabbit. y



Content summary

Let us explore how to find the solution of the system of 3 linear equations in 3
unknowns

a,x + a,y + apz=Db
a,x + a,y + a,z=b, )]

a,x + a,y + a;z=Db,

This equation can be written in the following:

a, a, a X b
all alZ a13 y ~ bl all alz a13 x
S ? or AX =B,where A=|a,, a,, a,|, X=|y
a3 4y Ay )\ Z b,
ay; 4z Ay z
b, X
_ -1
and B=| b, | Itis clearthat X =4"B=| ¥ |=4 B provided that 4" exists.
b, z
Notice

* If at least, one of b, is different to zero the system is said to be non-
homogeneous andifall b, are zero the systemis said tobe homogeneous.

= The set of values of x,y,zthat satisfy all the equations of system (1) is
called solution of the system.

* For the homogeneous system, the solution x=y=z=0 is called trivial
solution. Other solutions are non-trivial solutions.

Non- homogeneous system cannot have a trivial solution as at least one of *»/>#
is not zero. Example

= Solve the system of equations
X+y+z=6

2x+y—z=1
3x+2y+z=10



Solution:

I 1 6
2 1 -1 =1
2 1 )z 10
11 1 x 0
A=|2 1 -1| X=|y| B=
2 1 z 10

We find the inverse of A.

A is invertible if its determinant is not zero.

1 1 1
det(A):2 1 —1|=1+4-3-3+2-2=-1#0, then A has inverse.
3 2 1

We have seen that the adjugate matrix and determinant of a matrix are used to
find its inverse.

Let use another useful method.

1 1 1
Wehave 4=|2 1 -1|,tofinditsinverse, suppose thatits inverse is given by
3 2

1
d g
e h
foi

We know that 447" =T, then

A=

o o Q



a+b+c=1
2a+b—-c=0 (Q
3a+2b+c=0
d+e+f=0
2d+e—f =1 (2)
3d+2e+ =0
g+h+i=0
2¢+h—-i=0 @)
3g+2h+i=1

w N =
[N SN
- L
o o 9
~
~ > 09
Il
N
S = O
—_ o o
U

We solve these three systems to find value of a, b, ¢, d, e, f, g, h, and i .

a+b+c=1 a=-3
2a+b—c=0 (1)=<b=5
3a+2b+c=0 c=-1
d+e+f=0 d=-1
2d+e—f =1 (2%3 e=2
3d+2e+f=0 f=-1
g+h+i=0 g=2
2¢+h—-i=0 (3)=<h=-3
3g+2h+i=1 i=1
Then,

-3 -1 2
A'=|5 2 -3

-1 -1 1

Therefore, S = {(1,2,3)}



Application activity 3.5.1

Solve the following system using the inverse of a matrix

Sx+15y+56z=35
—4x—-11y—-41z=-26
—x-3y-11z=-7

3.5.2. Solving System of linear equations using Cramer
method

Activity 3.5.2

Consider the following system of 3 linear equations with 3 unknowns.

x+2y-3z=0
3x+3y—2z=5
x=2y+2z=1
X b,
a. Rewrite this system in matrix form 4| y |=| b,
z b,

b. Calculate A =det A | determinant of coefficients of unknowns

c. Calculate A, determinant of coefficients of unknowns where the
bl

column of * was replaced by column of independent terms b,
b3
d. Calculate Ay , determinant of coefficients of unknowns where the
column of V' was replaced by column of independent terms

e. CalculateAz, determinant of coefficients of unknowns where the
column of Z was replaced by the column of independent terms.

X Ay Az

A
f. Findthe x=—",y=—,2=
A A A

g. Compare the obtained values to solutions of the given system, solved
by using other methods seen in previous levels.



Content summary
Consider the system

a,x + a,y + a,z=Dh
a,x + a,y + ayz=b,

ayx + apy + apz=b

We use Cramer’s rule as follows

a, 4a, 4y

A=lay a, ay

Ax AY Az
X = , Yy =—— z =

A A and A
Notice:

= If A=0,A #0,A, #0, A, #0, then the system has no solution. In this
case, the system is said to be inconsistent.

* IfA=0, A, =0, A =0, A, =0,thenthe system has infinitely many solutions.
In this case, the system is said to be consistent.

= IfA#0, A #0, Ay #0, A #0, then the system has a unique solution. In
this case, the system is said to be consistent.



Example:
Use Cramer’s method to solve following the system

xX+y+z=6
2x+y—-z=1
3x+2y+z=10

Solution:

11
A=[2 1 -1=-1
3 2

6 1 1
A = I ~Ij=-1
10 2 1
I 6 1
A= 1 -1==2
y
3 10 1
1 1 6
A =2 1 1|=-3
3210
A - A 22 —
X = x:—lzl’y:—y:—: , _AZ=—3=3
A -1 A -1 A -1

Therefore, S = {(1,2,3 }



Application activity 3.5.2

Use matrix inverse method to solve the following systems
3x+y+z=0

2x-y+2x=0

Tx+y-3z=0

dx+y—z=1
2, x=3y+z=2
Sx=2y=4

x+y-z=3
3. 33x—-y+z=1

2x+y+z=0

3.5.3. Solving system of linear equations using Gaussian
method (elimination of Gauss)

Activity 3.5.3 15%

Consider the following system of 3 linear equations with 3 unknowns.
x+2y—-2z=1
2x+y—4z=-1
4x-3y+z=11

equivalent to

1 2 =2[x] [1
2 1 -4 y|=|-1
4 =3 1 z| |11

From the given matrix, complete the augmented martix of the form:

1 2 21 n SR
2 1 A1 n=2n-r ~ |. . .|.
4 -3 1|11| r=4n-r SO



Multiply the equivalent matrix obtained by the matrix of unkowns and
deterimine the values of x,y and z (using the following form).

N

Content summary

Resolution of systems of linear equation by Gauss's method

7 A 7 I PP a,,x,=b,
Ay X F Aoy Xy e, a,,x, =b,
M
Let system:
X F Xy e a,x,=b,

X b,
a a a
11 12 =occee 1n
X | b,
a a a
nl n2 e nn
xn bl’l

A simply Ax=B whereA:(al.j) and called matrix of coefficients B:(bij)and
called matrix of constants X = (xij)and called matrix of unknowns

From the matrix called augmented matrix

We manipulate the elimination of Gauss, for getting the equivalent matrix if we
perform one of the following operations:

1. Exchange the rows L, and L,
2. Replace the row L, by L,

3. Replace the row L, by L, +kL,



4. Replace the row L, by L +Zj¢1ij

Example:

x+y-z=0
Solve by elimination method of Gauss ¢ x+2y+3z=14
2x+y+4z=16
I 1 =110
Augmented matrix: |1 2 3| 14 |L,~L,—L,
2 1 4|6
I =110
—>|0 1 4|14 |L,~L,-2L
1 4|6
I =110
-0 1 4] 14/;
0 0 10|30

from the last matrix we have 10z=30=z=3

S>y+4z=14=y+12=14=y=2

=>x+y-z=0=>x+2-3=0=>x=1

s={(.2.3)]

2) Solve by using Gauss’s method

3x+2y+4z=-1
1) 2x=y+2z=-2
—x+y+2z=2

—x+2y=35
0){ 2x+3y=4
3x-6y=-15



Solutions:

302 4] -1
2 -1 2| -1|L,~3L,-2L,

=0 -7 -2 |-2|L,~3L,—1L

=0 -7 -2|-4|L,~5L,+7L,

3 2 4 -1
=0 -7 -2 -4
0 0 60 15

:>6OZ:15:>z:l
4
3x4+2y+4z=-1=3x+1+1=-1=23x="33=x=-1

2 1
=-Ty-2z=-4= —7y—Z:—4:>y:§

S:{—l; l; l}
2 4

—x+2y=35
2x+3y=4
3x-6y=-15



-1 2 5
=[4/B]=| 2 3 4 |L,~L,+2L

3 -6 |-15
-1 2 5
=[4/B]=| 0 7 |14 |L,~L,+3L
6 |-15
P -1 2 |5 | -1 2
:{E} 0 7 |14 L2~7L2:>[A/B]= 0 1
0 0 |0 0 0

Therefore

y=2=>-x+4=5andx=-1

This gives the set of solution § = {(—1,2)}.

Note: The method of GAUSS helps us to solve the above system where
CRAMER’S method cannot.

Application activity 3.5.3

Solve by using elimination of Gauss

] 2x—-2y=35
4x+3y=1
a-3b=-5
3a—-b+2c=7
Sa—-2b+4c=10



g m\\\\\

3.6 End of unit a
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U N IT LOGARITHM AND

EXPONENTIAL FUNCTION

Key Unit Competence:

Extend the use of concepts and definitions of functions to determine the
domain and sketch the graphs of logarithmic and exponential functions.

0 4.0 Introductory activity

An economist created a business which helped him to make money in an
interesting way so that the money he/she earns each day doubles what he/
she earned the previous day. If he/she had 200USD on the first day and by

taking ¢ as the number of days, discuss the money he/she can have at the "
day through answering the following questions:

a. Draw the table showing the money this economist will have on each day
starting from the first to the 10" day.

b. Plot these data in rectangular coordinates

c. Based on the results in a), establish the formula for the economist to
find out the money he/she can earn on the n™ day. Therefore, if tis the

time in days, express the money F(¢) for the economist.

d. Now the economist wants to possess the money F under the same
conditions, discuss how he/she can know the number of days necessary
to get such money from the beginning of the business.

From the discussion, the function F(¢) found in ¢) and the function Y (F)
found in d) are respectively exponential function and logarithmic functions
that are needed to be developed for solving related problems. In this unit, we
are going to study the behaviour and properties of such essential functions
and their application in real life situation.



4.1. Logarithmic functions

4.1.1. Domain and range of logarithmic functions

Consider the following real numbers:

50, 100, 1/2, 0.7, 0.8,-30, —20,-5, 0.9, 10, 20, 40.

a. Draw and complete the table of values for log,, (x)

b. Discuss the value of log,, (x)for x<0

c. Discuss the values of log,,(x) for 0<x<1, x=landx>1.
d. Using the findings in a) plot the graph of log,, (x) for x>0

e. Explain in your own words what are the values of x for which log,, (x)
is defined (the domain) and what are output values (the range).

Content summary

Given the functiony =log, x, it is proven that if x>0 and a is a constant

(a>0,a#1),then log, x is a real number called the “logarithm of x to the base

a

For a positive constanta (a#1), we call logarithmic function, the function

SR> R:xlog,x. The domain of the logarithm function is the set of
positive real numbers and the range is the line of all real numbers. This means

that dom f = {x e R: x>0} = ]0,+o0[ =R} and range f =R = ]—o0,+o0| .

The logarithmic function is neither even nor odd. If #u:R - R:x u(x) is any
other function we can compose u and the logarithmic function as y =log, (u(x))
defined for x such that u(x)>0.

In the expression y =log, x, y is referred to as the logarithm, is the base, and
is the argument.

If the base is 10, it is not necessary to write the base, and we say decimal
logarithm or common logarithm or Brigg’s logarithm. So, the notation will

become y =logx.



If the base is (where =2.718281828), we say” Neperean logarithm or natural
logarithm”.

The natural logarithm is usually written using the shorthand notation y=Inx
instead of y =log, x.

The natural logarithm “In x» is defined on positive real numbers, ]O,+oo[ and
its range is all real numbers.

Particularly,
* |f x=1,then Inx=1Inl.Thatis, Inx=0
* [fx>1,then Inx>Inl or Inx>0

= [fo<x<l1,thenlnx<Inl or Inx<0

It means that: Vx € ]I, +0[,Inx >0 and Yx € ]0,1[, Inx <0 a5 shown in the graph
4.

Figure 4.1: Graphs of Natural logarithmic functions f(x)=1log,(x) and

y(x) = ln(x) .




Note that:

y=log, x is equivalent to y:in_x , where x>0and (a>0,a#1)
na

VxeRy, log, x=y < x=a"

In u(x),

y=log, (u(x)) is equivalent to y = whereu(x) >0and (a>0,a #1)

Example 1

Find the domain and range for the function

a. f(x)=log(x—4)
b. g(x)zln(x+6)

Solution

a. To find the domain and the range of the function y = log(x—4) , recalling
that:

= Domain: Includes all values ofx for which the function is defined

= Range:Includesallvalues y forwhichthereis somesuchthat y :log(x—4)
Because logx defined only for positive values of x . So, in this problem
y=log(x—4), is defined if and only ifx—4>0«< x>4 and gives that
xe 4,40 .
The range of y is still all real number R or y € |—o0,+o0[ .
Domf={xeR:x-4>0}={xeR:x>4}=[4,+00[. Range f =R..

b. The functiony = ln(x+6), is defined if and only if x+6>0< x>-6 and

gives thatx e ]—6, +OO[ which is the domain. The range is R

Domg={xeR:x+6>0}={xeR:x>—-6} =]-6,+[. Range g = R.

Example 2

Find the domain of definition of f(x)=1n(2x-3)



Solution

Condition: 2x-3>0

2x—3>0<:>x>%

Thus, Domf=}%,+oo[ and Range [ =R.
Example 3
Find the domain of definition of f(x)=In(x+3)(x+2)

Solution

Condition: (x * 3)(x * 2) >0

(x+3)(x+2)>0 ¢ xe ]-o0,-3[ W ]-2,+o0[ (sign table can be used)

Thus, Domf:]—oo,—3[u]—2,+oo[ and Range f =R
Example 4
Find the domain of £ (x)=1log,(1—x)+log, x

Solution

Conditions: 1—=x>0 and x>0

l-x>0=>x<1

Domain is the intersection of x<1 and x>0

Thus, Domfz]O,l[

Example 5

Find the domain of f'(x) =1log, (ﬁlj
x+



Solution

N

Conditions: x>0, x+1#0 and M S0
x+1

x+1#0=>x#-1

N +

X

1l o |+ + +
+

x+1

Thus, Domf =0, +o0[

E Application activity 4.1.1

1. State the domain and range of the following functions

a. y=log,(x—2)+4
b. y=log(8—2x)

2. Observe the following graph of a given logarithmic function, then
state its domain and range.

Justify your answers.

y




3. Find the values of x for which the expressions below are defined
a)2log(5x—1)+log2x

b)log, (%j—logx

4.1.2. Properties and operations on natural logarithmic
function and logarithmic function of any base

Activity 4.1.2

1. Use text books, your notes for year one or the internet and summarize
the properties for logarithm.

2. Use calculator to complete the following table

X 2 0 1 2 4 2x4 24

2
4

AN,

Inx

3. Using the answer from (1), Determine the value of

) In2+In4 i) In2—In4 i) Inl1-In4 iv) 4In2

4. Observe the answer from (1) and (2); then compare and show the
equal values.

5. What can you conclude about the following expression:

a. In(xy) . ln( 1 J
y
b. ln(iJ
y

Content summary

d. In(x)’

From activity 4.2, we observe that Vx, y €]0,+o[ then:
a. Inxis not defined for x<0.



h.

In1=0

In(xy)=Inx+Iny

ln(ijzlnx—lny
Y

ln(lj:—lny
y

ln(x)" =nlnx

lndizllnx
n

lnﬁ/x—’":ﬁlnx
n

Generally

Vx,y €]0,+0[,a € 0,400 \{1}:

a.

b.

log, xy =log, x+log, y
1

log, —=—log, y
y

log, X log, x—log, y
Yy

log, x" =rlog, x

log10" =nlogl0=n
logﬂ/x_"=loga xm :ilogax
m

loga,,, x= iloga X
m



h. log , x" =£loga x
m
Notice

By changing logarithm from one base to another

Ina < Ofor]O,l[ an Ina > 0f0r]1,+oo[

Recall that
f(x)=log, x

d
is increasing in Jt o] and
= If xe]0,1[,log, x<log, y = x>y

= fxe ]1,+oo[,loga x<log, yex<y

log, x=log, y & x=y

Example 1

.Thus
f(x)=log,x

)

is decreasing in Jo.1f

Given that In2=0.693;In3=1.098 and In5=1.609. Calculate:

a)ln6
b)In10
¢)In0.045

Solution
a)ln6=n2x3=mn2+1n3=0.693+1.098=1.791
b)In10=In2x5=1In2+1n5=0.693+1.609 = 2.302
¢)In0.045=1n3*x5x10" =2In3+In5-3In10
=2In3+In5-3(In2+1In5)=2(1.098)+1.609—3(2.302)
=3.805-6.906 = —3.101

Example2

Given that y =log, x, express y in function of log,



Solution

=lo x_ln_x
Y B Inb

_1nx Ina

“nb lna

_Inx Ina
Ina Inb

_Inx 1

- lna.@
Ina

=(1
( ©8. x) log b

a

_log, x
log, b

log, x
Thus, log, x :loi—ab (This relation is used to change logarithm from one base to

a

another)

Example 3

Change log, (x+1) to base 2

Solution

log, (x + 1)

log, (x+1)= oz 4
2

B log, (x+1)
- log, 2°

_log, (x+1)
- 2log, 2

1
= Elogz (x+1)



Application activity 4.1.2

1. Given that In2=0.693;In3=1.098 and In5=1.609. Calculate:

a)ln9 b)In0.3 c¢)lnl5 d)In3’ e)In20

2. Given thatlog2=0.30103 and log3=0.47712. Calculate

a)log,10 b)log,9 c)log,2 d)log,5
3.  Show that

3

i)ln%=3lna—lnb+lnc i) In3x*y>z" zélnx—lny+21nz

4. Express each of the following as single logarithm

a) log, x+log, y —log, ’ b) 10g(x+1)—log(x2 —1)
¢)3lnx+2Iny—4lnz d)21n3—%ln(x2+1)
¢) log5—4log3+3log9+log2

log4—log?2

4.1.3. Domain of validity and Solutions of logarithmic
equations

Activity 4.1.3

1. Let three functions defined by:
f(x) =In X, h(X) = ln(x ar 2), g(x) = ln(x2 —S5x+ 6)

For which value(s) of x, each function is defined.

2. Use properties of logarithm and determine the value of x in the
following expressions:

a)lnx=In10 b)log(100x)=2+log4



Content summary

Logarithmic equation in a set of real number R ,is the equation containing the
unknown within the logarithmic expression.

To solve logarithmic equations the steps below are proceeded:
» Set existance conditions for solution(s) of equation.
= Express logarithms in the same base

= Use logarithmic properties to obtain:

log, u(x)=log, v(x) = u(x)=v(x) ; where u(x)andv(x)are the functions in
x on another variable given.
= Always check the validity of your solution
Some logarithmic equations can be solved by changing the logarithmic equation

to exponential form using the fact that y =log, x < a’ =x.

Noted
y= Inx= loge X &Sl =x (as inverse)

* The equation Inx =1 has a unique solution; the rational number
2.71828182845904523536...and this number is represented by lettere.

Thus, e=2.71828182845904523536...

Hence, if Inx=1 then x=e.

Example 1

Solve each equation

a)lnx—In5=0 b)3+2Inx=7 c) ln2x+ln(x+2)=ln6

Solution

a) Inx—-In5=0

e Condition of validity :x >0

Then;Inx=In5< x=5

. 513



b) 3+4lnx=7
e condition of validity :x >0

Then;4nx=7-3< Inx=1
Shnx=Ine

. 5=

c) ln2x+ln(x+2):ln6
e Conditions of validity: 2x >0 and x+2>0

Sx>0and x> -2

o Domain of validity : x € ]—2,+oo[ m]O, +oo[ S xe ]O, +oo[

Then;In2x+In(x+2)=In6 < In[ 2x(x+2)|=In6
< 2x(x+2)=6 & x+2x-3=0
&2 +4x-6=0 < (x-1)(x+3)=0
Sx=lorx=-3

o Asxe ]O,+oo[; then S = {1}

Solve each equation

a)log, (x+ 1) =log,2 b)log, ,3=1 c)log, (x + 14) +log, (x+ 2) =6

a)log, (x+1)=log, 2
Condition

x+1>0= x>-1

Then, log, (x+1)=log;2 < x+1=2 <x=1..5={1}



b)log ,3=1

Condition

x—2>0©x>2and x—2¢1®x¢3th|s means XE]2,3[U]3,+OO[

Then, log, ,3=1<log,_,3=1log, ,(x-2)

S3=x-2
< x=5
.8 ={5}

c)log, (x+ 14) +log, (x+ 2) =6

Condition

cild>0and X+2>0 & x>—14 gng x>-2

o X€]-2,+0

log, (x+14)+log, (x+2) =6 < log, (x+14)(x+2)=6log, 2
< log, (x+14)(x+2) =log, 2°

& (x+14)(x+2) =64

< x’+16x+28-64=0

o x’+16x-36=0

<:>(x+18)(x—2)=0

S x=2qr x=-18

Only the real number 2 verifies the condition.

~.8={2}



Application activity 4.1.3

1. Solve each equation

a)2In4x=7  b)In(x’~1)=In(4x—1)-2In2
c)log, (x+1)+log, (x+2)=1log, 20

2. Solve in the following equations in the set of real numbers:

{21nx+3lny=—2 ¥—y=-8
a b)

3Inx+5lny=-4 logzx—logzyzlogzg

4.1.4 Limits of logarithmic functions

Activity 4.1.4

1. The graph below represents natural logarithmic functionf(x) =Ilnx

¥

Considering the form of this graph and the logarithm of the following numbers
in the table below,

x 0.5 0.001 0.001 0.0001 |2 100 1001 10000

Inx

a. Discuss the values of Inx when x takes values closer to 0 from the
right and deduce lim In x.

x—0"

b. Discuss the values of Inx when x take greater values and conclude
about the lim Inx.

X—>+00



The limit of any logarithmic function can be determined in the same way as
the limit of the natural function. If you feel more comfortable with the natural
logarithmic function,

use the change base formula: f(x) =log, u(x) = ln(luﬂ provided a > 0,a #1.
na

Example 1

Determine each of the following limit

x—4

a. limlnx b. lim(l-Inx c. limlog,| ——

x—e x—>2( ) X—>+00 gS[x+6j
Solution

a limlnx=1

x—e

0. fim(1-Inx)=1-1n2

x—2

x—4 1
lim log,| —— [=1log, —=—-log, 2
m g3(2x+6) g32 g

Since lim x—4 :l
o)y +6 2

Alternatively, using natural logarithmic function, we have

ln( x—4j
lim log, [ X=% | = fjm —2+60/_ 1 i) ln(x_4 L O I A
Xt 2x+6) xor In3 In3 x>+ \2x+6/) In3 2 In3 } 2



. Evaluate the following limits
1) lim In(7x° - x* +1)

3) lim log, (x2 -5x+ 6)

x—2"

5) lim 1n(x2 —4x+1)

x—>+0

Application activity 4.1.4

lim (ln Lj
x>t x—1
a

lim In
a—4" a— 4
lim 2+4logx

X—>+00 X

4.1.5 Continuity and asymptotes of logarithmic functions

Activity 4.1.5

Let us consider the logarithmic function f:R* > R, y= f(x)=1log,(x)

1. Complete the following table:

x=x, y=log,x

lim log, x

x—)xO

L
4

L
2

2. Canyou conclude that }g{} log, x =log, (%,) 2 What about the continuity

of V=1 () =log,(x)

3. By using the information drawn in the above table and the scientific
calculator, plot the graph of y =log,(x)

4. Give any justification that allows you to decide on the continuity of the

function.

5. Find equation of asymptotes of f(x) if any.



The

graph of the logarithmic function SRR, f(x)=log,(x). ¢>1 has the

following characteristics:

Exa

Let
a
b

c
d
e

The domain is ]0,+[ and f(x) is continuous on this interval.

The range is R

The graph intersects the x —axis at (1,0)

As x > 0",y — —0, so the line of equation x =0 (the y- axis) is an asymptote
to the curve

As x increases, the graph rises more steeply for x €[0,1] and is flatter for
x e[l 400

The logarithmic function is increasing and takes its values (range) from
negative infinity to positive infinity.

mple

us consider the logarithmic function y =log,(x—3)

. What is the equation of the asymptote line?

. State the domain and range

. Find the x— intercept.

. Determine another point through which the graph passes
. Sketch the graph

Solution

a.

The basic graph of y =log, x has been translated 3 units to the right, so the
line L =x =3 is the vertical asymptote.

The function y =log,(x—3) is defined for x-=3>0

So, the domain is |3,+0[ .The range is R

The intercept is (4, 0) since log,(x—3)=0< x=4

Another point through which the graph passes can be found by allocating
an arbitrary value to x in the domain then compute y.

For example, when x =4,y =log,(4—-2) =log, 2 =1 which gives the point (4,1).



Note that the graph does not intercept y-axis because the value o for x does not
belong to the domain of the function.
The graph of y= /(x)=1log, (x-3)

64
Y
g(x)=x-3

31 logz(x—3)

Application activity 4.1.5

1. Given the logarithmic function y =—1+In(x+1),
i. find equation of asymptote lines (if any)?
ii. State the domain and range
iii. Find the x— intercept
iv. Find the y— intercept
v. Determine another point belonging to the graph
vi. Sketch the graph

2. Sketch the graph of the logarithmic function of base a with 0 <a <1.
Precise the characteristics of the graph.



4.1.6. Differentiation of logarithmic functions

Let f(x)=Inx

a. Find f(x+h) and f(2+h)
b. Complete the following table

h In(2+h)—1n2
h

—0.1

—0.001

—-0.00001

0.1

0.001

0.00001

From the results found in the above table, approximate the value of

ooy 1 IN(2+A)—In2
f(2)—11m—h

h—0

And deduce the expression of f'(x).
Based on your existing knowledge, provide any interpretation of the number

/'@

From the results found in the above table approximate the value of
oy 1 IN(2+A)—In2
f)Sim————

And deduce the expression of f'(x).

Based on your existing knowledge, provide any interpretation of the number

'@,



Content summary

The definition of derivative shows that if y =Inx,

1

In(x-+h)-1 0

p = lim ) nx:limln(x+hjh
h—0 h h—0 X

1
N 7 1
=1im1n(1+ﬁjh =1nlim(1+ﬁ]h —ne =Lt
h—0 X h—0 X X

Then, the natural logarithmic function y=Inx is gitferentiable on 10, +o] and

, (x>0) Using the formula of base change,

d 1
- ln -
dx (Inx) X

d
E(loga x)= for any base a provided the conditions are fulfilled. In the

x.lna

more general form, if “(*) is any differentiable function such thatu(x)>0 |

1

u(x)
1 u'(x) u'(x)

d
a[loga u(x)]= e x =

xu'(x)=M

d
E[lnu(x)]: u(x) and

Example

1. Differentiate each of the following functions with respect to x
a) f(x)=In(x’+3x-4) b) f(x)=xInx c) y=log, (5x3)
2. Find the slope of the line tangent to the graph of y =log,(3x+1) at x=1

3. Find derivative of log, (In|sin x|)



Solution

1. Differentiation

d ' 3x7 43
—In(x’+3x—4)= X 4+3x—4) =
& cgc ( ) x3+3x—4( ) X +3x-4
—(x2 lnx)zlnx—x2+x2—lnx:2xlnx+x2(—):2x1nx+x
b, dx dx x X

sin x

i(sinxln)c) = lnxisinx+sinxilnx = (cosx)lnx+lsinx = (cosx)Inx+
c. dx x d x

2. To find the slope, we must evaluate % at x=1
X

d d ( In(3x+1) 1 d 3
—1 3x+1)=— = —(In@Bx+1))=——
dx ng( x ) dx( In2 j In2 dx(n( x )) (3x+1)ln2

By evaluating the derivative at x=1, we see that the tangent line to the
curve at the point (1,10g, 4) =(1,2) has the slope

@ 33
dx|., 4In2 Inlé
3. Given that |u|':|u—|-u', where u is the function,
u

‘ . (ln|sinx|)' B cotx
[1oga (ln|smx|)J - (1n|sinx|)1na - (ln|sinx|)1na '

Application activity 4.1.6

1. Differentiate y=In /i‘*x with respect tox.
S

o, h(x)=log, Vx’+2x-8

2

3. An airplane takes off from an airport at sea level. If its altitude (in

kilometres) at time ¢ (in minutes) is given by 4 =20001n(z+1), find
the rate of climb at time ¢ =3min.



4.1.7. Variation and Graphical representation of logarithmic
functions

Activity 4.1.7

Given two functions f(x)=Inx and g(x)=log, x,

1. Compare f(2)and f(10),g(2)andg(10)to verify whether those
functions are increasing or decreasing on [2,10]

2. Use the tables of signs for f'(x)and g'(x)to establish the intervals
and the variation of those functions

3. Which function f or g isincreasing or decreasing faster than another
on [2,10]

4. Evaluate the second derivative f (x)

5. Use the table of signs of f"(x)and discuss the concavity of the
function f(x)=Inx

Content summary

The logarithmic function f(x)=log,x , a>0,a#1varies in the following
way:

a) Forx >0, if, then,

f(x)= L The sign of f'(x) depends therefore on the value of the base a.

xlna

If a>1, Ina>0 then f'(x) is always positive. Thus f(x)=log,x is strictly

increasing on R

Variation table for y = f(x)=log, x, a>1



—i0

If 0<a<1, Ina<0.Therefore f'(x) is always negative.

Thus f(x)=log, x is strictly decreasing on R;" . This implies the absence of
extrema (maxima or minima) values.

Table of variation for ¥ = f(x)=log, x, 0<a <1

x 0 a 1 +

v _ 1 _ 1

+x

Discuss variations of the logarithmic function f(x)=x-Inx

f(x)=x—Inx is defined for all x>0



F(x)=0e1-L=0

X

1
o —=1
X

< x=1

If x=1, y=f(1)=1-In1=1, thus (1,7) is a point of the graph.

Variation table of y= f(x)=x-Inx

From the table, one can observe that the function is decreasing for values when
x lies in Jo,1] and increasing for x greater than 1. The point (1,1) is minimum or

equivalently the function takes the minimum value equal for x =1. The minimum
value that is equal to 1 is absolute.

There is no inflection point, and the graph curves up/turns up.

Examples 2:

Derivative can facilitate to remove Limits involving indeterminate
forms

Examples

a. Evaluate lim ln_x =(

o0y
Solution

lim Inx takes indeterminate form —. Apply Hospital rule:
(0.0]

x>+ x

|

. Inx . |
lim —=Ilim %= 1lim —=0
x40y e | x40 x

In(1
b. Evaluate lim M
x—>0" X



Solution

. In (1 + x) . . 0
lim ——— (indeterminate form —).
x—>0" X 0

In(1+
TGS B
x—0* X =0 1+ x
Example 3

For the following function, find relative asymptotes (if any), study the variation,

1421
concavity and sketch the curve: f(x)= i
X
Solution
Asymptotes:
First, we need domain of definition:
Condition; X >0 = Domf =R,
limf(x):ﬁ:—w
0 0 = x=0 is a vertical asymptote
lim /(x)= lim P20 % g
X—>+0 X—>+0 X 0
2
= lim % [Hopital rule]

= =0 is horizontal asymptote.

Since there is horizontal asymptote for¥ =t there is no oblique asymptote for
X —> +o0

Variation:

First derivative

gx—(l+21nx)
fi(x)== 2 with x>0

_1—2lnx

2
X




Roots of first derivative

f@@=0c9_iﬁx=0

=1-2Inx=0

<l-Inx*=0

<Inx® =1

oSxi=e

:>x:i\/g

As x>0, x=—eis to be rejected.

The root of f*(x) is x=+e

X 0 e 40

£'(x) - :
£(x) / 0 —

For xe ]O,\/Z[ , f(x) increases while for x e ]\/Z,+oo[ , f(x) decreases

Concavity

1—2lnx]

f"(x){ >
2x(1—21nx)—x2(—2j

X

4
X

2-4Inx+2

3
X

_4-4Inx

3
X




Roots of second derivative

SM(x)=0= —4_;‘31“ -0
=4—-4Inx=0

S 4-Inx* =0

Shx'=4

oxt=é

=>x=xe

As x>0, x =—eis to be rejected.
The rootof f'(x) is x=e

Curve:

Intersection with axes of coordinates:

Intersection with x —axis
f(x)=0<=1+2Inx=0

1 Inx _l 1
Inx=—=e"=e?=>x=——.
2 2

Thus, f(x)Nnox = {(5%0]}

Intersection with y — axis
1+2In0
/(0)=

Thus, no intersection with y —axis

impossible

Additional points:

X 0.1 0.4 0.7 1.0 1.3

1.6

1.9

2.2

2.6

2.8

f(x)  -3605 | -208 040 1.0 117

1.21

1.20

117

113

1.09




x 31 34 |37 |40 43 |46 4.9 52 |55 |58
f (x) 1.05 1.01 0.97 094 | 001 | 088 0.85 082 | 080 | o077
Graphical representation:
1y
Asymptote
f(x):1+21nx

L 4o

1. Discuss variations of the function f(x)=

Application activity 4.1.7

In(x —2)

2. Suppose a satellite has been shot upward with an initial velocity of

20m/s . Then the equation h(t) =100In(+ +1) gives the height of the
satellite in m after ¢ seconds

a. The derivative of the function for the height of the satellite gives the
rate of change of the height or the velocity of the satellite, find the

velocity function.

b. Find the velocity function after 2 seconds
c. Is the velocity increasing or decreasing?



4.2. Exponential function
4.2.1. Domain and range of exponential functions

Activity 4.2.1

Let f(x)=Inxand g(x) denotes the inverse function of f(x).

i. Complete the following table:

X (0] 1 e

gl)=f"(x)

ii. Discuss and find out the set of all values of g(x)

2. Consider the function 4(x)=3" and complete the following table

X -10 -1 0 1 10
h (x) =3

a. Discuss whether Vx eR,4(x)eR and deduce the domain of 7 (x)

b. Discuss whether #(x)can be negative or not and deduce the range of

h(x)

Content summary

Remember that for a > 0,a #1the logarithmic function is

defined aslog: Ry — R or x > y =log, x. The inverse of
logarithmic function is called exponential function and defined as:

exp, :R—> R x> y=exp, x. For simplicity we write exp, x =a". Therefore

a* =y if and only if log, ¥ = x. Obviously, the domain of the exponential
function y = f(x)=a" is J-oo+[ and its range is 0, +oo[ .

In the expressiona® = y, ais the base, x the exponent and y the exponential
of x in base a.

Similarly, to logarithmic function, if the base “a” is the number “e’, we have



exponential function y =e* as the inverse of natural logarithm y =Inx.
The domain of definition of y =e" is ]—o0,+o0[ and its range is 0,+o0[ .

Since e is the inverse of Inx, the curve of g(x)=e¢" is the image of the curve
of f(x)=Inx with respect to the first bisector, y =x. Then the coordinates of

the points for f(x)=1Inx are reversed to obtain the coordinates of the points for

X

g(x):e

The curve of g(x)=e is as follows

Generally, if u(x) is a defined function of x, the function f(x):a"(x) has the

range ]0,+oo[ and its domain is the domain ofu(x).

Example1

Determine the domain and the range of the function

f(x)=3">



Solution

Condition for the existence of +/2x inR: x>0.
Thus, Domf =[0,+[ and the range is [1,+oo[
Example2

Find the domain and the range of f'(x)=2""

Solution

Condition: x>0
Thus, Domf =10,+ec[ and the range is is 0, +o[ .

Example 3

x+1

Find the domain and the range of f'(x)=32

Solution

Condition: x=2#0=>x#2

Thus, Domf =R\ {2} and the range is ]0,3[U]3,+o[ .
Example 4
Find the domain and the range off(x) = 4*/"27’4

Solution
Condition: x> —4>0=x¢€ ]—oo,—2] u[2,+oo[

Thus, Domf = ]-o,-2]U[2,+%[ and the range is[1,+oo

Exampleb

Determine the domain and the range of each of the following functions:



Solution

x+2

1. Condition for the existence of in R: x#3.

x—3

Therefore Dom g =R \{3} =]—0,3[U]3,+o[

and range is 10, e[U]e, +oo[

2. Conditionx” =4 > 0= x € |-o0,-2]U[2,+o0] .

Thus, Dom h = |-o0,-2]U[2,+o0[ and range is [1,+o] .

Example 6

Find the domain and the range of f'(x)= eV

Solution

Condition: x>0
Thus, Domf =[0,+o[ and range is[1,+o[ .

Example 7

x+1

Find the domain and the range of g(x) =e*2

Solution

Condition: x=2#0=> x#2
Thus, Domg =R\{2} and range is ]0,e[U]e, +o[ .

Example 8



2

Find the domain ofh(x) =V !

Solution
Condition: x* =1>0=> x & -0, —1] U1, +0[

Thus, Domh = |~o0,~1]U[1,+o[ and range is[1,+o[ .

Application activity 4.2.1

Application activity 4.2.1

Discuss and determine the domain and range of the following functions

x+1

0 f(x)=5e" 2) h(x)=2"" 3) f(x)=3

4.2.2. Properties and operations on exponential function

Activity 4.2.2

1. Evaluate each expression for —-3<x <3
a)e3x b)ex+3 C)e—x

2. Use calculator to obtain approximations of
)2 by 0)(1.56)"

Content summary

When working with exponential functions, the properties of exponents,

shown below, are useful.



Properties of Exponents

= Let aand b be positive numbers. Then

0 _ x X
la” =1 5 a_ x—y SQ/a_x=a”

—=a
2a'a’ =a™ b’ X

y
3.(ax )y — axy 6(ab)x — axbx 9(\/(17) =qa n
P 7_(£jx _& 10.(4/7'”) L
. - ax b bx aT

. VxeR,Ine*=x and Vye]0,+0o[, e "=y

1.e" =1 4.(e")n =e™ 7. " =x
1 1 —a —Inx
2.e =e¢ 5.—a:e 8.¢ =—
e X
X X+ ea a—b —x
3.e'¢’ =™ 6.—=e 9.lne* =—x
e
Example 1

Evaluate the following expressions by using the properties of exponents

a)e—lnx b)(ez )1“ C)el—lnx

Solution

1
1-Inx 1 _—Inx 1 Inx! In— 1

J— p— — 1 X — 1 _e
c)e =ee "=ee ' =ee *=ex—=—
X X

Example 2

Simplify each expression using the properties of exponents.

a.(0.5)" b.2%2* c(3*)



Solution

a.(0.5)" =1 272" =2 ¢(3*)" =3*

Application activity 4.2.2

1. Use the properties of exponents to simplify the expression.
3 2 2\
a)[ezJ[ljz b){(e_l)(éﬂ
e

1 .
2. Ifx=-5y=3,z= o simplify each expression

a)140625° AT )y
b)225x15" d)(37)

4.2.3. Domain of validity and Solutions of exponential
equations

Activity 4.2.3

1. For which value(s), each function f(x) below can be defined. Explain.

a)f(x)=e""?
b)f(x) — ex275x+6

2. Detect the value of x ,if 2™ =6

CONTENT SUMMARY

Equations that involves powers as terms of their expressions are refered to
as exponentiol equations. Such equations can some times be solved by
approprietely applying the properties of exponents as shown in the next examples.



Some exponential equations are solved by introducing logarithms within
expression.

Example 1

Solve each equation

a)e* =5 b)10+e"" =14

Solution
Q)¢ =5 PO+ =14
e Domain of validity : x e R * Domain of validity:t &R
' Ol — g
Ine* =In5 e — Ind
xlne=In5; where Ine=1 01 =In4
x=In5 t=10In4
e S={In5} o S={10In4}
Example 2
2 2 1
Solve e =(e*) .—
()
Solution
P a2 1
e’ =(e') . —
() =
e Domain of validity:xeR e =™
e*xz — ¥ e = ? 3 —x2=2x-3

¥ +2x-3=0

The solution of this equation gives x=-3orx=1]|

e The solution set is S ={-3,1}

Example 3

Solve each equation

a2t =8  b)5+374=7 c)22y+3(2y)=4 d)3(24x)—7(2“)+4=0



Solution

b)5+37*=7
x—4 _
a)2"" =8 =3 =2
x4 _ A3
=27 =2 =1n3*=1n2
=X74=3 L (1-4)n3=1n2
=>x=7
:>t—4+1n—2

c)22Y+3(2y)=4@(2y)2+3(2y)=4

Let 2" =X then x*+3x=4

=x"+3x—-4=0

:>(x+4)(x—1):O

=>x=-4 grx=1

Replacing the value of ¥in the equation 2 =x

For x=—4: 2" =—4 doesn't exist

27 =1
Forx=1.=>y=0 .'.S={O}

d)3(24)-7(2)+4=03(2>) -7(2>)+4=0
Let 2 =k then 3k* =Tk+4=0
3k -Tk+4=0

A=1 = k=§ or k=1

Replacing the value of kin the equation 2% =k



For k:i:

3
22x:i
3
2xln2:lni
3
~ In4-In3
2In2
For k=1:2* =1 8= O,M .
2In2

=2xIn2=1nl
=x=0

Application activity 4.2.3

1. Solve each equation for * or 7.

a)e" =6 b)5+e" =10 c)e* =3e* d)e’* =e* +12 e)e' =12-32¢™"

2.  Solve a)2e " -5=9 b)L =10.5 c)e'“"2 -9=0

s 1+12e7%0%
dye" —12=—
e

3. Solve in the following equations in the set of real numbers:

e*+e”

=1, (Hint: multiply by e")
4. Find the value of marked letter in each equation.

Q)9 +3 =12 )= -2=0 4 —10-2°+16=0
p2r 427 =2 5\ £)5"(8" =500
2 d)[ j ~0.16

5. Solvein R
£ 3x _ 2y-2 X _
VRN 5 =25 5" =3y
—| — = C e
16-2° = 4 371 =243 SR
b) 2x+ x+1 d) f) 6x-7
5:25%7 =5 2" =64 117777 =14641



4.2.4 Limits of exponential function

Activity 4.2.4

1. You are familiar with the graph of f(x)=Inx. Explain in your words
how you can obtain the graph of its inverse y = f~'(x) =e".

2. From the graph deduce lim " and lim ¢

X—>+00

3. Discuss lim (lj and lim [lj .

x—>-o{ D x>+ | D

4. Generalize above results to lim ¢* and lim a*

X—>—00 X—>+00

Content summary
Drawing on results on logarithmic functions, it is clear that:

lime =0 and lim e* = +o0

X—>—00 X—>+00
In general:

lfa>1,1ima* =0and lim a* =+

X—>—00 X—>+0

lf 0<a<l,, lima*=+wand lima* =0

X——0 X—>+00

Example
1. Evaluate

€

li 1-4x-5x" li 3\t lim 3% . ﬁ
a) Jme b) M| <] o) n°" d) lim3
Solution
a) ].lm el—4x—5x2

X—>0

We know that lim(1—4x—5x") = —o0

X—>0

Therefore, as the exponent goes to minus infinity in the limit and so the exponential

must go to zero in the limit using the ideas from the previous formula.



. CAv_&+2
Hence, lime"™™ =0

X—>0

b) The exponent goes to infinity in the limit and so the exponential will also need
to go to zero in the limit since the base is less than 1.

. (3
Hence, hm(—j =0

x—1t

. 1 lim 1 0
¢) lim3* =3~>r=3"=1
X—>—0
1 .1 1
. —_— lim— —
d) hm3x—1 =3)Hlx—1 =30
x—1

Study one side limit:

X 1 X 1
3; 35

0 0.33 2 3

0.2 0.25 1.8 3.048

0.4 0.16 1.6 6.24

0.6 0.06 1.4 15.59

0.8 0.004 1.2 243

0.9 0.00001 1.4 59049

1 1

lim 3~ =0 and lim 3" = +o0
x—1 x—1
1

Hence, lim3*! does not exist.
x—1

Alternatively:
Since limL =400 and limL =—o0, apply results on lim a* for a >1 to have:
-t x—1 x> x — x>0

1 1
Iim3*' =0 and lim 3! =40

x—1" x—1"
1

Hence, 1im3* does not exist.
x—1

-3x 8x
2. Consider f(x) = 9e — 2ef3x , evaluate each of the following:
e f—
lim f(x)  lim f(x)
X——®0 and x>+ .



Solution

. . e =2e™ e (1 —2e'™ )
Him S ()= fim g = i v o 7
o 1-2e" 1
= lim 1 o =——
x>0 Qe t =17 7
. e =26 e (e_“x - 2) 2
i S )= fim g = M o 7)o

Application activity 4.2.4

|. for each given function, evaluate limit at +o° and -0

6x%+x
1. f(x) =" 2. f(x)=e>*3
3. f(x)=2e"—e " —10e" 4. f(x)=3e* -8 —e!™
e—3x _ 268):
5. f(x)=— ¢ _
f(x) 968)6 _ 76—3)6

4.2.5. Continuity and asymptotes of exponential function

Activity 4.2.5

Given the function f (x) = 2%°%,
a. Find the domain and range of f.

b. Determine lim f (x) and deduce the equation of horizontal asymptote

x—>—0

for the graph.
c. Evaluate the value of f(x) for x=0 and deduce y- intercept

d. Determinelimf(x) and limM

X—>0 X—>—00 X
e. Evaluate lim f(x) and lim f(x). Discuss the continuity of this
x—0" x—0"

functionat x=0.
f. Sketch the graph of f(x)



Content Summary

Fora>0,a#1, the exponential function f (x) = a* is continuous on R and
takes always nonnegative values. Its graph admits the line of equation y = 0 as
horizontal asymptote and intercepts y-axis at (o, 1). The function f is increasing

from 0 to +oo if a is greater than 1 and decreasing from +oo to Oif a is smaller
than 1. The function is the constant 1if @ =1 and its graph is the horizontal line of
equation y=1.

Graphs of g(x)=5"", f(x):[%jm and p(x)=1""

1Y

-2

Example
Let f(x) =311,

Find the domain, range and equation of the horizontal asymptote of the graph of
f . Precise intercepts (if any) of the graph with axes.

Solution

The domain of f is the set of all real numbers since the expression x+1 is

defined for all real values. To find the range of £, we start with the fact that 3%+?

> 0 as exponential function.



Then, subtract 1 to both sides to get 3" -1 > —1.

Therefore, for any value of x, f(x)>—1. in other words, the range of fis ]—1,oq[ .

As x decreases without bound, f(x)=3x”—1approaches -1, in other words

lim f(x) =—1. Thus, the graph of f has horizontal asymptote the line of equation

X—>—00

y=-1.To find the x intercept we need to solve the equation f(x) = o
Thisis 3%*?-1= 0.

Solving yields tox =—1. The x- intercept is the point (-1, 0).

The y- intercept is given by (o, f (0)) = (0,3°*" - 1) = (0, 2).

Extra points:

(-2, f(-2)) = (-2,3%*7-1) = (2,-4/3)

(-4, f(-4)) = (-4,3%77 - 1) = (-4,-26/27)

We can now use all the above information to plot f(x)=3"*""-1:

1Y




Application activity 4.2.5

Given the function f(x)=2"+1
a. Determine domain and range.
b. Write the equation of horizontal asymptote of the graph.
c. Find the x and y intercepts of the graph if there are any.
d. Sketch the graph

4.2.6. Differentiation of Exponential functions

Activity 4.2.6

Given functions f(x)=¢€" and g(x)=2"
1. Determine the inverse of f(x) and g(x).

2. Use the derivative of logarithmic functions p(x) =1nx and k(x) =log, x
, then apply the rule of differentiating inverse functions to find the

derivative of f(x)=e"and g(x)=2"

Content Summary

de’) _ «

The derivative of f(x)=¢€"is noted by e e* or f(x)=¢".If u is a function
X

u(x)
of x, the derivative of y=e"" is )'=d ¢ :e“(”mzu'e”“‘). Thus,
dx dx

(e“ )' =u'e" The derivative of g(x)=a" isg'(x)=a"Ina.
Therefore,if u isafunction of x,the derivative of g(x) = g is g'(x) =u '(x) 4Dl g

Example

Find the derivative of the following functions

0 fx)=e™ 2) y=e"



Solution

1) f1(x)=(5x%) e =10xe™ 2) ' =4e

Application activity 4.2.6

1. Given the function f(x)=4"

Find f (x) the derivative function of f(x)

2. Find the derivative of each of the following function

4x+2

a) f(x)=10" b) f(x)=xe ™! c) f(x)=

X

4.2.7. Variation and graphical representation of exponential
functions

Activity 4.2.7

Given two functions f(x)=2" and g(x)=0.5"

1. Compare f(1)and f(10) to verify whether the function f(x)is
increasing or decreasing on the interval[l,10]

2. Compare g(1) and g(10) to verify whether the functiong(x)is
increasing or decreasing on the interval[l,10]

3. Use derivatives f"(x)and g'(x) to discuss variations of each of the
functions

4. Calculate 2nd derivative of f(x) and g(x) asf"(x) and g"(x)
respectively

5. Draw table of signs for f"(x) and g"(x) hence discuss the concavity
and inflection points if any.

6. Plot the graphs of f(x) and g(x).



Variations of exponential functions

The function g(x)=a",a>1 defined on R is always increasing. When0 <a <1,
the function g(x)=a" is always decreasing. This means the exponential functions

g(x)=a" does not have extremum (maximum or minimum); this means that the
function increases or decreases “indefinitely”.

Graph of g(x)=(0.5)"and f(x)=2"

f(x)

Example

Given the function f(x)=xe"

i. Find the derivative of f(x)=xe"
ii. Solve f'(x)=0

iii. Discuss extrema of the function.

iv. Establish the sign diagram of f'(x) and variations of f(x)
v. Find the second derivative of f(x)=xe" and study its signs

vi. Determine inflexion points of the curve of f(x)=xe" if any

vii. Plot the graph of the function.



Solution

i. The domain of the functionis R.

The derivative of / () =X€is defined by

f(x)=e" +xe :(l+x)e"
i f'(X):O if x=-1
iii. Sign diagram for f(x)

There is need to find limit of the function at the boundaries of the domain:

lim xe* =0 and lim xe* =+o0. The limitat —oo tells us that line of equation y =0

X——0 X—>+00

is an horizontal asymptote when x is taking “indefinitely” negative values.

x —x -2 -1 0 0
& - 0+ T
e -0 +

f |0 <o |

iv. Therefore, f(x) is decreasing from 0 to A on the interval ]-o0,-1] and
e

increases from A to +o0 on [—1,+00[. The function has minimum (absolute)
e

equal to 1 when x =-1.
e



v. Graph of f(x)=xe"

2

Application of derivatives to remove indeterminate form 0°,1” and «°
These indeterminate forms are found in functions of the form y = [f(x)]g(x)

To remove these indeterminate forms, we change the function in the form

y=Lr] =een

Also lime/ @@ = gt/ e

x—k
Example
a) Show that lim x* =1
x—0"
Solution

limx*=0" (IF)

x—0"



lim xInx

lim x* = lim """ = ="
x—0" x—0"
lim xInx (0xo0 IF)
x—>0"
lim xIn x = lim 22X (2 777)
x—0" x—0" l 00
X
1

lim 2% _ Jim X =0 (Hospital rule).
x—0" x—>0"

X x’

Finally, lim x* =1
x—0"

) 1Y
lim (1+—] —e
b) ShOW _tha_t X—>+0 X

Solution

. 1) Y

lim (1 +—j (1 ]F)

X—>+0 X

* xIn 1+l lim xIn lJrl
llm (l‘i‘l) = llm e [ x) :ex~>+oo ( xJ
X+ X X—>+o0
But,
1 ln(l +1) 0
lim xln(n_j i X (_ IFJ
X—>+00 x PR l 0
X
ln(1+1j _Lz
lim X lim—X
X—>+0 1 x—)+oo( 1 j 1 j
- I+— || ——
* XN (Hospital rule)
- lim Ll -
X—>+00 142
X



1 x+1
lim (—j =1
¢) Show that ™\ ¥ +1 .

Solution

. 1 x+1 ) (x+1)In e lim (x+l)ln($)
= lim|—| =lime = gxl

(1j e
1im(x+1)ln(%j=lim XU 241 o (Hospital rule)
X+

x—>-1

Or x+1 C(x+1)

x+1
Finally, lim (Lj =e’ =1
-1 x+1

Application activity 4.2.7

1. Given the function f(x):xexz

a. Find the first derivative of f(x)

b. Establish the table of variation of f(x) and verify whether f(x) is
increasing or decreasing and write down the interval where the function
increasing or decreasing

2. Evaluate the following limit

e +1

. . .
g, Im— b, lim xe

T x>0 ot — X—>—00



4.3. Modeling and solving problems involving logarithms
and exponential functions

Logarithmic and exponential functions are very essential in pure sciences, social
sciences and real-life situations. They are used by bank officers to deal with
interests on loans they provide to clients. Economists and demographists use
such functions to estimate the number of populations after a certain period and
many researchers use them to model certain natural phenomena. In the following
paragraphs, we are going to develop some of these applications.

4.3.1. Modeling and solving Interest rates problems

Given two functions f(x)=2" and g(x)=0.5"

1. Compare f(1)and £ (10) to verify whether the function f(x)is
increasing or decreasing on the interval[l,10]

2. Compare g(1)andg(10) to verify whether the functiong(x)is
increasing or decreasing on the interval[l,10]

3. Use derivatives f(x)and g'(x) to discuss variations of each of the
functions

4. Calculate 2nd derivative of f(x) and g(x) as/f"(x) and g"(x)
respectively

5. Draw table of signs for f”(x) and g"(x) hence discuss the concavity
and inflection points if any.

6. Plot the graphs of f(x) and g(x).



An amount of 2 000 dollars is invested at a bank that pays an interest rate of
10% compounded once annually. Find the total amount at the end of ¢ years by
proceeding as follows:

Complete the table below:

At the end of The total amount

The first year 2000+0.1(2000)
=2000(1+0.1)

The second year 2000(1+0.1) +0.1[2000(1+0.1)]
=2000(1+0.1)2

The third year 2000(1+0.1) ... + ...= 2000(1+01)3

The fourth year

The fifth year

The t" year

If a principal P (the money you put in) is invested at an interest rate r for a period
of t years, then the amount A (how much you make) of the investment can be
calculated by the following generalized formula of the interest rate problems:

. A=P(l+r) Simple interest for one year

y :P(1+£) Interest compounded ntimes per year
n

« A= Pe" Interest compounded continuously.

Compound interest:

= Discrete compound interest

If you put money in a savings account then the bank will pay you interest (a
percentage of your account balance) at the end of each time of period, typically
one month or one day.

For example, if the time of period is one month this process is called Monthly
compounding. The term compounding refers to the fact that interest is added
to your account each month. If it is one day is called daily compounding. The
exponential model that describes this situation is called Discrete compounding

interest formula.



A=F, (1 +Lj Where A4 is total amount at the end of periods of time, B, is the
n

principal amount, n is the number of times that the interest is compounded, 7 is
the interest rate per period,t is the time

Examples:
1. Ifthe principal money is $100, the annual interest rate is 5% and the interest
is compounded daily. What will be the balance after ten years?

Solution:
Let P, =100,r =5% =0.05,n =1year =365days and t =10

365%10
P(t) = 100(1+@j
365

=164.87

After 10 years balance will be $164.87

1. An amount of 500 000 FRW is invested at a bank that pays an interest rate
of 12% compounded annually.

a. How much will the owner have at the end of 10 years, in each of the following
cases?

The interest rate is compounded:
. once a year.
ii. Twice a year
b. What type of interest rate among the two would the client prefer? Explain

why.

Solution

a. i.Foronce a year, at the end of 10 years the owner will have
A=P(1+7r) =500000(1+0.12)"
=500000(1.12)"" =1552924.10Frw

ii. For twice a year, at the end of 10 years the owner will have

A=P(+ %)2’ = 500000(1 + %)2“‘”

=500000(1.06)° =1603567 Frw



b. Since1603567 >1552924.10, the client will prefer compounding many times
per year as it results in more money.

= Continuous compound interest

If we start with discrete compound interest formula and let the number of times
compounded per year approachesoo, then we end up with what is known as

continuous compounding then the balance at time t years is given by 4 = Pe”

where Fjis the principal amount, is annual interest and time tyears.

Example

If the principal money is $10,000 the annual interest rate is 5% and the interest is
is compounded continuously. What will be the balance after 40 years?

Solution
P, =10000, r=5%=0.05, =40
P(40) =10000¢""* =73890.56

The balance after 40 years is $73890.56

Application activity 4.3.1

Your aunt would like to invests 300 000 FRW at a bank. The Bank | pay an
interest rate of 10% compounded once annually. The Bank Il pays an interest
rate of 9.8% compounded continuously. Your aunt will withdraw the money
plus interest after 10 years.

At which bank do you advice your aunt to invest her money so as to get much
money at the end of 10 years?

4.3.2. Modeling and solving Mortgage problems

1. Go to conduct a research in the library, on internet or conduct a
conversation with a bank officer to write down the meaning of the
following when you get a loan from the bank:

i. the periodic payment P
ii. the annual interest rate r

iii. the mortgage amount M



iv. the number t of years to cover the mortgage
v. the number n of payments per year.

vi. Among all these elements/components, what is the most useful for
the client to be informed about by the bank once he/she is given the
mortgage loan?

2. Your elder brother is newly employed at a company and earns 500
000 FRW per month. He would like to know if he can afford monthly
payments on a mortgage of 20 000 000 FRW with an interest rate of
6% that runs for 20 years. Given that the quantities above are governed
by the relation

™
P= -

r —nt
1—(1+j
n

Show your brother that he can afford the monthly payments by determining
the following:

i. the monthly payment, that will be retained at the bank
ii. The balance that your brother can withdraw each month from the bank

iii. How much interest your brother will pay to the bank by the end of 20
years

Content Summary

When a person gets a loan (mortgage) from the bank, the mortgage amount M,
the number of payments or the number t of years to cover the mortgage, the
amount of the payment P, how often the payment is made or the number n of
payments per year, and the interest rate r, it is proved that all the 5 components
are related by the following formula:

If we let izi, the amount of payment P=M ;_m .
n 1—(1+i)



Example

A business woman wants to apply for a mortgage of 75 0oo US dollars with an
interest of 8% that runs for 20 years. How much interest she will pay over the 20
years?

Solution

Substituting for M=75 000, r =0.08, t=20, n=12 in the equation
™ (0.08)(75000)

po__n____ P= 12 =627.33

—nt —(12)(20)
1—(1+rj 1—(1+0'08j
n/  we have 12

Each month she will be paying 627.33 US dollars.

The total amount she will pay is 627.33x12x20US dollars =150559.2US dollars
The interest will be (150559.2 —-75000)US dollars = 75559.2 US dollars

Application activity 4.3.2

A bank can offer a mortgage at 10 % interest rate to be paid back with
monthly payments for 20 years. After analysis, a potential borrower finds that
she can afford monthly payment of 200000FRW. How much of mortgage
can she ask for?




4.3.3. Population growth problems

Activity 4.3.3

Analyse the graph below showing the number of cells recorded by a student
in a biology laboratory of his/her school during an experiment as function of
timet.

g

6_
Number N
of cells

time t
{min)

a) Complete the table below:

Time t(minutes) | o | 1 2 134

Number of cells

N(t)= N,e"

b) Given that , where N (1) is the quantity at time t, No is the initial

quantity and k is a positive constant, what is the value ofNO ? Predict the
number of cells after 5 minutes.

c) What happens to the number of cells as the time becomes larger and
larger? Is the number of cells growing or not? Explain your answer.

Content summary

If F, is the population at the beginning of a certain period and 7% is the constant

rate of growth per period, the population for n periods will be P, = B, (1+r)". This
is similar to the final value (F) of an initial investment (A) deposited for t discrete

time periods at an interest rate of i% which is calculated using the formula



F=A(1+i)

To derive a formula that will give the final sum accumulated after a period of
continuous growth, we first assume that growth occurs at several discrete time
intervals throughout a year. We also assume that 4 is the initial sum, 7 is the
nominal annual rate of growth,” is the number of times per year that increments
are accumulated and ' is the final value. This means that after ¢ years of growth
the final sum will be:

y= A(l +£]

n
Growth becomes continuous as the number of times per year that increments
in growth are accumulated increases towards infinity. When” = % we get

t
lim y = limA(l+1j = Ae"

X—>0 X—>00 n

N(t) = N,e" N4

This is similar to
meanings.

vvhereA,N0 and ¥ take respectively the same

Therefore, the final value A(t)of any variable growing continuously at a known

annual rater from a given original valueA0 is given by the following formula

A(t)=A4,e"

Example
1. The number of bacteria in a culture increases according to an equation of
the type N(¢) = N,e" Given that the number of bacteria triples in 2 hours,

a. finds an equation free of N_and solve the equation for k
b. How long would it take for the number of bacteria to be 5 times the initial

number?
Solution
& N(2)=3N, <3N, =Ne'? e =3=22k=h3< k= 1%3 =0.5493
0.5493¢ 0.5493¢ In5
b. SN,=N,e Se =5=t= ~2.93.
0.5493

It will take 2.93 hours for the number of bacteria to be 5 times the initial number.



2. Population in a developing country is growing continuously at an annual
rate of 3%. If the population is now 4.5 million, what will it be in 15 years'
time?

Solution

The final value of the population (in millions) is found by using the formula y = 4e"
and substituting the given numbers: initial value A = 4.5; rate of growth r = 3%

= 0.03; number of time period’s t = 15, giving y = 4.5¢""") = 7,0574048 million

E Application activity 4.3.3

1. The population of a city increases according to the law of uninhibited
growth. If the population doubles in 5 years and the current population
is one million, what will be the size of the population in ten years from
now?

2. A country economy is forecast to grow continuously at an annual rate
of 2.5%. If its Gross National product (GNP) is currentlys6 billions of
USD, what will the forecast for GNP be after 1.75 years (at the end of
the third quarter the year after Next)?

3. One town of a given country had a population of 11,000 in 2000 and
13,000 in 2017.

Assuming an exponential growth model, determine the constant rate of
growth per year.



Determine the domain and range of the following functions
a. f(x)=log,(3x=2) b. f(x)=In(x"~1)

¢ f(x)=2¢""d. f(t)=4""

Evaluate each of the following limits and give the equation of the
asymptotes if any

a) lim il b) lim (3+x° Inx)
0" x X—>+00

Determine the domain and range of the following functions
a. f(x)=log,(3x-2) b. f(x)= 1n(x2 —1)

C. f(x)= 27 4. f(l‘) — 4B

Evaluate each of the following limits and give the equation of the
asymptotes if any

a) lim Inx b) lim (3+x* Inx)
x—>0"  x X—>+00

Differentiate with respect to x the following functions

_ X' =4 _1 2x+5
SO0 =)

Carry out a research in the library or on internet and explain at least
5 applications of logarithmic or exponential functions in other human
sciences.

The population of the world in 1995 was 5.7 billion, and the estimated

relative growth rate is 2% per year. If the population continues to
grow at this rate, when will it reach 114 billion?

Discuss how this unitinspired you in relation to learning other subjects
or to your future. If no inspiration at all, explain why.
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